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1 Immersions iR"2



This first chapter introduces the reader into basic importancepts of differential geometry of
twodimensional immersions IR"2, particularly including tangential and normal spaces along
with the concept of orthonormal normal frames and orthobtraasformations between them.
Furthermore we introduce the concept of conformal pararsetbich provide a surface represen-
tation most suitable for our purposes. Next we define thethmedamental forms, and a discussion
about geometrical nature tensors and its transformatibaweur concludes this first chapter.

1.1 Regular surfaces

The objects of all our present investigations@vedimensional immersions of disc-
type in parametric fornwith trace in Euclidean spac&'*2 with a natural number
n > 1. More precisely, we considé&wo-dimensional vector-valued mappings

X =X(u,v) = (x4(u,v),...,x"%(u,v)) € C*(B,R"?),
defined on the&losed unit disc
B:={(uVv) eR?: ®+V* <1} € R?%.

Additionally we set .
B:={(uv) eR?: * +V <1}
for theopen unit disci.e. B denotes thénterior of B, and we write

0B:={(u,v) eR?: P+ =1}

for its boundary. Many of our following considerations regsimply connected and
smoothly bounded domains of definiti@n the other hand, restricting to surfaces
defined only on the closed unit diBaan justified on account of Riemann’s mapping
theoremt

1If Q c Ris asimply connected and open domain which is not &l ttien there exists a bijective
and holomorphic mapping fro2 onto the open unit disc.
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Furthermore we assume that all these mappiigseregular in the differential
geometric sensége. we require they represeinimersionsn the following sense

1

TR
rankDX=rank| : ! [=2 inB (1.1)
XE+2 X\rll+2
for the rank of theJacobian matrix DXe R"22, where the lower indicea and
v denote the partial derivatives w.r.t. to the respectivepaaters. This condition
ensures that at each powte B there exist two linearly independetatngential

vectors X and X, of the mappingX (simultaneously its partial derivatives w.1t.
andv) spanning théwodimensional tangential spaeg¢this pointw € B, i.e.

Tx (W) := Span{ Xu(w), X(w)} 2 R?, we B. (1.2)
In particular, this leads us to the decomposition
R" = Tx (W) & 9x (W)
with the n-dimensionahormal space
Nx (W) = {Z€R™?: Z-Xy(W) = Z- X,(w) =0} (1.3)

at each pointv € B, where
n+2

XY = inyi
i=
denotes the inner product between two veckoendyY.

Finally, the regularity condition (1.1) ensures that attepointw € B the area
element Wof the surface is positive, i.e. it holds

W= /(% X0) (X X0) — (X X)2 >0 inB. (1.4)

Example 1.1The twodimensional mapping
X(u,v) = (u,v,u? —v2 2uv): B — R*
represents an immersion since the tangential vectors
Xu=(1,0,2u,2v), Xy=(0,1,—2v,2u)

are always non-parallel and non-vanishing. In particutarepresents aurface
graph defined over théx, y]-plane with coordinates = u andy = v. As we will
see laterX is also aminimal graphand it will serve as a typical example in various
situations of our analysis.
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1.2 Remarks on branch points

We want to excludérregular points we B where the regularity condition (1.1) is
violated. An example of suchron-immersedurface is given by theomplexified
Neil's parabola

X(w) = (W2, W), w=u+iveC,

representing ainimal surfacawith a so-callecdbranch pointatw = 0 wheré
Xu(0,0) = 0= X(0,0).

Using a calibration argument we will show in chapter 12 tKahas smallest
area compared with all surfaces spanning the same boundsar¥.dn contrast
to this example, aninimizing surface in three-dimensional Euclidean sp&éds
indeed immerse@see e.g. Osserman’s monograph [128]), at least in theidnter
which shows that the geometry of surfaceRi2 with arbitrary dimension turns
out to be more intricate than the classical differentialrgetry.

One word about Neil's parabola
o(t) = (t%,t%)

found by William Neil (1637-1670) in 1657: It representstticarve along which
a particle, descending under gravity, describes equateégpacings within equal
times (see e.g. Eric Weinstein’s resouht®://mathworld.wolfram.corf163]).

Finally, theHenneberg surfacgarametrically given by

. 2
x(u,v)=2sinhucosv — 3 sinh(3u) cog3v),

x2(u,v) =2sinhusinv — % sinh(3u) sin(3v),
x3(u,v) =2 cosh2u) cog2v),

is an example of a non-immersed minimal surfac&#with a branch point at the
origin (u,v) = (0,0).

1.3 Orthonormal normal frames

Our regularity assumptions ensure also that foramryB we can choosa linearly
independent, orthogonal unit normal vectbigs o = 1,...,n, spanning the normal
spaceix (w) atw € B.

2 |dentifying R? with C, we will eventually writeX (w) instead ofX (u,v) etc.
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Due to the contractibility of the domain of definiti@we can extend this set to
aC8-regularorthonormal normal frame

N(W) = (Ng (W), ..., Nn(w)) € R™(M+2)
moving smoothly along the whole surface and satisfying
No (W) - Xy(W) = 0 = Ng (W) - Xy (W) ,

ifo=29 (1.5)
forallwe B

1
0

)

NU(W)'N{?(W) =0gy = { if 0_7& 9

with the Kronecker symbadg g .

Definition 1.1. A matrix N € R™("*+2) with these properties is called anthonor-
mal normal frameof X, shortly: ONF.

Example 1.2The unit normal vectoN for an immersiorX : B — R? is defined as

o Xy (W) x Xy(W)
N W) = T ) > X (w)]

with the usual vector product in threedimensional Euclidean space. In this case
we simply identify the ONF with the vectdt(w).

w e B,

Example 1.3TheEuler unit normal vectors

oo # e
Nl = \/W( ¢X; ¢ya 1; O),
X (1.6)

NI (=, —y,0,1)
are orthogonal to thsurface graph
X(xy) = (x ¥, 0(xy), W(xy)) €R*,  (xy) € Q CR?
with two smooth functiong andy. Namely, forog = 1,2 we immediately compute
No - Xx = No- (1,0, ¢, Ys) = O.
No Xy = No - (01,4, 4y) = 0.
But note thain generalﬁl and Nz are not orthogonal to each other:

o O¢ - Oy
Nq- N> = 0.
Y e ST TR
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Thus we define new unit vectors

- N, — (N1 - Nx)N
N;i:=N;, Np ::M
[Nz — (Ng - N2)Ny |

taking into account that

(O¢ - Oy)?

Qe (R RRL 2 — 1
INe = (Na NN ™ = 2= g oy )

> 0.

This new systeniN;, Ny) now forms an ONF for the grapk.
Example 1.4Let
®(u,v) ;= p(u,v)+ig(uv)eC

be a holomorphic function satisfying Cauchy-Riemann equat

b=y, ¢y=— InQCR%
Then the surface grapx,y, ¢ (x,y), $(x,y)) fulfills
XZ =14 ¢+ UK = 1+ 4+ 0) = X7,
X Xy = dxdy + Uiy = 0.

We sayX is a conformally parametrized surfacgge section 1.6 below for an exact
definition of conformality. Furthermore, we compute

O - 0@ = ¢xthx + dyhy = —dxy + dydx = 0,

whereO¢ = (¢x, ¢y) denotes the Euclidean gradient ¢f We conclude that the
Euler normalﬁl ansz from (1.6) form an orthonormal normal frame.

1.4 Rotation of normal frames

Quantities representing inner geometric properties of €ate do not depend on
the choice of an ONFRather we can say an ONF is just a mathematical tool to
describe the behaviour of a surface in terms of dynamicaltifies. Hence we may
refer to it as anoving frame.

Thus in a concrete situation we are supposed to piodependence of the ge-
ometric quantities from the special choice of an ONFparticular, this concerns
all curvature quantities describing the inner geometry siface as well as its
embedding into the space.

For this purpose we now present a simple algorithm to transény given ONF
N into a new ONHRN conserving the orientation.
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Namely, let us consider matrix-valued orthogonal mappings

R=(row)o,w=1,.n€ C3(B, SQy)

satisfying the properties

n n
Fow(W)? =1, roc(W)?=1 forw=1,...,n,
o=1 o=1
n n
l'oo(W)l gy (W) = 0, Fwo(W)lyo(W) =0 forw # o
o=1 o=1
as well as

detR(w) =1 forallweB.

This latter property characterizes the conservation adrdation. For simplicity,
we will only focus onrotations as transformation mappingsow the promised
transformation between the two ONF is given by

No (W) = ilrgw(w)Nw(w), o=1...n (1.7)

Note that there hold N
|NU|2: Z rng 1
w=1

as well as |

n
Ng-Ng = ; ool 9 Qww = Z lfowl3w = Oo9
w,w'=1 w=1

inBforallg,9 =1,...,n.
Example 1.5In casen = 2, i.e. if X is immersed int®*, we choose the orthogonal

mapping
in
R (fifqu o sg) 8)
with a rotation angle < R. In particular, we have
N; = cosp Ny +sing Ny,
N, = — sing Ny + cosp Ny .

Example 1.6In casen = 3 we may introduce th&uler rotationsgenerated by the
three matrices

cosp sing O 1 0 0
Ri:=| —singcosp 0|, Rp:=|0 cosy siny
0 0 1 0 —siny cosy
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as well as _
cosd sind 0

Rz:= | —sind cosd 0
0 0 1

The transformation works as follows: First we rotategogbout thez-axis, then by
 about thex-axis, and, finally, by9 about thez-axis again. The effective rotation
is then described by (see e.g. Funk [68])

R:RgoRzoRl. (19)

1.5 The fundamental forms

Differential geometry is essentially built up on the threedamental forms. Already
Gauss [70] was aware of its special importance.

Let us start with the
Definition 1.2. Thefirst fundamental form(X) € R?*2 of X is defined by
LX) = (Gij)i,j=12,  Gij ==Xy Xyi (1.10)
settingu! := uandu? := v.

Note that the definition of this quadratic form does not depam the codimen-
sion. Rather it is simply induced by the Euclidean metric of the etding space
R™2. To clarify, let us denote by

d€ =dé +...+d%., (1.11)

the standard line element of the sp&%2 with X, ... ., X2 being its Euclidean co-
ordinates. Embedding the surfae= X (u,v) into the Euclidean spad®"? means,
from that formal point of view,

d€ = (xgudu+xydv)2+ ... + (Xns20dU+ Xn g2y dV)?
= (Xu- Xu) AU+ 2(Xy - Xy) dudv+ (X - Xy) dv2

2 . .
= g11dP 4 2g12dudv+ gordVP = > i dudu'.
i,]=1

Obviously it holds

W = /011822 — 93, = v/detl (X)

for the area elemeny.
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Definition 1.3. The secondand thethird fundamental fornw.r.t. any unit normal
vectorN: B — R"2 are

In(X) = (Lnjij)ij=12, Lnjij ==Xy Ny =X -N,

Mn(X) = (enjj)ij=12, ©enij := Ny Ny

(1.12)

Note that these forms now depend on the chosen unit normednidc

The first and the second fundamental form for surfaceR3mwere already in-
troduced by Gauss [70]. In this special case of one codiroantie coefficients of
the second fundamental form are also denoted,iy andN, a terminology which
goes back to Reinhold Hoppe (compare Strubecker [152]).

The geometric meaning of the first fundamental form is comdin the follow-
ing result from elementary differential geometry which wert prove here.

Theorem 1.1.The knowledge of the coefficients, @, j = 1,2, 3, enables us to an-
swer all questions about the metrical properties of a swefac particular problems
concerning length of and angles between curves on it, or afggeces of it.

Example 1.7Consider a curve: | ¢ R — B and its spatial imag¥ o c(t) € R3 on
the surfacex. Let c(t) = (u'(t),u?(t)). Then its length is given by the integral

S g0 04 WM g

k;:lg"f dt dt

Furthermore, the angle between two curveX oc; andX o ¢, with ¢; = (ug,vq)
andcy = (up,Vv2), and which intersect at (t) = c(t) =w e B, is

cosa =

011U1U2 + g12{U1V2 + UpVe } + 2oV V2

\/ 01102 + 201201V + gooV2 \/ 01103 + 20120V + gooV2

1.6 Parameter systems

In this section we want to present so-called conformal patamsystems and
geodesic polar coordinates. Other possible parametizatie discussed in later
chapters.



1.6 Parameter systems 13

Conformal parameters

Definition 1.4. The immersioX : B— R"? is said to beonformally parametrized
if the conformality relations

Xi- Xy=W=X,-Xy, Xy-X=0 inB (1.13)
with the area elemefV from (1.4) as conformal factor are satisfied.

The special meaning of these coordinates is thatdisyonalize the Riemannian
line elemensuch that we get

ds := X2dwP + 2X, - X dudv+ X2d WP = W(dLP + dVA)
on the whole disc BHere we sayls’ is of Riemannian typ# it holds
X2XZ — (Xy-%)?> >0 inB.

This is always true in view of our regularity assumptions.

Introducting conformal parameters into a Riemannian raégrjustified by the
following results.

Proposition 1.1.(Sauvigny [142], 1999)
Assume that the coefficientstrand ¢ of the Riemannian metric

d$ = ad? + 2bdudv+ cdv?

are of class (B, R) with a € (0,1). Then there is a conformal parameter system
(u,v) € B.

The regularity condition required here is satisfied in otmation because we
supposej € C3(B,R). While Sauvigny’s result holds the large,i.e. on the whole
closed disd, further stronger results hold the small.One example is the follow-

ing.

Proposition 1.2.(Chern [28], 1955)
Assume that the coefficients of the Riemannian metric

d€ =ad? +2bdudv+ cdv?

are Holder continuous in BThen for every point w B there exists an open neigh-
borhood over which the surface can be pararmetrized corditiym

Example 1.8As we already know, the mapping
X(w) = (w,w?) € R*

fulfills the conformality relations.
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Example 1.9The catenoidis a rotationally minimal surface which can be repre-
sented using conformal parameters as

X (u,v) = (coshucosv, costusinv, u) € R3.
Theconformally parametrized minimal helicoid
X(u,v) = (—sinhusiny, sinhucosv, —v) € R®

is closely related to this catenoid: Namley, et [0, 7] be a real parameter, then
catenoid and helicoid can be transformed isometrically @ch other by means of
the mapping

Xy (U,v) := X(u,v) cosA + X(u,v)sinA.

In particular Xy represents the catenoid, Wh)(% equals the helicoid. This isometry
is a special case of a general theorem due to Bour on the idoatgtdeforming a
rotationally symmetric surface into a ruled surface (sge®trubecker [152]).

Remark 1.1Note that if onlyX € C1(B,R"?) itis in general not trughatX can be
parametrized conformally, see e.g. Chern, Hartman andn&fif29] for a detailed
discussion along with various counterexamples.

Geodesic polar coordinates

For a detailed introduction of the so-calledponential map, geodesic disard
geodesic polar coordinatege refer the reader to elementary textbooks on differen-
tial geometry, e.g. Blaschke and Leichtweiss [15], Klingery [106], or Laugwitz
[111]. Here we just want to provide some important idergitieeded laters.

Assume that the immersiok: B — R™?2 (or a part of it) is given as geodesic
disc B, (Xo) of geodesic radius > 0 and with centeX, € R"2. Using geodesic
polar coordinategp, ¢) € [0,r] x [0,271] we can rewrite the mapping = X(u,v)
into the new form

Z=2Z(p,9): [0,r] x [0,2m] — R™2,
Following e.g. Blaschke and Leichtweiss [15], §79, the niew elementls3 reads
dsp = Z5dp? + 22, - Zy dpd¢ + Z5 dgp® = dp®+ P(p, ¢) dgp.
with a functionP € C1((0,r] x [0,2m),R) satisfying
P(p,¢)>0 forall(p,¢) < (0,r] x[0,2m)

as well as

lim P(p,¢)=0, lim i\/P(p,qb):l forall ¢ € [0,2m).
p—0, p—0. 0P
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1.7 Parameter transformations. Tensors
We want to restrict our investigations to the following sipéclass of parameter
transformations.
Definition 1.5. TheC*-regular parameter transformation

ViU (), i=12 a=12
is calledof regularity class], shortly:u' (v?) € B, if it is positively oriented, i.e.

a(ut,u?)
(Vi \v2) >0

for its Jacobian, and if it does not effect the orientatiothefunit normal vectors of
the ONFN.

We compute the transformed derivatives of the surface vecto

Xy = i XpVh = i A X settingA? =),
=1 =

fori=1,2. The tangential vectops; of the surfaceX areinner geometrical objects.
From our point of view, they are parametrized vector-valomepings. Thus it is
important to compare the transformation behaviour of amyuofjuantities with that
of the X; what finally leads us to the concepttehsors.

Let us start with the transformation behaviour of thie:

2 2
gi =Xi Xi= Y NAXe-Xa= 5 AAlga
KA=1 KA=1

Next Iet/T,i( denote the coefficients of the inverse transformationfyaiis
2 . . 2 —
> AAe=8, Zl/\iK/\g =0
k=1 i=
with the Kronecker symbolg’ andoy. It follows the inverse transformation rule

|
gij u
1

el
M

2 _ _.
S (A ADAA) G
=1

™M~

i i,]=1k

)

5;1(53 Okr = Guk -
1

I

K

As an immediate consequence we obtain the
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Corollary 1.1. Let V¥ — u'(v¥) be a parameter transformation from clagk and
denote by Wu',u?) and W(v},v?) the area elements of the surface B — R
w.r.t. U resp. . Then it holds

W(Ul,u?) = (AIAZ — AZAHW(VEVP).

Proof. This follows from evaluating the expression

2 2
W(ut,w?)? = ( > /\i‘/\fgm> < > Az“/\zvguv>
u=1

KA=1

2 2
- ( z Af/\%g:()\) < z /\{1/\2‘/9“\/>
KA=1 u,v=1

which proves the statementO

There will also appear tensors of higher rank, for exampdectirvature tensors
of surfaces.

Definition 1.6. Letr € N, r > 1. The functiona;, _j, is called acovariant tensor of
rank r, or shortly ar-covariant tensoif and only if it transforms in the way

2
A H1 Hr
&y = AN A -
Ha,... Hr=1

Beside these covariant components we mamdravariant tensorsThese forms
are defined in terms of the inverse first fundamental formin.germs of the coeffi-
cientsg' defined by
gijo’k = ok

J

M

with the Kronecker symba3X.

Definition 1.7. Let r € N, r > 1. The contravariant componentsf the covariant
tensora;, i, are defined as

2

e - iv irj

arli= %y gut.....graj, -
jasnJr=1

To compute the transformation behaviour of the coefficigfftsve first notice

g“=

dij gikgj[ .
1

™M~
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Then we calculate

2 _ 2 2 o
¢“= 3 gigd"d" = ¥ ¥ AAlgag e
=1 =1k =1

2 . .
S (AN I
A=

2 | y
S (AN ) Geugr g
v=1

:

1p;

2 2 _ 2 _,
(Z z A g"‘gKu> (Z S /\fg”gm) o'’ = VZ ARG

where we take

2 2 2 ) 2 _
z /\ = Z AiKglk< z gmn/\:(n/\ﬂ)
i=1k=1 i=1k=1 mn=1
2 2 2
= z Z/\"Am/\“g Omn
i=1lmh=1kK=1

2 2
z 3"ALG Gmn = > A9™gmn = S ALK = Ak
mhn=1 n=1

mhn=1

u
EMN

etc. into account. This gives rise to our next

Definition 1.8. Letse N, s> 1. The functionas is called acontravariant tensor
of rank s or shortly as-contravariant tensoif and only if it transforms as

a1l — > Ao AL abhs, (1.14)

Finally, we need covariarndcontraviant tensor components.

Definition 1.9. Letr,sc N, r,s> 1. The functionaijlll'_“'il;S is called a(r,s)-tensorif
and only if it transforms as

L 2 2 .
Ji-els M Hr J1 A isaVi--Vs
a'il...ir Z Z Ail /\|r ./\Vl /\ a'“l My - (115)
M1, Hr=1vy,...,Vs=1

For detailed treatises we refer the reader to textbooks fberelntial geometry,
e.g. Bar [4], do Carmo [21], [22], Kiihnel [109], or Rasclsdi135].
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1.8 Vector fields

Geometric quantities can also be expressed usowydinate-independent vector
fields.Although we will mainly use special coordinate systems fiaig our spe-
cial problems, we eventually formulate results also usiagngetric vector fields to
emphasize their geometric importance.

In particular, covariant tensors are sortroflti-valued linear mappings on the
tangential spacelet us consider the following example for illustration: Toeef-
ficientsg;; of the first fundamental form can be considered as the compsé a
bi-linear mapping

g: Tx(w) x Tx(w) — R

defined as
Xuis Xyi = Gij = 9(Xy, X)) €R.
The advantage of this approach is thet can define a metric g without referring

to a special parametrizatioiNamely, let(-,-) be a positive definite quadratic form
onTx(w) x Tx(w). Then we simply set

g(%,@)(W) = <%,@>(W)

for two tangential vectors?™, % € Tx(w). The form(,-,-) could result from pro-
jecting the metric of the embedding space to the tangentates of the surface,
the former represented by the Euclidean inner product. Thganerates our first
fundamental fornm (X) from above.

Differential geometry can be formulated completely usihig toordinate-free
vector field technique, and such an approach takes real acobthegeometrical
natureinherent in our surfaces and manifolds. But eventuallyitagals subtle ana-
Iytical structures of the differential equations undarntythe geometric phenomena
what would not be detected until we introduce suitable patansystems.
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In this second chapter we introduce various curvature diembf surfaces and discuss their geo-
metric invariances. We derive the differential equatioh&auss and Weingarten which will lead
us to the mean-curvature-system. Furthermore we introdumencept of torsions as connection
coefficients in the normal space. This is exactly what distishes the differential geometry R?
from the theory in spaces of higher dimensions.

2.1 The Gauss equations

The connection coefficients of the met(w; )i j—1 > are the Christoffel symbols.
Definition 2.1. The Christoffel symbolsf the immersiorX : B— R™?2 are

re=1

=3 0" (9j0 + riui — Gijt) (2.1)

M

k=1

fori, j,k=1,2, where the lower index/ denotes the partial derivative w.r.t. the
parameten!.

Their conformal representations can be found in (2.6) bekar the moment
we admit arbitrary parametrizations and derive our firstadgbartial differential
equations describing the dynamical behaviour of an imroersi terms of an ac-
companying frame

{Xu, XvsNp, ..., Np }
with a chosen ONIN = {Ng,...,Ny}. These equations are named after the German
mathematician Carl Friedrich Gauss (*1777 in Braunschwil§55 in Gottingen).

Theorem 2.1.(Gauss equations)
Let the immersion XB — R"? together with an ONF N be given. Then there hold

2 n
Xgu = Y Fif Xt 2 LoiNs (2:2)
k=1 =1

fori=1,2.

1 The name “connection coefficients” has its origin in the that thel'ijk determine how to displace
parallely a vector on the surface, and thus how some vectérisfelated oconnectedo another
vector in its neighbourhood; see e.g. Weyl [169], chapter Il
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Here we use the abbreviation
Lew,ij = LNg,ij
for the coefficients of the second fundamental form w.re.uhit normal vectoN,,.

Proof. We evaluate the ansatz
2 ‘ n
Xjui = Y aijxukJrﬁz by ijNs
K=1 =1

with unknown functionsra}‘j andby j;. A first multiplication byN,, yields the coeffi-
cientsby jj in the form

n
Lawij = =Xy - Ny ui = Xyivi - Noo = SZ by ijNg - Ne = Deoyjj -
=1

To compute thea}‘j we multiply by X, and arrive at

2 2
Xoui - Xy = Y &liXge Xy = 5 @l g = 8. (2.3)
K=1 K=1
Note thata;; = aj,; due toX,,j = Xj,i. We calculate
airj = (X - Xy )ui — Xii - Xyeui = Gig,ui — ij s
and therefore it holdg;, ,i = aisj + a; . It follows that
Oje.d + Yeiui — Gij 0 = @jai + ji + &ij + airj — &ije — &jie = 284j ,

and together with (2.3) we arrive at

2 k. 1 . .
z &jO« = 3 (9je.u + Geiui — Gij.ut)-
1

Rearranging gives

12
aﬁ’ =5 glgW(gM’Ui + Qi ui — gij,uf)

which already proves the statementl

With the proof of the Gauss equations we followed the line8lakschke and
Leichtweiss [15].

Note that the vectoX;,; has no geometric meanisince the Christoffel symbols
I'i}‘ do not transforniike a (2, 1)-tensor as the following result shows.
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Lemma 2.1.Let U(v¥) € B. Then there hold

2
- S A L
a,B,y=1 a=1

|uJ

fori, j,k = 1,2 with the coefficients\,? and/Tj, from section 1.7.

Proof. Recall the transformation formula fay; andgX’ from section 1.7. It follows

2 2 2
Gjuk= > ACAL A G + > Ai?uk/\jﬁgaﬁ"i‘ > /\ia/\fukgaﬁ-
; a,p=1 a,p=1

We compute
1S : AKALq?B .
a
~2 > Mafd
=1a,B,y,0,e=1
{ AAPAE Qs e + A ASAEGys e — AN /\Zgy(sug}
- : - AK AL B y [ y o y 5
e
+§/zl 325 1Aa pS {Aé!u"/\‘ HALGA = A }gy5
=1a.p.y,
1 2 2 Tt ap y Vs
a
+5 S AN+ AN = NAS by

=1a,B,y,0=1
The first row can be rearranged into the form

g°? {gga,uf +0ep,ur — gyg,ua} AP 8/\ Z Fé"é/\i‘sAf/T}; )

2 a,B,0,e=1 0,6=

For the second and the third line it follows

1

ZGB

AEAGGP -

MN

,0=

.<

1
[ V o Y Ad V [ V [ y [
AN AT ENGAD = AT AP+ AT AT+ N AT =N AD b gy

1 2 = v 25 2
-2 Z Na ﬁgaﬁ{/\l UJA/ +A| Jul }gyé = Z Aa/\i,uj gaﬁgyﬁ
a,B,y,0=1 a,B,y=1
2
= ¥ AknC

i,ul

a=1

which proves the statementO
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2.2 The mean curvature vector

In the next section we will derive the mean curvature systenmfthe Gauss equa-
tions which will be of central interest in later consideoats. In preparation for this
we start with introducing a normal-dependent mean cureajuantity. Its geomet-
ric meaning will be discussed shortly.

Definition 2.2. The mean curvature N of an immersionX: B — R"2 w.r.t. the
unit normal vector Ne R"2 is defined as

Hn =

2
ii Ln,11022 — 2Ln,12012 + Ln 22011
_ Z g” LN,ij = - 2\N2 . (2.4)

NI =

i,J=1

Consider now an ONN = (Ng,...,Ny), and seHy := Hy, .

Definition 2.3. Let the immersioX: B — R™2 together with an ONIN be given.
Then itsmean curvature vector ¢ R" is defined as
1

™M 5

Surfaces irfR3 possess, up to orientation, exactly one mean curvatureh@ne-t
fore exactly one mean curvature vector. Its orientatiomsegywith the orientation
of the unit normal vectoN € R3. In this situation we will emphasize the special
nature of the reell numbét and the vectoN € R®.

For the presentd represents vector iR” andN a matrix inR"*("+2),

As we will elaborate later, the mean curvature ve¢iovanishes identically for
so-calledminimal surfacesThus the vectoH for immersions ifR™2 hardly takes
on the role the unit normal vectd € R3 claims in case of one codimension. That
is one reason whwe rather work with orthonormal normal frames instead ofwit
the mean curvature vector.

Nevertheless, the vectdét possesses interesting analytical and geometric fea-
tures.

Proposition 2.1.The curvatures § and H are invariant w.r.t. parameter tranfor-
mations of clas§3. Furthermore the mean curvature vector H does not depend on
the choice of the ONF N

Proof. LetN € R"2 be a unit normal vector. We compute

Sdlwii=3 Y @PAAD L AAY)
ij=1 i,J=1la,B8,u,v=1
2 2 2
= Z Z gaBLN!W@é‘q\; — Z g"’Ln v
i.]J=1a,B,u,v=1 u,v=1

from where we already infer the parameter invariancéHfigiandH.
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Thus we are allowed to introduce conformal parameters. Toem frameN, gen-
erated by a rotation mappi®g) = (r¢w)o,w—1,...n as described in the first chapter
we have

.....

(Xau- Ng 4 X - Ng)Ng

n

%1{ rawNw)+Xw (rawNw)}) (;Jcoij’)

I
[~
Q
Il S
!
N

1 n n
W ( z rawraw’> (Xuu Neo + Xov - Nop)Ney
1

= o=1
=0/
1 n

n
+ﬁ z <z rawrow> (Xuu Neo + Xuv - Ney)Neo

w=1
1 n n
= A7 (qu Nw + va' Nw)Nw = HwNw-
2W ooZl wzl
All statements are proved.d

Let us come back to the normal-dependent curvatdges: Hy,, . Using the fore-
going result we can prove they are uniquely defined at one fiségtt w € B if any
normal frameN is fixed there.

Proposition 2.2.Let the immersion XB — R™2 together with two ONF N anbl
be given. Assume that

Ng(Wo) = Ng(wp) forallc=1,...,n
at some point we B. Then there hold
Ho(Wo) = Ho(Wo) forallo=1,...,n

Proof. Due to the preceding proposition it holds

n

H(wo) = 3 Ho(Wo)Ng(Wo) =

o=1

n

Ho (Wo)No (Wo) = > Ho (Wo)No (o).
1 o=1

M =

Comparing the components of the basis vechydng) proves the statement.d

2.3 The mean curvature system

From the Gauss equations (2.2) we want to derive an ellipsitesn for conformally
parametrized immersions with prescribed mean curvatwewe .
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For this purpose we must rewrite the Christoffel symbolsrfr(2.1) in these
special coordinates (the proof is again left to the reader):

W W, W,
’-111:@, ’_112:’_211:@, ’_212:*@,

W, W, W, (26)
rlzlzfﬁa r122:r221:ﬁa FZZZZﬁ'

Theorem 2.2.(Mean curvature system)
Let the conformally parametrized immersion B — R™2 with mean curvature
vector H be given. Then it holds

n
AX :=qu+XW=2'9Z HsWNy = 2HW inB. (2.7)
=1
Proof. From the Gauss equations (2.2) we infer
n
AX = (T3 + )X+ (Ma + M5)% + '92 (Lsa1+Ls22)Ny.
=1

Note thatr}} + 5 =0, 2+ 2 =0aswell ady 11+ Ls 22 = 2HsW. The state-
ment follows. O

This system (2.7) generalizes the classical mean curvaystem
AX=2HWN inB (2.8)

from Hopf [94] valid casenr = 1 of one codimension with the scalar mean curvature
H € R and the unit normal vectdd € R® of an immersiorX: B — R3,
Definition 2.4. A surfaces is called minimal surfacdf and only if it holdsH = 0.

Minimal surfaces are the topic of a countless literatureur@at [38], Nitsche
[126], Lawson [112], Giusti [72], Osserman [130], Dierkesk [44], Colding and
Minicozzi [35], Eschenburg and Jost [52] to enumerate oblyea few significant
distributions and to illustrate the importance of this saksurface class in the field
of geometric analysis and differential geometry.

2.4 The Gauss curvature

To introduce the Gaussian curvature of an immer3owe start with the following
curvature quantitieKy, along unit normal vectorl, of a given ONFN.

Definition 2.5. The Gaussian curvature Kf an immersiorX : B — R"2 js

n Lng.11bng.22— L2 10
K:= Kng s, Kng, i= . . AR
azl ’ ’ 011922 — g%z

(2.9)
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Note that due to its dependence on a unit normal veldtahe quantityKy has
no intrinsic nature in contrast to Gaussian curvatire

Proposition 2.3.The Gaussian curvature K is invariant w.r.t. parameter s8o-
mations of clas§3, and it does not depend on the choice of the ONF N

Proof. FirstletN be some unit normal vector. Then the parameter invarianiosv®
from the identities

(Nt X2) (N2 - Xz) — (N - X,2)?

= LN XD (N Xg) — (Ne X2} {ARA3 - A2ng)
(Xt Xn) (K2 - Xe2) = (K- Xe2)?

= {0 X0k X2) — (X X2} {AnZ - AZAFY

To complete this first part of the proof, the reader shouldkl@eanalogous transfor-

mation formula for the determinagiig,, — gfz! Let us now come to the invariance
w.r.t. to orthonormal normal frames. We have

IZUWZ = Ea,llta,zz - Eélz = (xuu Na)(xvv' NO’) - (xuv NO’)Z;

and the right hand side of this equation can be written in ®iewing form

2
n n n

Z lNowlw11 “; rowblear 22 | — Z rowlw12

w=1 =1 w=1

n

= rowlow (Lw1ila 22— Lotolaw 12)
=]

2
Moo (Loiilw22— Loiolw12)
1

n
+ Z roolow (Latiley 22— Lwiolay 12)-

w,w'=1
wAW

I
M €

Taking the results of section 1.4 into account we have

=}

ZE

1

i
I

o=1

n n
row(Loiibozz—L512) = 5 <z r?,w) (Loailwzz— L5 1)
w=1
n

Z (Lw,lll—w,22 - Li)’lz)-
w=1
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Analogously it follows

n n

z rool oo (Loiiler 22— Lwizle 12) = 0.
0=1 ww'=1
w#wW
Thus we conclude

n n n
KW? =5 KoW? = ¥ (Lotiloz—L510) = 5 KoW? = KW?
o=1 w=1 w=1

proving the proposition. O

The Gaussian curvature K belongs to the inner geometry oframdrsion and
neither depends on the parametrization nor its embeddirspate.

In the next chapter we will prove th#t can be expressed using the surface’s
first fundamental form and its first and second derivativedusively. This is the
contents of the well-knowtheorema egregium.

No matter the geometric meaning of the normal-dependenatunesK, actu-
ally is, we next want to show

Proposition 2.4.Given the immersion XB — R"? together with two ONF N and
N. Suppose that _
Ng(Wo) = Ng(Wp) forallo=1,...,n

at some fixed point g B. Then there hold
Ko(Wo) = Kg(wo) forallo=1,....n.
Proof. We calculate
Lo 11(Wo)Lo 22(Wo) — Lo 12(Wo)?
= [Xuu- No(Wo)] [Xw- No(Wo)] — [Xuv- No(wo)] >
= [Xuu- No(Wo)] [Xw- No(Wo)] — [Xuv- Nor(wo)] ®
= Lo 11(Wo)Lo 22(Wo) — Lo, 12(Wo)?.

The statement is proved.O

2.5 The normal mean and the normal Gauss curvature

Beside the three fundamental forms introduced in sectibritiere is a varity of
further quadratic forms reflecting the geometry of highedimensional surfaces
and leading to new curvature concepts.
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Conveniently one defines the following quantities.

Definition 2.6. Let the immersiorX : B — R™?2 be given together with an ONR.
Let furthermore

L 2 |Leaaloa2 2 |Lo12lo22
911 = o0 ; 9,22 = — ;
o Wils11Ls12 ’ WiiLs 12 Lg 22
L . 1 La,ll LU,ZZ

9,12 = o0

oo WiiLg11Ls 2o

for g,8 =1,...,n. Then thenormal mean curvature matriand thenormal Gaus-
sian curvature matricof X w.r.t. N are defined as

2 .
H:= (Haﬁ)a.ﬁ:l,_,_,n with Hgg = Z g”'—aﬁ,ij,
i,]=1

2
Lo9,11Lo9.22—LGs 12
WZ

forog,9 =1,...,n.

The curvaturesl;yg andKyg aresectional curvatures the following sense.
Proposition 2.5.For all g,3 =1,...,n there hold the following statements.

1. The curvatures Ky and K;9 are invariant w.r.t. parameter transformations of
classy.

2. The quadratic forms 45 jj, i,j = 1,2, and therefore the curvaturesgd and
Ks9 do not depend on the choice of an orthonormal basSpEn Ny, Ny }.

In other wordsH andK are geometric quantities.

Proof. The parameter invariance can be proved using the methadsiuo proof of
Proposition 2.3. Thus we only consider the second staterhenus start with two
unit normal vectordgy andNy with g # 3, taken from some ONN, and evaluate
the SQ(2)-action on this frame, i.e. let

No :=cosp Ny +singNg, Ny := —sing Ny + cosp Ng

be another orthonormal basis of Sg&iy, Ny }.
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Then we exemplarily calculate

> Log 11 =Loails 12— Lo12ly 11

— —singcospLyailo12+C0S P Lg1ils 12+ SiPdLoiolsan
+sing cosp Ly 1119 12+ Sing cosp Lg 110,12 — €OS P Lo 1519 11
+sif¢Lgisly 12— singcosp Ly 11ls 12

=Lgails 12— Lo1ols 11 = V?V Log 11

Analogously we prove the invariancelofs 12 andLgg 2. O

We will come back the curvatures quantitldgg in section 3.7 again.

2.6 The Weingarten equations

New aspects in the analysis of surfaces in spaces of highdénenasions are mainly
manifested in theonnection coefficients of the normal spaceas we prefer to say,
in thetorsion coefficients.

Definition 2.7. Thetorsion coefficientef an ONFN are defined as
T =Ny No, T2i=-T¢,, (2.10)

fori=1,2ando, 3 =1,...,n.

Most of our definitions and identities can be found in variteigdbooks on dif-
ferential geometry, for example Chen [27], Brauner [18JoiCarmo [22]. The ter-
minology “torsion” even essentially goes back to Weyl [168]is einem normalen
Vektorn in P entsteht ein Vektar +dt (0 normal, d tangential). Die infinitesimale
lineare Abbildungn — n’ vonp aufNp ist die Torsior?

In chapters 7 and 8 we will elaborately study special normehks with spe-
cial torsions. For the moment we concentrate on the baderdiftial equations of
surface theory.

Theorem 2.3.(Weingarten equations)
Let the immersion XB — R™2 with an ONF N be given. Then there hold

2 . n
Ny = — Z Loij g X + SZ TZiNs (2.11)
ike =1

fori=1,2ando=1,...,n.

2 From a normal vecton in P there arises a vectof -+ dt (0’ normal,dt tangential). The infinites-
imal linear mappingy — n’ of 91p to 9N is the torsion.
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Proof. With unknown functionsy j andb? ; we evaluate the ansatz

2 n
Na,ui = Z aIé,ixuk +'9Z bg,iNﬁ .
k=1 =1

Multiplication by X gives

2 2
~Loje =Noy Xy = 5 als i Xy Xy = 5 s ik,
& =1

and rearranging yields

2
m ‘m
ag */ZLG,iég ,
=]

A further multiplication byN,, shows
n n 9
T =Ny i -No = SZ b5 N - N, = SZ b} 1090 = b3,
=1 =1

which proves the statementO

The system (2.11) generalizes the classical Weingarteatiems
2 .
Nui - — ; Lingquk7 i= 17 27
=S

for the unit normal vectoN of a surfaceX: B — R™?2 in the case of one codi-
mensionn = 1, found by the German mathematician Julius Weingarten (*1836
Berlin; 11910 in Freiburg). All torsion coefficients vanistentically here.

There are also immersions living in higher dimensional spaend admitting
orthonormal normal frames which agéobally free of torsionWe will discuss their
properties extensively in later sections.

Finally we want to mention that th'Eg’ii transform like &1, 0)-tensor. The proof
is left to the reader.

Proposition 2.6.Let U (v?) € 9. Then there hold
2
=5 TN
p=1

fori=1,2ando,% =1,...,n.
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2.7 Weingarten forms. Principal curvatures

In this section we want to introduce the so-called Weingeftems to define alge-
braically the principal curvatures of an immersion.

Definition 2.8. The Weingarten formgL{ ;)i k1.2 of an immersiorX : B — R""2
w.r.t. some unit normal vectdt € R™?2 are defined by

L',i,’i = LN7ijgjk fori,k=1,2.

Note that due to the definition of the curvature quantitigsfrom (2.4) and the
Gauss curvaturdsy from (2.9) along the unit normal vectd we infer

N

. 2 .
L+ = Lot + > Ln.2jg'?
i =

I
R

Lnijg" = 2Hn
1

I
™M

as well as

. . 2 . .
Ln,ziln 2j0' g% — > Lnai 0L 2j0't
1 i,]=1

Lo = (WRa) =

™M

= (Lnailn22— Lr%l,lz)(gllgzz — ") = K.

The principal curvatures are now defined for each partiautéirnormal vector
N as follows.

Definition 2.9. The principal curvaturesky 1 and k2 of an immersionX: B —
R™2 w.r.t. the unit normal vectdd € R™2 are defined as the roots of the quadratic
eigenvalue equation . .

det(L,J\l,i — )\N5|J )i,j:l,z =0.

Note thatHZ — Ky > 0 such that the corresponding eigenvalues follow from

kna=Hn—1/Hi—Kn, Kn2=Hn+1/Hi—Kn,

or equivalently
_ KnN1+KN2

2 3
Thus all the classical methods from the theory of surfaceR3rapply for each
singleHy andKy.

Hn KN = KN,1KN2 -
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2.8 Application I: Geometry of the Gaussian curvature

Gauss himself approached to the curvature quaktifpr surfaces inR3 from a
purely geometrical point of view (we quote from Gauss [7@], p0—11):

...toeach part of a curved surface inclosed within defimité$ we assign #otal or integral
curvature,which is represented by the area of the figure on the spherespamding to it.
From this integral curvature must be distinguished the sdmé more specific curvature
which we shall call theneasure of curvaturélhe latter refers to goint of the surface and
shall denote the quotient obtained when the integral cureatf the surface element about
a point is divided by the area of the element itself; and hendenotes the ratio of the
infinitely small areas which correspond to one another onctireed surface and on the
sphere.

Or using modern mathematical notation:

[Nu x Nyl 3 3

K=t ef:={ZcR®:|Z|=1)CR

X X { 1Z] =1}

with the unit normal vectoN C R3 of the immersiorX : B — R3 which maps into
the spheré&? c R3.

Let us now consider again the general situation of immessionB — R"2,
Suppose the surface admits an ONMhich isfree of torsionj.e.

T2;=0 foralli=12 0,9=1....n

Existence of torsion free orthonormal normal frarhéis strongly coupled with
a quantity representing theurvature of the normal bundl&Ve will introduce this
curvature tensor in the next chapter, and in chapters 8 ané %W attack the
problem of constructing smooth torsion free ONF.

Let (u,v) € B be conformal parameters. Theea of the spherical imagef some
unit normal vectoNgs can be computed from

Area(NU)z = Ng,uNg,v - (NG,U : Na,v)z-

Inserting the Weingarten equations with zero torsion caoeffits yields

1 1
Area(Ng)? = W2 ('—%,1@L L%,lz)(Lg,ler Lg,zz) VY (Lo11lo12+ Lo 1olg 22)?

1
=W (L5112 20+ Lg 10— 2Lg1ilo 22l 5 1)

=W (Loailo22— L?,,lz)z.
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Proposition 2.7.Let the immersion X B — R™2 together with an ONF N be given.
Suppose that N is free of torsion. Then it holds

Area(Ng) = |Kn, W2
foreach Ny € N.

Of course, this is also true for immersioXs B — RS2, but in general it fails in
case of higher codimensions.

2.9 Application II: Surfaces with parallel mean curvature vector

Using (2.11) together with the skew-symmetry of the torgioefficients we want
to compute the normal components of the derivative of themoeavature vector
(denoted by the superscrip):

S

n n
HuL = (HU,UNCIJFHUNCI,U)l = Z HO’,UNO'+ ; HO'TOI?,]_Nﬁ
o=1 o,9=1

o=1

n
Hou— ; HoTZ; 3 No
1 =1

I
M s

(o

and analogously

n n
Hi =Y {HG,V—SZ Hngz} No.
o=1 =1

Definition 2.10. The mean curvature vectbr is calledparallel in the normal bun-
dleif and only if
Hd’EEO and HJ’EEO,

or equivalently
n
Hy :; HoTZ, foralli=12 0=1,..,n,
=1

with respect to an arbitrary ONR.

From this definition we immediately read elementary examfdesurfaces with
mean curvature vector parallel in the normal bundle: Namely

e minimal surfaces with the property = 0;
e surfaces which admit a torsion free OINI‘satisfyingT(ﬁi =0.

Let nowH, # 0, and suppose that the mean curvature vedtes parallel in the
normal bundle.
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Multiplication of the first order differential equation®fn the foregoing definition
by Hg gives

n
HoHg i — SZ HoHs TS, =0
=1
foralloc =1,...,n. Summation oveo shows

19 X n n n s
- —|H|*= HoHg ui = SZHgHgT ,-:0
2 0u azl o8 azl =1 7

where the right hand side vanishes automatically due tokbe-symmetry of the
torsion coefficientsThus we conclude

H2=H2+H2+...+H2 = const

if and only if H is parallel in the normal bundle.

In fact, skipping geometrical details, we have proved thiefdng classification
result due to Chen from [26].

Theorem 2.4.1f H # O is parallel in the normal bundle, then either the immersion
is a minimal surface of a hypersphereR®t2, or it has flat normal bundle.

As it turns out in the course of our following consideratigifes normal bundlés
just equivalent to the existence of a torsion free QNMBuULt it is common practise
in differential geometry to speak of a flat normal bundle asangetric property
invariantly linked with the surface instead of stressingaal properties of moving
normal frames.

Further Remarks

Surfaces with mean curvature vector parallel in the normablke inR™2 can be
compared with surface of constant mean curvatuf@3nSince the theory of this
class of immersions has its own very interesting history,weat to refer some
cornerstones of this branch of differential geometry.

We abbreviatorily denote by7 ¢ R® a twodimensional surface as a set in space.
Then we start with two results which go already back to Hemtiiebmann (*1874
in StralBburg; 71939 in Miinchen) from 1899, see LiebmanB][]114].

Theorem 2.5.1. Let.# C R® be given with constant Gauss curvaturexx0. Then
it holds K> 0, and the surface is a round sphere of radié%.

2. Let.# C RS be given with Gauss curvature X 0 and constant scalar mean
curvature H Then the surface is a round sphere of radﬁéf.

3 In fact, this point of view requires sontkeory of manifoldsvhich we do not discuss here.
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Heinz Hopf (*1894 near Breslau; 11971 in Zollikon) in [94]caeededvithout
assuming the convexity K 0.

Theorem 2.6.Let the surface# C R® be given with constant scalar mean curva-
ture. Then# is a sphere.

The question arose whether beside the sphere there is arfadmpact immer-
sion without boundary with constant mean curvaturn This problem is subject
to the so-calletHopf conjectureln 1986, the American mathematician Henry Wente
in [167] proved the existence of such a constant mean cue/atumersion, now of
the type of the torus.

Theorem 2.7.There is a conformal immersion &2 into R3 with constant scalar
mean curvature H# 0 which is doubly-periodic with respect to a rectangleRiA.

A simplified but detailed proof of Wente’s result can be foimAbresch [1]. We
also want to refer to Glaeser and Polthier [73] for excellamherical presentations
of compact constant mean curvature surfaces as well agnefes to mathematical
literature on this subject before Wente, see e.g. Dobrifelr |

There is an endless list of contemporary studies on consteah curvature sur-
faces. The reader finds various excellent contributiortsgmtorks of U. Abresch, B.
Ammann, C. Gerhardt, K. Grosse-Brauckmann, F. Heleinghhlerg, H. Karcher,
M. Kilian, K. Kenmotsu, N. Kapouleas, R. Lopez, R. Kusner,Martin, W.H.
Meeks, F. Pedit, K. Polthier, N. Schmidt, J. Sullivan, M. WelH. Wente etc.

In 1972, David Hoffman in [92] considered the embedding pgobfor compact
surfaces with parallel mean curvature vector in four-disiemal Euclidean space.

Theorem 2.8.1. Let.# C R* be given, and suppose that its mean curvature vector
H € R% is parallel in the normal bundle. Then the surface is a roupdese of
radiusﬁ.

2. Let.# c R* be given, and suppose that its Gaussian curvature K does not
change sign, and that its mean curvature vectoe lR* is parallel in the nor-

mal bundle. Then# is a minimal surface, i.e. H= 0, a sphere, a right circular

cylinder, or a product of circles$r) x St(p), where|H| = 3 (5 + p—lz)%.
3. A piece of an immersed surfagg C R*, satisfying the conditions of point 2 as
well as H# 0, is either a piece of the round sphere, or it is flat with=<0 for its

Gaussian curvature.

Finally we want to quote the following generalization of himann’s theorem to
the case of arbitrary codimension from 1985 due to Enmotp [51

Theorem 2.9.Let.# c R™? be a regular, closed, simply connected, and compact
surface with Gauss curvature X 0. Suppose thaH | = const and that its normal
bundle is flat. Then the surface is a round sphere in a thregedsional affine space
R3 C R™2,
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3 Integrability conditions



In this third chapter we derive the integrability condittoaf Codazzi-Mainardi, Ricci and the
theorema egregium from the equations of Gauss and Weimgadnt@articular, we introduce the
Riemannian curvature tensor and the curvature tensor ohahmal bundle. We conclude this
chapter with a general version of the fundamental theoresuidéce theory.

3.1 Integrability conditions

To emphasize the special role certain partial derivatiemeally are playing in our
analysis, we introduce the notation

oiX =X, i=12

denoting the partial differentiation o w.r.t. u'.
Then in view of the regularity assumptioXsc C*(B,R") andNy € C3(B,R")
there hold necessarily
X — Xy =0, duwNo — uNg =0 (3.1)

foralli=1,2andalloc =1,...,ndue to an elementary theorem of H.A. Schwarz.

Evaluating these identities, taking the equations of G483 and Weingarten
(2.11) into account, gives the following thragegrability conditions.

* Integrability conditions w.r.t. the derivatives of theface vectoX

OuXi — X, =0
(auvxui - avuxui )norm =0 (duvxui - dvuxui )tang =0
Codazzi-Mainardi equations theorema egregium

(Section 3.2) (Sections 3.3, 3.5)
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To be precise, the Gauss equations (2.2) can be written iiothe
auxui - |1Xu+l_| Xv+ Z LO’IlNO'7 avxul - |2Xu+l_| Xv+ z LO’IZNU

fori =1, 2. Differentiation, while taking the Weingarten equationd éme Gauss
equations into account, yields

dnXj = { |1v+r|1’_12+’_| I3 Z Lw,ile,Zégﬁ}xu
=1
+ {F.1V+F. M+ M — Z Lw,uLw,zeg”}xv (3:2)
=

n n
+ Y Lo+ hilora+Nifloz+ S LoinTdz ¢ No,
o=1 w=1
as well as

Xy = {r2u+r2’_11+’_| - z Lw,isz,légm}Xu
=]
+ {I—|2u+r M3+ nars - Z quszug } (3.3)

n
Z {La|2u+ 2|—all+,—2|—012+z|—w|2 }NO'-

From these identities we will derive th@odazzi-Mainardi equationand the
theorema egregium.

« Integrability conditions w.r.t. the derivatives of unibtmal vectorNy, € R™2

au\/No' — dquo— =0

/ AN

(auVNo' — aquo')tangE 0 (dquo' — 0qug)norm = 0

| |

Codazzi-Mainardi equations Ricci equations
(Section 3.2) (Sections 3.6, 3.7)
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Now we evaluate the integrability conditions for the unitmal vectors. To this
end, we first compute

2 ) 2 ) 2 .
OoNo == 5 Lot Xy~ 3 Loi@ X 3 Lonid" X
ja =1 ja =1 ja =1

n

n
+ > ToaNo+ Y TeaNoy
w=1

w=1

2 (2 _ 2 _ 2 _
= - Loaivg® + Y Loai@"v+ 3 Logj@™mo+... (3.4)
k=1 | j=1 =1 jm=1

2 n .
oot Z '92 T&s’ng,gJ‘ng} Xuk
J:l =1

n 2 ) n
- Z ; La,lngkLw,kZ_Tc?,)l,v_Sz T(ilTéA?Z} No
w=1 {jk=1 =1

and analogously

2
aqua =

2

k=1 j=

2 . . 2 2 .
{ Lo2iud™ +Lo2ig® i+ 5 S Lo2igMa+-..
=1 J

=1j,m=1

2

n .
LY ngLg,lngk} Xk (3.5)
1=19=1

n

2 . n
- > Lo.2i0" Lok — To2u — ,92 TEoTs ¢ No

=1 jfer =1
using the Gauss and the Weingarten equations.

Comparing tangential and normal parts of these identitiekly the so-called
Codazzi-Mainardi equation®gsp.Ricci equations.

3.2 The Codazzi-Mainardi equations

From (3.2) and (3.3) we immediately obtain the

Theorem 3.1.(Codazzi-Mainardi integrability conditions)
Let the immersion XB — R"? together with an ONF N be given. Then the inte-
grability conditions

(auvxui _ avuxui )norm = O
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are the Codazzi-Mainardi equations

dea,i1+r1LalZ+r1L022+ Z Lwll

(3.6)
= duLoj2+M3Loar+M5lo2+ z Lwi2To1
=1
fori=1,2ando=1,2,...,n
The special case= 1 of one codimension follows immediately willy; =0

ALit + Filio+ M2Lop = dulip+ FALig + L5l fori=1,2.

These equations are named after the Italian mathematiGaspare Mainardi
(*1800 in Milano; 11879 in Lecco) and Delfino Codazzi (*182vliodi; 11873 in
Pavia) who found them independently.

3.3 Gauss integrability conditions

Next, the equations (3.2) and (3.3) imply also the

Theorem 3.2.(Gauss integrability conditions)
Let the immersion XB — R"2 together with an ONF N be given. Then the inte-
grability conditions

(BuXy — Oy )@= 0

are the Gauss integrability equations

2 2 n
iiv—Tiout+ S (M —TdTm) = Y Y (Loitko2m—Lojoloam)g™ (3.7)
m=1

{m=1o=1
fori,f =1,2.

Note that these conditior® not involve the torsion coefficient¥e say they are
related to thenner geometry of a surfacshile the torsions are quantities arising
from theembeddingf an immersion in space, i.e. they depend on the behaviour of
its normal components.

Thus the Gauss integrability conditions in case 1 of one codimension read
simply

2
Mty —Fout z ~8) = 5 (Liskam— Liskam)g™

{,m=1

A good reference is Blaschke and Leichtweiss [15].
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3.4 The curvature tensor

Now the left hand side of (3.7) gives rise to the following défon.

Definition 3.1. Thecurvature tensor ﬁ of the immersiorX is defined by
¢ ¢ 2 ¢ ¢
Rik == 0ylif — il + > (G Tk — i Tmj) (3.8)
m=1

fori, j,k,£ =1 2. Itis also calledRiemann tensoor Riemann-Christoffel tensor.

Then (3.7) can be written in the form

n

Rie= 5 Y (Loitkozm—Lojsloim)g™

(m=1o0=1

Thecovariant componentsf Rﬂ-k are defined as

2
Rnijk :/Zlaéjkgfn- (3.9)

Note finally that (for twodimensional surfaces) the compus®,;jx reduce es-
sentially to the one single quantity R, We particularly compute

Ri111=0, R2220=0, Ri12220=0, Rp111=0, Ro221=0, Ry112=0,
Ri122=0, R»211=0, Ry121=0, Ri211=0, Ro212=0, Rp122=0,

Ro112=Ri221= —Ro121= —Ry212.

As we will see shortly, this componeRt112 represents exactly the Gauss curvature
K (modulo the area element). This is the contents of the theaegregium.

Regarding higher dimensional manifolds we would evenyufatte a fully occu-
pied curvature tensor, and commonly one defines variousstrcmfﬂ-éjk, for example
theRicci curvature tensor

2
. m
Rij = Z Rimj
m=1
and theRicci scalar curvature

2
R:= z 0™ Rmn.

mn=1

The German mathematician Bernhard Riemann (*1826 in Beagelt1866 in
Verbania) was the first who introduced a conclusive conceptiovatures foigeo-
metric manifolds of arbitrary dimension without referritgtheir embedding in any
surrounding space.
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3.5 theorema egregium

Consider the Riemannian curvature tensor with the speotitésn =2, i =1,
j =1 k=2.Then from (3.7) and (3.9) we deduce the following fundamieetult.
Theorem 3.3.(theorema egregium)

Let the immersion XB — R™?2 be given. Then it holds

Ro112= KW? (3.10)

with the Gaussian curvature K of the immersion X and its ateenent W

Proof. We compute

2 2 n
Ro112= /Z Ri10r2 = > > (Loatkoom— Lo12lo1m)9™ a2
(=1

{m=1o=1
2 n

n
=5 Y (Lotibo22—Lo12lo 12070 = 5 KoW? = KW?,
(=10=1 o=1

and the statement follows.O
This theorema egregiurfwonderful theorem”) states that the Gauss curvature

K can be expressed in terms of the coefficigpt®f the surface’s first fundamental
form and its first and second derivatives, encoded by thes@ifiiel symbols.

Thus K does not depend on the embedding of X in space.

Compare this result with the definition of the Gauss cuneaftom section 2.4
using normal frames which actually represent the way of thiéase’s embedding
in the surrounding Euclidean space!

In later applications we will use the following conformapresentation oK.

Corollary 3.1. Using conformal parameter8i, v) € B, the Gaussian curvature K
takes the form

K:-Vivmogw_v (3.11)

with the area element W and the Euclidean Laplacdian

Proof. Using (3.8) and (3.10) we compute

2
KW? = Rp112 = /Z Ri1.0m2 = REj W
=1

2 2
= {’_121,v’_122,uﬁL z rlnfrr%z* z rlrgrr’gl}w-
m=1 m=1
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Thus together with the representations from (2.6) we aaive

ez { (W), (W)}

proving the statement.O

3.6 The Ricci equations

In case of one codimension, the normal components in (3dlf&B), i.e.
2 jk 2 ik
Z LijLieg™ = ; LojLiag’™,
k=1 jk=1

are trivially satisfied taking the symmetry of the coeffitsegi! into account. But in
case of higher codimension we obtain the following new infation.

Theorem 3.4.(Ricci integrability conditions)
Let the immersion XB — R"? together with an ONF N be given. Then the inte-
grability conditions

(OuwNg — aqua)norm =0

are the Ricci equations

2 _
; (Lo2jLlwkt — LoajLlwke)g
Py

n n
3 3
Tr;k,)z,u - Tr;)l,v"' '92 TG,ZTSQ,)l - '92 Ta,lTSQ,)Z =
=1 =1 Js
(3.12)

foro,w=1,...,n.

We immediately verify that the right hand side of this idgntianishes identically
incasen=1, i.e.

_ 2 _
Z (Lojlia — LajLie)g™ = ; (LzjLj1— LijLie)g = 0.
jk=1 k=1

3.7 The curvature tensor of the normal bundle

The left hand side in (3.12) invites us to define a curvaturthefnormal bundle
analogously to our definition of the Riemannian curvaturesdée in terms of the
Christoffel symbols

2
Rik = Ol — 0l + > (Mo — T o) -
m=1
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The normal space of a surfacevat B was introduced as
Ny (W) = {Z€R™2: Z-Xy(W) =Z-X,(w) =0} .

Definition 3.2. Thecurvature tensor%j of the normal bundle

Ny = U ‘ﬁx(W)

weB

of the immersiorX : B — R™?2 is defined as (notice the change of the signs)

n

S5 = 0uiTai — 0uTa) +SZ (T3iT8 =T, T8%)
=1

(3.13)

2
= Z (La,iml-w,jn—La,jml-w,in)gmn
,N=

mn=1
fori,j=1,2ando,w=1,...,n.

The second identity in (3.13) is due to the Ricci equations.

We want to draw the reader’s attention to the skew-symmedttlyencoefficients

S¥; w.r.t. interchanging andj, i.e.

i
S12=—

which enables us to concentrate on the componehis, &nd secondly to the skew-
symmetry w.r.t. interchanging the indicesandw

12 =12

It follows immediately thain case n= 2 of two codimensions there is just one
essential component, sag $. We faced a similar situation when we introduced the
Gaussian curvature as the only essential component of #@aRinian curvature
tensor. A detailled discussion of this fact follows in latkapters.

For the moment we want to present some elementary propeftiee curvature
tensor of the normal bundle. We already know the

Corollary 3.2. The Ricci integrability conditions (3.12) from the last see can be
rewritten in the form
2
SS12= z (Loambawn2 — Lo 2mban1)g™ (3.14)

mn=1

foro,w=1,...,n
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We want to prove the tensorial transformation behaviounetomponents; .

Proposition 3.1.Let U(v?) € 9. Then there hold

2
_ KAA
ke — Z S(é),KAAkAé
K,A=1

P

o,
forallk,/=1,2ando,w=1,...,n.
Proof. We calculate

2
Sg),kg = Z (La,kme,én - La,éme,kn)gmn
mn=1

2 2

"V AKAA VAM AN
(La,Ku Lw,)\ v La,)\ uLw,Kv)gu /\k /\4 A#n/\n Au/ v/
mn=1k,A uv=1

2

(LU,KULw,)\v - LU,A uLw’KV)guv/\lf/\/,A ’
KA 4,v=1

which proves the statementO

Althoughthe components’S , are not invariant w.r.t. S(n)-actionsthey can be
considered asectional curvatures the following sense.

Proposition 3.2.Let 0 # w. The curvature component§'$, do not depend on the
choice of an orthonormal basis of the sectional pl&pan{Ng, Ny} .

We particularly infeif S¥ ,, = 0 holds for one chosen ONF N then itis also true
for all ONF. This leads us to a central notion of our investigations.

Definition 3.3. The normal bundI&1y is calledflat if and only there hold
¥i,=0 forallo,w=1,...,n

w.r.t. to some ONHN.
Now we come to the proof of the foregoing proposition.
Proof. We introduce conformal parameter,v) € B. Let again
Ng = cosp Ny +Sind Ngy, Ny = —sing Ny + cosg Ny,

and insert it into the representationS}f ; , using Ricci’s integrability conditions.
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Then we compute

WS2 1, = (Loaibwiz— Lo21lwi1) + (Lozlwze — Lo2zlw21)
= (cosp Ly 11+ SiNg Ly 11)(—Sing Ly 12+ cosP Loy 12)
—(cosp Ly 21+ sing Ly 21)(—sing Ly 11+ cos Ly, 11)
+(cosp Lg 12+ SiN@ Ly 12)(—Sing Ly 22+ cOsP L, 22)
—(cosp Lg 22+ Sing Ly 22)(—Sing Lg 21+ €osg Ly, 21)
= (Loa1—Lo22)lwi2— (Lwi1— Lw22)lo12 = WS 15,

which proves the statementO
The next result reveals an interesting connection betweegurvature compo-

nentsS) |, and normal mean curvature quantitiéss introduced in section 2.5 of

the pre\/ious chapter.

Theorem 3.5.There hold

S}12= 5 HooW (3.15)
forg,9 =1,...,n.

Proof. Recall the definition of the coefficients, j; from Definition 2.6. Using

conformal parameters we calculate
1
Hos = (2 (Los11+ Lo 22)

2
= W2 (Loaibs 12— Loaols 11+ Lo1oly 20— Lo2olg 12) =

2
W 53,12

proving the identity. O

3.8 The curvature of the normal bundle

Letu' = u'(v") € B. Then Proposition 3.1 yields
Sg,lZ(ula UZ) = Sg,lz(Vl,Vz)(/\ll/\zzf/\iZ/\zl)-

Thus taking account of transformation behaviour of the atementV (ut, u?) from
Corollary 1.1 we concludthat the quantities

1

W Sg—,lz(ula UZ)

are independent of the chosen parametrization.
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This leads us to our next

Definition 3.4. Let the immersiorX: B — R* be given. Therhe scalar curvature
of its normal bundlés defined as

1
S:: W§’12.

Note, as mentioned above, tf&ﬁlz is the only essential component of the cur-
vature tensor ifi = 2. In casen > 2 of higher codimensions we would like to work
with a curvature vector instead of a single curvature scalar.

Definition 3.5. Letthe immersioiX : B— R"2 be given. Thetthe curvature vector
of its normal bundlés

1
S= w (§,12, §,127 e ;Sf,lzv §,12, - 7$71,12) eR"

with N = (2).
Let us conclude this section with two remarks.

1. Although all informations of the curvature tensor of ttegmal bundle are al-
ready decoded in the normal mean curvature matriwe find it more natural to
work with the vectoiSe RN.

2. Worthwile for the future but omitted here is an elabomiiwestigation ofm-
mersions with prescribed curvature vector of the normaldden

3.9 Examples

We want to consider some interesting examples of surfadisflat and with non-
vanishing normal bundles.

Spherical surfaces inS?
SupposéX(u,v)| = 1 for all (u,v) € B. We immediately compute
Xo-X=0, X -X=0,

i.e. the surface vectox itself serves as a unit normal vector, 9dy:= X. Choose
thenN, to complete the systefiXy, X,,N;} to a basis of the embedding sp&é
We immediately verify that the surface has flat normal busiiee

Té =Nou Ne=Xi-No =0, T =Ny Np=X,-No=0.
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The Clifford torus

This is the surface
1 . .
X = — (cosu, sinu,cosv, sinv)

V2

resemblings' x St. We assign the moving 4-fram{&X,, Xy, N1, N2} consisting of the
tangential vectors

1 . 1 .
= —(—sinu,cosu,0,0), X, = —=(0,0,—sinv,cosv)

V2 V2

as well as two unit normal vectors

1 . . 1 . .
N; := —= (cosu,sinu,cosy,sinv), N := — (—cosu, —sinu,cosv, sinv).

V2 V2

Obviously the torsion coefficients of this ONF vanish idealiiy, thus the normal
bundle of this immersion is flat; see e.g. do Carmo [22] fos thiample.

For explicit constructions of surfaces with flat normal blesdve want to refer
the reader to Ferapontov [57].

Parallel type surfaces

Consider now the normal transport
R(u,v) = X(u,Vv) + f(u,v)Nz(u,v) 4+ g(u,v)Nz(u, V).

If the functionsf andg are constant then we say is the parallel surface of X
and vice versa, at least if the surfaces are immerseinParallelity in higher
codimensional space depends on the curvaafthe normal bundle.

Proposition 3.3.The normal transport R of an immersiort 8 — R* is parallel,
i.e. there holds
Rj-Ng=0 fori=12 0=1,2

if and only if it holds S= O for the scalar curvature S of the normal bundle.

Proof. For the proof we use the Weingarten equations and computetgal parts
R} andR} of the tangential vectorR, resp.R,,

Ry = fuNt +guNa + FNE, +gNsy, = (fu—gTEy )Ny + (gu+ FTE)N2,
Rr=fuNp+ 9Nz + N, + 9Ny, = (fu— gT)No+ (v + FTE)Ne.
The condition of parallelity leads us to the first order sgste

fu—gT4 =0, fu—gT% =0, gu+fT7 =0 g +fT5=0.
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Differenting the first two equations and making use of theeotfvo conditions
shows us 5 5 - 5
O=fuw—OvTi{1 — 9T 1y = fu+ fT{ T —gTi,,

0=fuu— QuTEo — 9Tioy = fuut FTE T — 9TEa .
thus a comparison of the right hand sides brings
0= 7gT12,l,v+ ngz,Z,u =—g-SW

Similarly we find 0= f - SW which proves the statementD

Parallel type surface are widely used in geometry and madkieah physics. We
want to refer the reader to da Costa [37] for an applicatiaquiantum mechanics in
curved spaces.

3.10 The fundamental theorem

We want to reconstruct an immersighfrom given first and second fundamental
forms, given torsion coefficients, and a givem+ 2)-frame attached at some point
of the surface, say g0,0) € B. The latter assumption is needed to construct an
initial (n+ 2)-frame at an arbitrary point of the surface.

In particular, it is needed in the second point of our prodblae Assume we
know that the tangential planes at a certain pairt B of two solutionsX andX
coincide, and therefore the normal spaces are the same. 1f we are then allowed
to infer that the unit normal vectors also coincide (up teptation).

_ Butthe situation is more involved in general: Even if themal spaces ok and
X agree at some point, we have no further information aboub#eviour of the
respective normal frames. We will fix this problem under 8pgcial assumption.

Theorem 3.6.(Fundamental theorem of surface theory)
Assumptions: Let us given

1. a quadratic, symmetric, and positive definite fajne C3(B,R), such that
Gj =0ji, det(Gij)ij=12>0; (3.16)
2. n symmetric and quadratic forrﬁs,ij € C?(B,R), such that
Loij = Lo j (3.17)

fori,j=1,2ando=1,...,n;
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3. and(}) formsT?; € C2(B,R) such that

T =-T2; (3.18)

)

fori=1,2ando,3 =1,...,n.
Assume that these forms satisfy the integrability conafiti@.6), (3.7), and (3.12).

4. Finally, let n+2 vectorsi(l), 2<2), andNy,...,N, be given with the properties

o

Z(i) '2(1) = @j(0,0), i(i) : ﬁla =0, &0'&9 = Og9 (3.19)
fori=1,2ando,9 =1,...,n.

Statement: Then there is a unique immersioa ®3(B,R™2) with an unique ONF
N = (Ng,...,Ny) such that

X(0,0) =X, %4(0,0)=Z4, No(0,0)=Ng.

The g = Gj agrees with the first fundamental form of the surfacé Ly jj = Ly jj
are the coefficients of its second fundamental forms vorthé ONF N and the
Tji = T2, represent the respective torsion coefficients.

Our proof of this theorem follows the lines of Blaschke andchéveiss [15].
Preceded is the following lemma (see also ibidem, § 60).

Lemma 3.1.Consider the initial value problem
dze I, . .
w:/zafquv Zk(UO,VO):Zk, |:1727k:17"'7m7 (320)
=1

with m> 1 linear partial differential equations for the unknowns an a right-
angled domain G |u' —uj)| < bj, i = 1,2. Assume thatjae C?(G,R) forall i = 1,2
andk/¢=1,...,m. Then the following hold true:

1. There is at most one solution vectat, . .. ,zy) € C3(G,R™) of the initial value
problem (3.20).

2. The system of the linear equations is solvable if and dntigd integrability
conditions
0%z 0%z
dudul  duiou
are satisfied forallk=1,...,m.
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We particularly compute

_ 0 & 0m47mdaﬁida{<jmsemse
Oiwglakizé*wglakaef {WW+SZ\akiasj;akjasi Z.

Thus the system is solvable if there hold the integrabilityditions

=1

aaﬁi C s .0 70&/"]» C s _
WwLSZ\akiasj—WnLS;akjasi forallk,{=1,...,m.

Proof of the theorem1. Rewriting the differential equations (2.2) and (2.11) of
Gauss and Weingarten we arrive at the linear system

Xui - Z(I) ,
2 ‘ n
Ziyyi = 200 + LgijNs,
a2 liZw+ 3 Loi (3.21)
2 " n s
N u=- Lo',ingZk“r T5iNg
o,ul j,Z:l (k) SZl g,

for the unknown vector functions, Zy), Z), Ny, Np, ..., Nn.

2. Assume that there are two immersed solutirendX. At (0,0) € B there hold
X(0.0)- X,1(0.0) = gij (0,0) = X4(0,0) - X, (0,0) fori,j=1,2.
After a suitable translation and rotationXfwe can arrange the geometry so that
X(0,0) = X(0,0), X;(0,0)=X,(0,0) fori=12

Together with (3.19) we conclude that(i@, 0) the tangential vectors, the ONW¥
and ONFN as well as their orientations agree. Lemma 3.1 proves tlggieniess.

3. To prove that a solutioX of (3.21) is indeed immersed with the prescribed forms
(3.16), (3.17), (3.18) and the givén+ 2)-frame (3.19) in(0,0) € B, we will
show that the following functions vanish identically B1(by assumption they
vanish at(0,0) € B)

1. - .
fi(j)':ZU)'Z(j)*gij fori,j=1,2,

f-(z)::Z(i)~Ng fori=12 o0=1,...,n,

10

f3:=N2 -1 foro=1,....n

3

fé‘gi:No'Ns forg,9 =1,....n, 0 # 9.
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4. For this purpose we establish a linear system for all thesgtions. First, (3.21)
yields

{Z(|) Z(J) _/g\ij}uk = Z(i),uk Z( )+Z( YUk’ Z g” uk

2 2
= D T Zm - Zy+ 3 T2 — Gij

m=1 m=1

n n
+'9Z Lo ik {Ns - j)}+§z Lo ik {Ns - Z) } 22
- (3.22)

2 N
= 2 N2 -Z) = Omi} + 3 TR{Zm - Za) — Gmi}

m=1 m=1

+
™M =
A

)

Ca

;

—~

N

=

<

——

+

-

Qv

;

~—

N

=

<

—

2 2 2

. “ma 1 ~ ~ U
> TidGmi+ Y T|Gmi = 5 5 G""(Gniwk+ Gni — Gikwr)Gmi

m=

2
z /g\mn(g\nj’uk + /g\kn,uj - /g\jk,u”)g\mi
~ ~ ~ 1 ~ ~
(Gij e+ Gijui — Qi) + > (Gij.ux + Oiiui — Gjicui)

= gij,uk
into account. The functiong; - Ny satisfy

{Z(i) : Na}uk = Z(i),uk -Ng +Z(i) . Na,uk

= I/-i\lzn{zm 'NU}JF/I—\U,ichzr*EG,kmgAmn{zi 'Zn }

" ; Lo {No- NBH; o {Zo: (3.23)

o#£8
= "{Zm -No} + Lok {NZ = 1} = Lo kn@™{Zj) - Z(n) — Gin }

n n
+ ‘Zl Lo ik {Ng - NS}WLSZch?,k{Z(i) Ny }

0;19
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due to the property

2 2
Z I— @mn/g\ = z La,kmém = LG,ki .
mn=1 m=1
Next we have

{N2 =1} 4« = 2Ng - N, 1«

(3.24)

2 n
—2' 5 Lokn@™{Zpn No}+2 S;T(?,k{Na-Ng}.

mn=1
Finally we calculate

{No’ . Nﬁ}uk = Na,uk -Ng + NU'N197uk

2
z Coknd™{Zm No} = 5 Lowrd™{Zm No} (35

mhn=1
n

Z Tok{No Ny } + ZTSk{Nw Ny}

6. Summarizing (3.22), (3.23), (3.24), (3.25) we arrivehatlinear system

n

n
2 ™ 2
0, - Z At 4 z 92 Coucf3 + Szlta,jkfi%’,
(2) 2 2 4
fio,uk = Z ma+L0|kf Z |n + ; L19 kfaz‘?
m=1

mn=1 048
n
+ Sz T2 82
=1

2
fc(r331k =-2 z ‘z kfgﬁ )

mn=1

d

a#£8
2 2 n
4  _ ™ amng(2) ™ ~mng¢ (2) = ¢(4)
fo.g‘uk = - Z Lo km0 fn,s - Lo km@ ™" fro + o',kfwﬁ
' mn=1 mhn=1 w=1
w#d
n
=w ¢(4)
+ s kfwo
w=1
w#£d

with the same initial conditions as the trivial solution Q,0. Thus the unique-

ness stated in Lemma 3.1 proves that all the functrf;fﬁ)s £2 {3 and fé_‘g
vanish identically irB.

10 7
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7. We complete our proof of the fundamental theorem as falow
e Dueto (3.21), (3.22) and the property

2 .
Za'xui:O implies al=a?=0

for arbitrary functionsx!, a? since

the mappingX € C3(B,R™?) represents a two-dimensional immersion in
R™2 with first fundamental forng;j = Gi;.

e Following (3.23), (3.24), (3.25), the moving fram&forms an orthonormal
normal frame which is orthogonal to the spanigfandX,.

e ThereforeX,,i -No :/L\g’ij foralli,j=1,2andallc=1,...,n, and thd/_\g“
are detected as the coefficients of the second fundameniad fo.r.t.N.

e Analogously we prove that thﬁji agree with the torsion coefficients w.r.t.
the ONFN. '

The proof is complete. O

This result was already proved in Weyl [168]. We want to réierreader also to
Brauner [18].
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4 Weighted differential geometry



In this chapter we extend the previous investigations amgider weighted fundamental forms of
Finslerian type, the natural differential geometric seftupthe calculus of variations.

4.1 Introduction

Consider an immersioX : B — R in three-dimensional Euclidean space with unit
normal vectoiN € R3. We suppose that its first fundamental form, now denoted by

(hij )i j=1,2 € R¥?

to distinguish it from our investigations so fagsults from the action of a symmetric
and positive definite matrix

W(X,Z) = (Wj(X,2)); |_1 55" R®x R3\ {0} — R¥®

in the following way:
hij ==X oW(X,N)oX,i, i,j=12

In particular, ifW(X,Z) = E? with the three-dimensional unit matrz3, then
hij = gij with the coefficients
Oij =X Xy, 1,j=12
of the classical first fundamental from the previous chapter

So far as we knowyeighted fundamental forms lof this special kind where first
introduced by Sauvigny [141] for analytical studies oficet pointsX: B — RS for
two-dimensional parametric and anisotropic variatiomabfems

FIX] = //F(Xu % Xy) dudv— min!
B
Critical points of #[X] are calledF-minimal surfacesln many respects they

behave like ordinary minimal surfaces if certain classg@bmetric quantities are
replaced by theiweighted counterpartas demonstrated in chapter 11.



60 4 Weighted differential geometry

As we expound later, such weighted geometric quantitiés, the quadratic
form (hij)i,j—1,2 and various curvatures derived from it, furnish the natseilp
for anisotropic variational problems.

There is a strong coincidence with the so-called Finslecepdrom the cal-
culus of variations, named after the Swiss mathematiciar Pasler (*1894 in
Heilbronn; 11970 in Zurich). Excellent introductions tog matter can be found in
Finsler’s thesis [59], or in the textbook of Funk [68].

In this chapter we want to develop an approach teeighted differential geom-
etry for surfaces immersed iR® andR"*2. For illustration consider the weighted
line element of the form

3 o
ds, = Y wij(X,Z)dxdx.
i,]=1

If the wi; depend only on the space poidtthen the inhomogeneous metric
dsj, is called ofRiemannian typeMore generally, ifdsg, is inhomogeneous and
anisotropic,i.e. thew;j (X, Z) depend additionally on a direction vec®rattached
at the poiniX, we saydsy, is of Finslerian type.

Consider now the spadg® equipped with such an inhomogeneous and aniso-
tropic metric. Inserting the surface’s representa¥os X (u,v) and its unit normal
vectorN = N(u,V) into the formdsj, yields

wij (X,N)dxdx = S Z Wij(X,N)X'ukxi[dukdue
1 i,)=1k /=1

o =

)

I
o TMIS

— hye dufdu’
k, /=1

setting
2

i = 5 XioW(X,N)oXy, k=12,
i,]=1

and W(X,Z) = (Wij (X,Z))i,jzl,z,g.

But theseh;j are exactly the coefficients of the weighted first fundameotan
from the beginning of this introduction!

It remains to remark that in the special c¥8éX,Z) = E2 we obviously retrieve
the classical metrical forr(gij )i j—1,2-
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4.2 The weighted fundamental forms

Consider an immersioK : B — R™2 with ONF N. We introduce a symmetric and
positive definite matrix

(4.1)
of class C3(R™2 x R™2\ {0} x ... x R™2\ {0}, R™2 x RM2)

satisfying the properties:
LetZ=(Z,...,Z,) andZ = (Z1,...,Z) be some orthogonal frames in the normal
space ofX, not necessarily consisting of unit vectors, then suppose

(W1) W(X,Z) is invariant w.r.t. the choise of the normal frame, i.e. ildso
W(X,Z) =W(X,Z) forall ONFZ andZ;
(W2) W(X,Z) acts non-trivially only on the tangent space, i.e. therelhol

W(X,Z) “Ix : Tx (W) — Tx(w), in particular,

W)

rankw (X, Z =2

’ )’TX(W)

as well as
W(X,Z)oZs=25 forallo=12 ... n;

(W3) W(X,Z) is positive definite, i.e. with a real constang € [0, +) it holds
(1+ o) HEP < EoW(X,Z2)0& < (1+w)[é|? forall & € R™?;
(W4) W(X,Z) is normalized in the following sense
W(X,Z)=1 forallX,Z.

Weight matrices were first introduced in Sauvigny [141] foreav representation
of critical points for anisotropic variational problemsi? in parametric form.

Sauvigny’s methods were further developed and appliedreRBergner und Dit-
trich [12], Clarenz [30], [31], Clarenz and von der Mosel[32rohlich [62], [64],
and Winklmann [172], [173] to inhomogeneous and anisotrapriational prob-
lems. In chapter 11 we will present some of those results.

Definition 4.1. A matrix W(X,Z) with the properties (W1) to (W4) is called a
weight matrix.

By means of such a weight matrix we are able to create a diffelegeometry
of Finslerian type. For this purpose we start with the
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Definition 4.2. The weighted first fundamental forny, (X) € R? x R? of the im-
mersionX : B — R"™?2 with ONFN is defined as

lw(X) = (hij)ij=1,2, hij ;==X oW(X,N)oX. (4.2)
Note thath;; = gij with the coefficientg)j of the classical first fundamental form
if W(X,Z) =E"? with the (n+ 2)-dimensional unit matri"+2.

We furthermore remark that the weighted first fundamelgiéX) of an immer-
sionX: B — R™? is symmetric and positive definite since the mai¥X,Z) is
then symmetric and positive definite.

Definition 4.3. The weighted secondnd theweighted third fundamental fornucs
the immersiorX : B— R"2 are defined as

lwng (X) = (Loij)ij=12, Laij = =X Ng i = X -No,

(4.3)
"|W,Ng(x) = (fa‘7ij)i’j:1’27 ng,ij = Na,ui OW(X,N)flO Na,uj .

with a unit normal vectoNy; € R"2 of an ONFN.

With these definitions of the weighted second and third fomelatal forms we
essentially follow Sauvigny [141] and Frohlich [64]. Altextive ways were en-
couraged by Clarenz [31] in case= 1 and by Winklmann [172], [173] fom-
dimensional manifolds ilR™?.

Consider that, in contrast to the case- 1, the vectorN, ,; is not necessarily
tangentialdue to the presence of torsion coefficients. A further dédinithus also
commonly used only involves the tangential part&igf; .

To illustrate this fact consider an unit normal vediy = N with its derivatives
splitted up into tangential and normal parts

Ny i = N;ui +N=

U,Ui 9

the latter vanishing identically i = 1. We compute
Ny yi o W(X,N) "t o Ny i
= (Ng i +Ng ) o WX, N)"Fo (Ny i+ Ny )
= Ny i o W(X,N) o Ny i +Ng i o W(X,N)"To Ny

o,ul

T “1 L T 1 NT
+N0,uiOW(X,N) ONa,ui+Na,uiOW(X7N) ONa,ui
T 1 NT Lot
= NO’,Ui OW(X,N) (e} NO’,U] + NU,Ui . NO’,Uj

due toW(X,N)"toN] ;=N ;aswell as

- “1oNT T “1 N
NU’UiOW(X,N) oN! =0, NI oW(X N)"toNt =0

oul — o,ul oul —
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In particular, if the ONFN is free of torsion then
Mwng (X) = Mg (X) = (fori i j=1.2

with  foij == NJ o W(X,N)~ToNT

o.ul "

(4.4)

Itis the formill w (X) which is often introduced as a third fundamental form, see
e.g. Brauner’s textbook [18] for an elaboration of the nagighted case.

Finally we want to remark that property (W4) particularlyseres that the clas-
sical area eleme equals its weighted counter-p&dy in the following sense

Wy := det(DXT o W(X,N) o DX) = det(DX" o DX) =W (4.5)

with the Jacobia®X operating on the tangent plane of the surface.

Thus we do not need to distinguish between a “weighted” anda*weighted”
area elementThe same holds true for the Gaussian curvature, but as wesedll
later, it is necessary to introduceweighted mean curvature.

4.3 Differential equations

The equations of Gauss and Weingarten reflect the way of septation of the
derivativesX,;,; andN, i in terms of a moving framéXu, Xy, Nz,...,Nn} .

In chapter 2 we derived these equations for the &4$X,Z) = E"2. Now we
want to present its counterparts in the weighted setup, butilv omit the proofs
which actually work as in the classical case.

Let that a weight matrixV (X, Z) € R(M2x(+2) pe given.

Theorem 4.1.(Gauss equations in weighted form)
Let the immersion XB — R™2 together with an ONF N be given. Then it holds

2 n
A k k .
X = k;(’_ij + Q) Xk +'9Z:LL19,IJN19 (4.6)
foralli, j = 1,2, with the Christoffel symbols
I_ijk::i }hk[(hei ul +hjeu —hijw) (4.7)
£, 2 ; jeu — Hiju

and the corrective terms

1 2
.Qil} = —EZh”(wgijerjgi—mjg), Oqj'[ZZXuioW(X,N)ug oXi - (4.8)
(=1
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We remark
W(X,N) e =Wx(X,N) o X, +Wz(X,N)oNy
with the settings

n+2
Wy (X,N)o Xy = < Z Wij,ka5£> c RM2x(+2)  gie.
k=1

i,j=1,...n+2

Theorem 4.2.(Weingarten equations in weighted form)
Let the immersion XB — R™2 together with an ONF N be given. Then it holds

2 . n
Ny =— Z La,ithKW(x,N)oxumL; TZiNy (4.9)
ik=1 =1

foralli=1,2,0=1,...,n.

4.4 The weighted mean curvature system

Due to the positive definiteness and symmetri\iiX, Z), the line element
: idul
dsf, = i,Jzzlh” dudu
is of Riemannian type. Thus we may introduweeighted conformal parameters
(u,v) € B satisfying

Xyo W (X,N)oX, = W = X,0 W (X,N)oX,,
(4.10)
XgoW(X,N)oX, =0 inB

with the area eleme sinceWy = W following our discussion above. We also
refer to Sauvigny [143], chapter XII, §8.

Then the Christoffel symbovsjk from (4.7) w.r.t. the coefficients; satisfy again
the relations (2.6). In particular, we infer

ri+rs=0 I5+r5=0.

Now we can evaluate the Gauss equations (4.6) to get the meazatare system
in weighted form generalizing the classical system

AX=2HW inB

for the conformally parametrized immersign
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Corollary 4.1. Let the weighted conformally parametrized immersiarB¢— R"+2
together with an ONF N be given. Then it holds

n
AX = (Qfy+ Q)X+ (QF + Q%Z)XV‘FZSZ Hw,s W Ny
=1

(4.11)
= (Qf1+ Q) Xu+ (Qf1 + Q5) Xy + 2HWW
with the weighted mean curvature vector
Hw = _92 HwoNs, Hwg = Z h'L;; . (4.12)
=1 i,)=1

Note that (4.11) is a coupled elliptic system for the surfe@etorX and the unit
normal vectordNgs of some ONFN and their derivatives.

Definition 4.4. The immersionX : B — R™? is called aweighted minimal surface
w.r.t to the weight matriyV (X, Z) if it holds

Hw=0 inB.

Thus minimal surfaces with the propetty= 0 are special weighted minimal
surfaces in the classical cadgX,Z) = EM2.

Definition 4.5. We define theveighted Laplaciadyy w.r.t. a weight matrixV (X, Z)
as the elliptic operator

17} 17}
Dy =4 —(Q11+ Q%) 20 (Q%4+ Q%) v (4.13)

with the Euclidean Laplaciaf.

Then the weighted conformally parametrized immersion }féed
Ay X = 2HWW

in analogy to the classical mean curvature systen=2HW.

Remark 4.1Clarenz and von der Mosel in [32] proposed another Laplgpe-tp-
erator to analyse critical points for anisotropic and inlegeneous variational prob-

lems, namely
1 2 9 2 ik it J \.
A -v—viZw<j,k,19 W g ) .

see also the references in [32]. Their formalism was picked.g. by Cluttberbuck
[33] and Bergner and Dittrich [12].
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4.5 The Codazzi-Mainardi equations

We want to evaluate the integrability conditions which fgastarly pour out from
auvxui — dvuXui =0 fori= 1, 2,

by comparing the respective coefficients of the normal dimes. For this purpose
we write explicitely

n
Xyu= (M1 + QDX+ (R + QDX+ 5 LoaNa,
o=1

n
Xy =z + Q)X+ (M +Q3)X+ Y LoioNo
o=1
fori=1,2. A second differentiation gives

duki = { Mk, + Q1+ (R + Oh)(Mh+ Oh) + (RF+ Q3) T+ Q%) | X

+{R2,+Q3,+ (R} + QD3+ 0B) + (RE+ Q) (HB+ QB | X

n n
+ {LG,iLV‘F(’_ill+9i11)|-a,12+(’_if‘FQizl)La,zz-F > Lw,ing,Z} No
o=1 w=1

2 n
-y ZLa,ilLa,ZéhémW(XaN)oxum

{m=1lo=1

as well as, interchangingandy,

Bty ={ 3+ Qb+ (3 + Q) (I + Q) + (53 + Q3) (s + ) } X

+ {3yt Qhut T3+ 0BT+ Qf) + (TF+ 03 (IE+ Q%) } X

n

n
+y {La,iz,u+(Fizl+ﬂilz>La,n+(E%+Qé)Lo,1z+ > Lw,izToS’,l} No
o=1 1

w=

2 n
- Z ZLU,iZLG,Mh[mW(X,N)OXUm_

{m=1lo=1

Focusing on the normal components of both identitites ptive following version
of the Codazzi-Mainardi equations which completes thisigec
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Theorem 4.3.(Codazzi-Mainardi integrability conditions in weighteatin)
Let the immersion XB — R"2 together with ONF N be given. Then there hold

n
Loty + (I_|11 + -Qill)l-a,lZ‘f' (ﬂ% + -Qizl)l-a,ZZ‘f' Z Lw,ingz
©=t (4.15)

n

= Lojzu+ (M2 + Q3)loai+ (M +Q5)Lor2+ 5 Loi2Tdy
&1

foralli=1,2ando=1,2,...,n.

i These equations differ from the classical integrabilibpditions (3.6) in the
appearence of the additional da@éj. We will make essential use them in the next
chapter.
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5 The Hopf vector



We prove a linear connection between the three weightecafuedtal forms what enables us to
compare the spherical energy of an immersion with its cureat and torsions. Furthermore we
consider complex-valued Hopf fields and verify their anialggt in the sense of Bers and Vekua.
This allows us to characterize singular points of the spaémapping of special surfaces.

5.1 Linear dependence of the weighted fundamental forms

The three weighted fundamental forms can not be chosen émdiemtly from each
other as the following result shows.

Theorem 5.1.(Linear dependence of the fundamental forms)
Let the immersion XB — R™2 together with an ONF N be given. Then it holds

n
M,y (X) — 2Hwo lw,o (X) 4 Ko lw(X) = (32 Tjﬁﬁ,—) (5.1)
=1 i,j=1,2

for o = 1,...,n with the Gauss curvaturesgfrom (2.9) and the weighted mean
curvatures Ky ¢ from (4.12).

Proof. We evaluate the coefficients jj = N, ; - N, ;i of the weighted third funda-
mental form to get

2 n
foij = < z La,imhmnW(X,N)Oxun+'9Z TgiNg> OW(X,N)flo...
mA=1 =1

2 n
..o (- Y Loirh®WXN)oXe+ § Tg\,jNA)
A=1

rs=1

2

n
Lo,imLo,jr h™h"Shps+ Z T&’} Té,j 0
1

mn,rs=1 9A=

2

n
La,im'—a,jr h™" 4 '92 Tt?,iTC?,J' :
=1

mr=1

d
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Now we exemplarily compute farj =1

n

fo"j_]_ — '92 (Tgl)z = L%,11h11+ 2L0"11L0',12h12+ L%,12h22
=1
= {Lo ™+ 2L g 100 + La,zzhzz} Lo11
—(Lo11lo 22— L%,lz)hzz

= 2Hwolo 11— Kohit.

The remaining coefficients follow analogouslya

The non-weighted version of this identity runs
n
M, (X) — 2Hg Mg (X) + Kol (X) = SZ T2,
=1 ij=1.2

Finally, using the coefficientfg,ij = N;ui oW(X,N)~to N;uj from (4.4) we
would arrive at the relation

Mg (X) — 2Hw ollwn, (X) + Kalw (X) =0 (5.2)

where we take the identityn jj = —Xj - N = =Xy ~N$ into account.

5.2 Minimal surfaces and weighted minimal surfaces

Consider a conformally parametrized minimal surfXceB — R3 with the charac-
teristic property
H=0

for its scalar mean curvatuké. Then it holds
(X)) — KWE? =0

with the twodimensional unit matrif? ¢ R2*2. Sincel(X) is given in diago-
nal form we inferthat the spherical mapping NB — R? is also conformally
parametrized.

The same is true for weighted minimal surfaces satisfying
HW =0
as well as the relations (4.10) w.r.t. some weight mai¢X, Z). Namely, we infer

llw(X) — KWE2 = 0.
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5.3 The torsion of orthonormal normal frames

Let us consider again the non-weighted ceéeX, 3) = E™2. We write the linear
dependence of the fundamental forms from (5.1) as

n
€0,ij — 2Holo jj + Koij = 92 113
=1

with the coefficient®g jj = Ny j - Ng i -

Corollary 5.1. Let the conformally parametrized immersion K — R"2 together
with an ONF N be given. Then

n
€511 = 2Hglg 11— KoW + SZ (Tcil)z,
=]
C 9 19
€512 = 2H0L0,12+§Z T071T0727
=
n
€g,22 = 2Holg 22— KoW + '92 (ng)z-
=
In particular, we infer
2 2 ! 9 \2 , (792
IONo? = €011+ €022 = 2(2H; ~ Ko )W+ 5 {02+ (22 63
=1

for the square of the Euclidean gradi€fiNg = (Ng u,Ngv).

The sum on the right hand side of the latter identity motisatefor the following
definition.

Definition 5.1. Thetorsion of the ONF Ns defined as

n

2 ..
T=>5 ;g'JTjiTjj. (5.4)
i,J=1l0,9=1

NI =

Remark 5.1A torsion within our Finsler-type setting could take therfor

Twi= 2 i 3 Uk ety (5.5)
2 i,J:lo,;:l e
Note here that for an arbitrary vectoe R? it holds
zo (hij)i j=1,20Z= zo (DXoW(X,N)oDX) oz

= (zoDX)oW(X,N) o (DXo02z).
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Now apply property (W3), and we conclude thiatand Tyy are equivalent in the
following sense
1
— T <Tw < (1+ wy)T. 5.6
Trag SWs (14 o) (5.6)

While the torsionT (and soTy) depends on the chosen ONE it is invariant
w.r.t. parameter transformations of cl&gs

Proposition 5.1.T is invariant w.r.t. parameter transformations of clags

Proof. Using the results from section 1.7 we calculate

5k

2 n

5.5 g -
i,]=1l0,9=1 i

TMN

noo_ _
Z L J/\ia/\jﬁgw-rc?aTS[;
w=1

2

o,a'o,p

; 50’53911‘/1'19 T
aBuv 10,

2 n

> 3 o"PTEaT g
a,B=10,0=
proving the claim. O

Now taking the definition oH andK from (2.5) and (2.9) into account, a direct
calculation proves the

Theorem 5.2.(Energy density of the Gauss map)
Let the conformally parametrized immersion B — R"2 together with an ONF
N be given. Then it holds

n
Y |ONg|? = 2(2H? — K)W +2TW (5.7)
o=1

with the squared length Hof the mean curvature vector,khe Gauss curvature K
and the torsion T of the ONF.N

This identity is very useful for various energy and gradiestimates as we will
see later. For the moment we want to mention that an integratelds

z/ IONg [2dudv— 2// (2H? - Wdude//TWdudv

what leads us directly to our next concept.



5.5 The curvatura integra 75

5.4 The functional of total torsion

Definition 5.2. Let the immersiorX : B — R™2 together with an ONIN be given.
Then the functional

Fx[N] = //TW dudv
L

is called theotal torsionof N.

Proposition 5.2.The functionalZ [N] of total torsion is invariant w.r.t. to parame-
ter transformations of clas3.

Proof. This follows immediately from Proposition 5.1.

Though Z%[N] is independent of the choice of the parametrizatibdepends
on the choice of the ONF Nn chapters 7 and 8 below we will present methods
to establish existence and regularity of orthonormal ndfnaanes critical for the
functional of total torsion.

5.5 The curvatura integra

Definition 5.3. Let the immersiorX : B — R™2 be given. Then the functional

H[X] = //‘KW dudv
L

is called itscurvatura integra.

We want to omit proving its independence of the parametidnais well as the
choice of the ONF. Both facts reliy strongly on PropositioB om chapter 2.

Proposition 5.3.The curvatura integra[X] is invariant w.r.t. to parameter trans-
formations of clas§3, and it does not depend on the choice of the ONF N

Now we want to prove the famoubeorem of Bonnet and Gausgich relates
the curvatura integra of an immersion with the geodesicaturexy of its boundary
curve.

The curvatureg is roughly defined as follows: Consider a pdif the surface’s
boundary curvd™ C R™2 and the tangential plane of the surfacePaProjectl”
locally aroundP onto this tangential plane to get a new planar curve. Thg¢R) is
defined as the usual curvature of the projected planar ctiRe a

For proving the integral formula of Bonnet and Gauss we needdpresentation

1
Kf—V—VAIog\/V_V

of the Gauss curvature using conformal parameters whichesieat! in chapter 3.
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Theorem 5.3.(Integral formula of Bonnet and Gauss)
Let the immersion XB — R™2 be given. Then it holds

2

// KW dudv=2m— / Kg(s)ds
B 0

Proof. We follow Dierkes et al. [44]. Supposé = X(u,V) is given in conformal
parameteréu,v) € B. Letv € R? denote the outer unit normal vector at the boundary
curvedB. Let this curve be given in parametric forfoost,sint), t € [0,2m). Now

we takeMinding’s formula

Kg(t)vVW(t) =1+ % log/W(t) forallte [0,2m)

into account which remains unproved here (see [44], chdptdtartial integration
then yields

- //KW dudv= //Alog\/VWdudv: 7T% log/W(t)dt
B B 0

2
= [ {kaOVWE - 1hdt = [ kg(s)ds—2m
6

JB

proving the statement.O

5.6 Hopf functions and Hopf vector

Consider an immersiok: B — R3 with second fundamental forflj )i j—1,2.
In 1950, H. Hopf [94] (see also Jost's textbook [102]) dism@d that the
complex-valued function
(W) := L11(w) — Lop(w) — 2iL1p(W), weB,

is holomorphic if the scalar mean curvature H of the surfacedisstant

In this section we introduce a generalized vector-valuedffianction adapted
to our Finsler-type setting. We will make essential use ohplex-analytical tools
of Bers [14] and Vekua [160], [161].

Let a weight matrix\V (X, Z) € R("+2)x("+2) pe given.

1 In particular, this fact turns out to be a key ingredient fapying that a compact embedding of
constant, nonvanishing mean curvature is indeed the sthsgaere.



5.6 Hopf functions and Hopf vector 77

Lemma 5.1.Let the weighted conformally parametrized immersionBX— R"*2
together with an ONF N be given. Define the functions

ai=0p+0%, bi=05-05, c=0Q)+0f, d:=05H-04, (5.8)

with Qi'} being the coefficients from Gauss equations in weighted fiamm section
4.3, as well as

n
ro := WoHw,o + 2WayHw,o — 2Q5W Hy o + SZ (Ly22Ts1 — Lo 21Tg ),
=1
] (5.9)
So i= WHw,o — 2Q%W Hy o + SZ (Lo.12Ts1 —Lo.11Ts )
=1

with the weighted mean curvature vectayg fftom section 4.4. Then there hold

Logiu+Lloiov =algi1+blg1o+rg,

(5.10)
Loiiv—Loi2u = Clo11+dlg 12+ Se

foro=1,...,n

Proof. First come the Codazzi-Mainardi equations from sectioni4e5
n
Loaiv+ (M + Qf)loaz+ (MG + Qf)Looa+ .92 Lo 11Tg
=1
1 1 2 2 -
= Loazu+ (M2+ Qip)loar+ (Ma+ Qi2)Loa2+ SZ Lo12T5 1,
=1
1 1 2 2 4
Loo1iv+ (Mi+ Q7)o a2+ (MR1+ Q5) Lo 22+ ‘92 L8,21T,;2
=1
1 1 2 2 -
= Lo22ut (M2 + Q)loai+ (M + Q32)loaz+ SZ Lo 22Tg 1
=1
Thus, using weighted conformal parameters together wittDjdand (2.6) we get

W, 2 om - o
Loaiv— 5 Lo+ ) Quilome+ ,92 Ly 11Tg o
2w le =T

Wl 2 n
= I—c,r,12,u + W LG,11+ Z -Qinzl-d,ml + ‘92 L19,12T190,l’
m=1 =1

Wo Z m . o
Lo1ov+ Lo+ Y Qlom+ ,92 Ls 21Tg 5
2W le = ’

W,l 2 n
= I—cx,22,u oW LG,11+ Z -QEnZLU,ml + ‘92 L19,22T190,l'
m=1 =1
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Rearranging gives the identities

L0,11,v - La,lz,u

= (Qh+Q%)Ls 11+ (QF— Qf)Lo 12— 2QEWHy,o +WHw,o
n
+ ,92 (Lo.12Ts 1 — Lo 11Tg ),
=]

L0,11,u + LU,lZ,v

= (Q5+ Q5 Lo a1+ (Q— Q31)Lo 12— 2Q5W Hy o +WiHw,o
n
+2WouHw o + ,92 (Lo22Tg 1 — Lo 21T )
=1

foro=1,...,n. This proves the statementO

These identities enable us to prove generalized anaiytafitthe following
complex-valued functions.

Definition 5.4. TheHopf functions# € C of an immersiorX w.r.t. some unit nor-
mal vector Nis defined as

<%ON(W) = LN,ll(W> — LN’ZZ(W) — 2iLN’12(W), w e B. (5.11)
Note that it holds
JA =2Ln11— (L1 + Ln22) — 2ikn 2 = —2HWNW + 2L 11 — 2iln 2.

Next we introduce the so-callédlirtinger symbolqsee e.g. Vekua [161]): Let
@: C — C" be continuously differentiable. Then we definedtsnplex derivatives

1 ) 1
(DWEOW(DZZE((DU*I@V), Gy =0g:==

5 (Putidy).

Lemma 5.2.Let the weighted conformally parametrized immersionBX— R"2
together with an ONF N be given. Then it holds

Oy = Ay + B 5+ 2(A+B— Q3 — Q%) Hw.oW + 20wHw oW
n
+ .92 {(L5,22+ iLy12)Tg 1 — (Lo 21+ iLg,ll)Tga,z}
=1
foro=1,...,n,where

A= %(a—d—i—ic—i-ib), B:= %(a—kd—i—ic—ib),

and a b, c, and d are taken from (5.8).
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Before we come to the proof of this lemma we want to consideresimteresting
special situations.

The non-weighted case

In the non-weighted cas& (X, Z) = E" this identity reduces to
n
Ow 5 = 20wHoW + .92 {(Ly 224iLs12)Tg 1 — (Lo 21+ils 11)Ts 5} -
=1

Thus J#; satisfies a system of inhomogeneous Cauchy-Riemann eugidtio
particular,275 is holomorphic if X represents a minimal surface satisfylihg= 0
with flat normal bundle.

Surfaces inR3

Consider animmersiod: B — R3 with unit normal vectoN, and as usual we write
2% instead of7#;. The lemma states

Ot = A + B +2(A+B— Q2 — Q2 )HWW + 2Hyw wW.
In particular, two cases are of special interest.

1. Weighted minimal surface

Let X: B— R2 be a weighted minimal surface satisfyilg, = 0, then.7# is a
pseudo-holomorphic functidalfilling

0w = AKX +BA.

In the section after the next we will see that this fact allaygsto draw some
important conclusions about the geometry of the spheriegiping of weighted
minimal surfaces ifiR3.

2. Surfaces with constant mean curvature

Let X: B — R® represent an immersion with constant scalar mean curvkiture
Then.s# is holomorphic with

O = 2H W = 0.

As we will see shortly
|%|2 = 4(H2 - K)7

and thus eitheH? - K =0, equivalengtcxl = Ko, OF K1 = K» at most at isolated
points in every compact subs@tc C B (see e.g. Hopf [94], or Jost [102]). Such
surface points are callagnbilical points.
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Now let us come to the proof of the previous lemma.
Proof. We consider the auxiliary function
} . 1

Hy =Lo11—ilgi2= é%‘f’WHN,U- (5.12)
On the one hand it holds

— 1 L .

Aﬁ + Bﬁf; = Z (af d+ic+ |b)(|_o-’j_17 |L0-’j_2)
1
+ - 2 (a+d+ic—ib)(Lg11+iLg12)

[
> (Clo11+dLg 12),

while on the other hand, on account of (5.10), we infer

1
> (alg11+blg12) +

1 i
5—\,\,%‘ = 5 (La,ll,u + La,lz,v) + 5 (La,ll,v - La,lz,u)

1 i
“rg+=S5.

1 i
=5 (alg 11+blg12) + > (cLg11+dLg12) + 5 5

Comparing both identities yields

— 1 [
&W%g‘:w*+8<%’g+§rg+§%,

or equivalently, together with (5.12),

2 Gt + OuWH )

= OnHty = g%+g%+(A+B)WHN,G+%rG+i§sa.
Rearranging fobg.7#; gives

OWHy = A+ BAy + 2(A+BWHy g + o +iSg — 20m(W Hy o).
Finally notice that from (5.9) if follows that

lo+iSg — 2WHy o )w = 2WawHw.o — 2Q2W Hy o — 21QZ W Hy o
n
+ ,92 (Lo 22+ils 20)Tg, — ,92 (Lo 21+ils 11)Tg 5,
1

and the statement is provedd
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5.7 A Pascali system for the Hopf functions

Let X: B — R"? be a weighted minimal surface satisfyiilgy = 0 with given
weight matrixW (X, Z). We want to rearrange the above compex-valued differential
system into a so-callddascali system.

Definition 5.5. We define the&eomplex-valued torsion vector
S ._ 19 L iTd _
T =T5,1+iT5,€C foro,d=1,...,n (5.13)
Now using weighted conformally parametéusv) € B we calculate
(Lo 22+ils 12)Tg 1 — (Lo 12 +ily 11) T,
= 2HWsWTg 1 — (Lo 11— il 12)Tg 1 —i(Ly 11 —ils 12) T,
= 2Hw s WTY, — 5 (T +iTg )
1
= 2HW7,9WT§,1 -3 %Tg — HW,BWBG
recalling the identity
. . 1
Hg =Lg11—ilg 0= E% + Hy s W
from the previous section. Notty = 0 gives us
. . 1
(Lo 22+ils 12)Tg g — (Lo 12+ily 11)Tg o = *E%Téj-

Finally we need a suitable complex-valued Hopf vector. Guntial definition of
this section is

Definition 5.6. TheHopf vectors# € C" of an immersiorX : B — R w.r.t. some
ONF N is defined as
H = (4,...,6)eC". (5.14)

Now we come to the main result of this section.
Theorem 5.4.Let the weighted conformally parametrized immersiarBX— R"+2

together with an ONF N be given. Then it holds

— 1 n
Ow s = Ay +BH o — 532 TS Ay
. - (5.15)
:A%%+B%U+ESZ1T§%€9

foro=1,...,n
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The Hopf vector# € C" satisfies the Pascali system
d—W%:Ajf—i—B%—i—%To% (5.16)
with the complex-valued torsion matrix
T:= (Tc?)a,ﬁzl,...,n eCc™.

Here we take into account
T¢=-T2.
But now notice that
| #512 = (Loa1— Lo 22)? +4L2 15 = (Loa1+ Lo 22)® + 4(Lopilo2o— L5 10)
= 4(H§ o — Ko)W? = —4KoW?,

Thus we arrive at the interesting identity
2 < 2 C 2 2
|22|c = |51 =-4Y KeW* = —4KW~ |
O'Zl O'Zl

i.e.the zeros of the Gauss curvature K of a weighted minimal saréae the zeros
of the complex-valued Hopf vecte#’!

By the way, we also infer
n
[P =4 (HE - Ko)W? = 4(H? - K)W?,
g=1

and identity used already in the previous section.

Actually the complex-valued system (5.16) is a spePmdcali systenfior our
Hopf functions#. Following Wendland [164], Theorem 5.3.37 can locally be
represented in the form

Eo®

with aC%-regular matrixe € C™" with the property deE # 0, and a holomorphic
vector® € C".

Consequently we can apply trgmilarity principle for generalized analytic
vector-valued functionfsee e.g. Wendland [164], Theorem 5.3.5) and arrive at the
following characterization of weighted minimal surfaces.

Corollary 5.2. Either it holdss# = 0 in B, or .2 has only isolated zeros of finite
order in every compact subs& CC B. Therefore, either it holds K 0 in B and
the weighted minimal surface is a plane, or in every s@irc B there are only
finitely many points with K= 0.
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5.8 An example: Weighted minimal surfaces irR3

Consider a weighted minimal surfae B — R* with weightW (X,Z) € R332 and
unit normal vector
_ Xu X Xy

S PXex x|
The associated Hopf functiof satisfies
Ay =AH +BA .

Solutions of a such differential equation are calpsgudoholomorphic functions.

Following thesimilarity principlefor pseudoholomorphic functions of Bers and
Vekua (see e.g. Bers [14], Courant and Hilbert [40], Sauyidd 3], Vekua [161],
or Wendland [164]), the Hopf functiop? can be represented in the form

with a holomorphic function® and some integral functio#. Again the zeros of
the Gaussian curvature K are isolated in every compact SuBseC B as long as
X: B—R3is not a plane.

In the following we want to show that the zeros kfcoincide to thebranch
pointsof the spherical mappiny which are characterized by the property

Ny x Ny=0 at points withk = 0.
This tells us the following calculation: Introduce weigthmonformal parameters

(u,v) € B. Then the Weingarten equations in the weighted form fromiceet.3
can be written as

L L
N, = _ﬁw(x,m)oxu_WlZW(x,N)oxv,
N, = _EW(X N)oxu_EW(x N) o X, .
w ’ W ’

We need the following calculus rule from Sauvigny [141].

Lemma 5.3.LetM c R®*3 be a non-singular and symmetric matrix. Then
(MoX) x (MoY) = (detM)M o (X xY)

for arbitrary X,Y € R3.
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Proof. For an arbitrary vectaZ € R® we calculate
{(MoX)x (MoY)—(detM)M 1o (XxY)}-(MoZ)
={(MoX)x (MoY)} (MoZ)— (detM)(X xY)-(M~toMoZ)
= (detM) {(XxY)-Z—(XxY)-Z} = 0.
This proves the calculus rule.d

At last we obtain

Ny x Ny = (bblw )Xu+— (XN)oXV>

x(%W( )xu+— (XN)oXV)

Liilor — L3
%ﬂ{wxz o Xy} x {W(X,Z)o X}
L11L22 L2,
227712 (%, x Xy) = KWN
Wz XX

making use ofV (X,N) oN = N. Thus, as stated, surface points with the property
Ny x Ny = 0 are exactly points witk = 0.

In chapter 15 we will investigate more closely weighted miai surfaces as well
as critical points for general anisotropic and inhomogesdanctionals irR3.
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6 The Gauss-Osserman map



This chapter is devoted to Grassmann forms and the Gaugsa@ms mapping as a further method
to generalize the classical spherical mapping of surfatb particularly proves its strength in
minimal surface theory. The natural metrical backgroundtfese studies is the Fubini-Study
metric. Finally we discuss a new curvature vector of the radimndle.

6.1 The exterior product

For the following algebraic concepts of the Grassmann géyme refer to Cartan
[23] or Heil [78]; see also Grassmann [74].

Definition 6.1. Letn > 1. Theexterior product

n nin—1)
R"xR" RN, N= =—-
AN X — , <2> 5 ,

is defined by means of the following rules:
(E1) The mappin®" > (v,w) — vAw < RN is bilinear, i.e.
(a1v1+ azv2) A (Biwa + Bows)
= a1B2V1 AW1 + Q1 B2V1 A W2 + Q212 AWq + Q2 3V2 A W2
forall ai, B € R, vj,w; € R", and it is skew-symmetric,
VAW=—-wAVv forallvyweR";

in particular, it holdss Av=0.
(E2) Withey = (1,0,0,...,0) e R", &, = (0,1,0,...,0) € R" etc. we set

e A& = (1,0,0,...,0,0) € RN,

etAes:= (0,1,0,...,0,0) € RN,

e 1A € = (0,0,0,...,0,1) ¢ RN,
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From this settings we immediately obtain the
Proposition 6.1. The vectors gA e, form an orthonormal basis &V, i.e.

| [1 ifi=kandj=¢ -
(@ne)-(@ne) =1 ifi£korj#£¢ 6.1

Proposition 6.2.For two vectors v= (V1,...,v") and w= (W', ..., w") it holds

VAW= Z Vw —viw)e Aej. (6.2)

1<i<j<n

Proof. We compute

n n n
VAW = Ve | A we | = vwig Ae

= vVw —viwhe Aej,

1<i<)<n
which already proves the statementl
Example 6.1Forn = 3 we haveN = 3 and
eene=(1,0,0), eene3=(0,1,0), e Ae3=(0,0,1).
With two vectorsv = (vi,V,v3) andw = (wq, Wz, W3) we compute
VAW = ViWp €1 A€ — VIW3 €1 A €3+ VoW1 €2 A €1 + VoWa €2 A €3
—VaWie3/Aer+Vawa 3N\ €
= (VIW2 — Vo )€1 A €2 + (VaWy — ViWs)er A 83+ (VaWz — VaWa )€ A\ €3
= (VaW2 — VoWy, V3W1 — VW3, VoW3 — V3Wh).
Thusthe usual vector product
VX W= (VoWs3 — V3Wo, V3W1 — V1 W3, V1Wp — VoW1 )
in R3 does not coincide with the exterior product w.
We want to collect some further properties of the exteriodpict.

Corollary 6.1. For arbitrary vectors ab € R" there hold

o (Aa)Ab=A(anb);
o (a+b)Ac=anc+bAc;
o (aAnb)y=a;Ab+anb.
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Let two vectors ¥= (v1,V2,0,...,0) and w= (wy,w>,0,...,0) be given. Then

o VAW L span{VAes,...,VAe,WAE;s,...,WAE,E3AEn,...,e-1AE}.

6.2 The Grassmann normal space. Grassmann forms

LetX: B — R™2 be conformally parametrizedl| an associated ONF. Then the set

(o

forms an orthonormal system spanning the embedding spaiceat each point of
the surfaceX.

N1,N2,...,Nn}

Definition 6.2. The Grassmann normal spac# the conformally parametrized im-
mersionX : B— R™?2 with ONF N at the pointv € B is given by

@W[X] = Span{JV, %11, ceey %1,1, %1, ceey %an/’/ll, ce ,</V;|_n,</1/23, ce 7</anl,n}
with theN = (5) unit vectors

_XuAX

N W

i AN
Zig 1= % N i=No ANg (6.3)

fori=1,2ando, 3 =1,...,n.
Let us consider some examples.

1. In casen = 1 of one codimension we have simply

Xv Xu
=, 2n=-——=.
WOTR T A

Thus the Grassmann space is just SpanX,,N} = RS,

AN =N, Zu=

2. For further illustration we consider the case-= 2 of two codimensions. The
Grassmann spaa,[X] consist of
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3. Letaweight matrixV (X, Z) be given. We introduce weighted conformal param-

eters. The system
1 1
{WXU;WXWNL”WNH}

must then be replaced by the following orthonormal movirgyfe

NI-

{Lwocnion

1
N W

whereW(X,Z)% is defined via the spectral decompositio/éfX, Z).

1
(X,N)zoxv,Nl,...,Nn}

From|.4# |2 = 1 we immediately obtain#; | .4 fori = 1,2. We want to prove
a representation formula for the derivativeg similar to the Weingarten equations.

Theorem 6.1.(Grassmann-Weingarten equations)
Let the conformally parametrized immersion B — R"? together with an ONF
N be given. Then there hold

2 n
N =— LM 7 6.4
ul leﬁzl i md ( )

fori = 1,2 with the 2nd (Grassmann-typ&)fundamental form

. 1 /(Loin Lsi2
‘iﬂims =M Zmy = \/—W <W"XU/\XUm+W'X\,/\XUm) N
In particular, there hold
Ls 12 Ls 11
Zlﬁ — = 3219 — =
1 m 1 m (6 5)
Ly 22 Ls12 '
glz? - _ £ 5219 — =2z
2 m 2 m

Proof. We already know/{; - 4" = 0 fori = 1,2. Thus we make the ansatz

2 n n

N = md g + b A .
N ngl.‘)zla1 m cx,gzlI 7

From.4" - 459 = 0 we infer

b7 = N+ Moy = =N Moy = = (No ANg)y

= A"+ (Ng i AN +Ng ANg ).
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But the Weingarten equations (2.11) imply

L . L . n
Ny ANg = fﬁ'lquNg - \7\’/'2X\,/\N,9+ > T&iNoANs
w=1
Lo Loji2 AR
== 219 — W Lo + wlea,i N9

such thaN, ; ANy L .4, andb?® = 0. We now determine the coefficiera” :

a™ = N Zms = — N o

= O AN X ANy )~ (507 < ) - (X AR)
e
_ %WJV- (%xumAxu+$xumAxv>.
Then we setZ™ := —a™ . Furthermore, we examplarily compute
LN gl \/iv_v Xuv/\\lxv Li\,/lzquXV: L\j%z

and analogously for the other coefficients. This provestibertem. O

We want to point out the similarity to the classical Weingarequations

for a conformally parametrized immersidft B — R2 with unit normal vectoN.
This motivates to consider” as a possible generalisationéfif the codimension
of the surface is greater the 1

6.3 Curvature vector and curvature matrix of the normal bundle

We want to use this Grassmann formalism to reformulate D&finB.5 using the
exterior product. We also take advantage of the opportupityntroduce further
useful quantities describing the curvature of the normabiteL

Our aim is to prove the
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Proposition 6.3.Let the immersion XB — R™2 be given. Then the Grassmann
curvature vector¥ of its normal bundle

1
y::— Z Sg’,lZNU/\Ns

Vvl§a<8§n

does neither depend on the parametrization nor on the chafittee normal frame.
In particular, . and its length

A =NT T =VES= [T (SR
1<o<d<n

represent a geometric quantities.
Here we recall the definition

1
S= W (%127 Silz, e 7$71,12) eRN

of the curvature vector of the normal bundle.

The curvature vecto” (or justS) is a third important curvature quantity for
twodimensional surfaces "2 beside their Gaussian curvati€eand their mean
curvature vectoH :

2
n L041L022—‘L642

K = eR,

a; 011022 — 9%,
H = i Lo,11022— 2L 12012+ Lo 22011 No € RP

- g I
&1 011922 — 952
1
=5 > S5 12N ANg € RN,
1<o<d<n

In casen = 2 we have

1 1
yzwg,lle/\NZ or S:W§,12'

To prove at last the above proposition we are only left wittifyeg the length-
invariance of¥ . For this purpose we make the following

Definition 6.3. Let the immersioX: B — R™2 together with an ONIN be given.
Then thetorsion matrices of Nare defined as

Ti=(T2)o9-1..n €R™" fori=1.2.
Furthermore, theurvature matrix of its normal bundis given as

S12 = (32,12)0,19:1,...,n c R™",
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Recall the settin@R = (rg9)o.9-1,..n € R™" for the orthogonal transformation
between ONFs. LeRT denote its transposition such tHRb RT = RT o R = E",
and letS;, be the curvature matrix after applyifigto an ONFN.

Lemma 6.1.1t holds the transformation rule
S;»=RoS0RT.

Proof. For the proof we consider

n n
To?,i =Ngi-Ng = z (raa,ui Na JrrUO!Nor,ui) ’ z rspNg
a=1 B=1
n
= Z loa u.r336a3+rgar33T ,i)
a,p=1

n n
= z foaul ™+ 5 rgaTﬁirw.
1 af1

Thus we arrive at the rule
Ti=R,oRT+RoTioR".
Using this formula we evaluate
§12:fl’v—fzﬁuffl'lofganl'zofI.
Namely, first we have
'er,v*fz,u = (RyoRT+RoT10RT)y— (RyoRT+RoT20RT),
= RyoR] —RyoR] +Ro(T1y—T2y)oRT +RyoT10RT
+RoTloR$fRuoTzoRTfRoTzoRI,
and furthermore
Ti0T) —T20T]
= (RyoRT+RoT10RT) o (RoR! +RoTIoRT)
—(RyoRT+RoT20RT) o (RoR] +RoT] oRT)
= RyoR! +RyoTJoRT+RoT10RI +RoT10TS oRT
—RyoRl —RyoT]oRT —RoT20R! ~RoT20T] oRT

sinceRoRT = RToR = E".
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Taking both identities together gives
Tiv—Tou—T10T3 +To0T]
=Ro(Tiy—Tou—T10T3 +T20T])oRT
JrR\,oTloRTJrRoTlo R\T —RyoTso RT — RoTsy0 RI
—RyoT}oRT—RoTi0R} +RyoT] oRT +RoT20R]
=Ro(Tiy—Tou—T10Ty +T20T])oRT
takingT; = — T/ into account. This proves the statement]

Now we continue with the proof of the previous proposition.

Proof of the propositionIn terms of our usugbQ(n)-action we compute

n n n
; Sg-,lzNg/\Ngz Z Sg—’lzrggrgﬁNa/\NB
o,0=1 o,9=1a,8=1
n n .
= ; Z raasg-’lzrgﬁNa/\NB
o,9=1a,8=1
n
= Z Sg,lzNa/\NB
a,p=1

.....

6.4 Grassmann manifolds and Gauss-Osserman map

We follow Hoffman and Osserman [93], see also Osserman [130]

Definition 6.4. The k-dimensionalGrassmann manifol&r(m) is the space of all
k-dimensional subspaces®f".

For example, the Grassmann manifold @) is the set of all lines through the
origin in R2. Or the Grassmann manifold &B) is the set of all planes through
the origin inRR3. Such a plane is uniquely determined by the line intersedting
perpendicularly. Hence @(3) is isomorphic to Gi(3).

Consider now arrientedplane 22 ¢ R"? spanned by an ordered pair of or-
thogonal and equally long vectovse R™2 andW < R™2. With &7 we associate
the complex-valued point

Z=V+iWeC"Y2 z=(Z,...,772.
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If {V/,W'} denotes a second basis@f, thenZ’ = cZ with some complex num-
berc. This means thatach oriented plane corresponds to a uniquely determined
point of the projective spacgP" .

We compute the complex squarebf

n+2
22=5 (297 = VP - WP+ 2V -W =0
K=1
ThusZ is anisotropic vectorand it belongs to theomplex-valued quadric
Q"ti={zecCP"!:Z2=0} c CP"L

Each oriented plane corresponds one-to-one to a point ofjtteric Q' 2.

To be more precise: Consider a conformally parametrizedseX : B — R"?,
then we would set
Vi=Xy, W:i=X.

In the Finsler-type case for surfaces equipped with a pilEsgrweight matrix
W (X, Z) on the other hand we let
Vi=W(X,N)2oX, and W:=W(X,N)ZoX,.
This leads us to our next

Definition 6.5. Let the conformally parametrized immersixn B — R™2 be given.
Then itsGauss-Osserman magpdefined as the complex-valued mapping

9:B— Q™ (W) 1= Xy(W) +iXy(w), weB. (6.6)

Proposition 6.4.Let the conformally parametrized immersion B — R™?2 be
given. Then its Gauss-Osserman nips antiholomorphic if and only if X is a
minimal surface.

Proof. We compute
ﬁW:mW:%AX:HW in B (6.7)

with the mean curvature vectbr. 0O

This special analytical behaviour 9f enabled Osserman in [130], Theorem 12.1
to establish the following characterisitic of the Gauss&san map of minimal
surfaces.

Theorem 6.2.A complete minimal surface is either a plane, or its imageaurie
Gauss-Osserman mapapproaches arbitrarily closely every hyperplanelf"*.
The normals to a complete regular minimal surfacé? are everywhere dense
unless the surface is a plane.
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6.5 Fubini-Study metric and the total curvature

The so-called Fubini-Study metric is closely related to@aiss-Osserman mah
To illustrate this connection we consider a cue: Z(t) in CP™, and define the
Fubini-Study metrias

> 24— 2z
AN 2 112 . ]
(ds) ::2|Z/\Z| _21§J< <n+2 (6.8)

dt z4 2o 2
<Z 1z )
=1

whereZ’ denotes the derivative w.r.t. the parametérhis line element$replaces
the spherical line element of a surface®has follows (see Osserman [130]).

Proposition 6.5.Let the conformally parametrized minimal surface B — R"?2
be given. Then it holds

(%f)z — (—K)W(U? +V?) = (—K) (3-?)2 (6.9)

for the curvedt(t) = Xy(t) + iXy(t).

In other words, the Gauss curvatuteof the minimal surface is the negative
of the area magnification unde, i.e. settingV = (—K)W, we obtain

Kvwivg in B. (6.10)
Proof. We must evaluate
NAN = (Ku+iXy) A {Xuul + XV +i(Xwt + X V') }
= Xu A Xaul' + Xa A XavV — Xy A Xyl — Xy A XV
H XA Xyl + X A XV Xy A Xgul + Xy A XV}

The corresponding real part follows from

Re(MAN) = {rﬁu’ +TEV 4TS+ r212\/} Xu A Xy

n n

+ z (Lo11U + Lo 12V)Xu ANg — z (Lo 12U + Lg 22V )Xy A Ng

o=1 o=1
n

n
= Z (La,llu/ + La,lZ\/)Xu A NO’ - Z (La,lzu/ + LU,ZZ\/)XV A NO’
o=1

o=1

taking the Gauss equations (2.2) together with (2.6) intmanot.
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Thus, usind_¢ 11+ Lg 22 = 0 we have

IRe(MAN)|? =W z L% 1u?+ La 14 L%,lz\/z + |—%v,22\/2 +
=1

.t 2Lg,11LU’12U,\/ + 2L0',12L0"22u/\/)
n
=W Y (L5 g% + L5 10 + L5 1V% + L5 5v7).
o=1

Analogously, for the imaginary part we get

n n
m (m/\ m/) == Z (Lo—’lzu/ + LO'.ZZ\/>XU /\ No’ + Z (Lo"j_]_u/ + LU,ZZU/)XV /\ No’ 3
o=1

o=1

and therefore it holds

n
Im (M AN)[? z L%,lzu 22\/2 + La e L%,lz\/z)-
Adding up both terms we arrive at (ukg ;1 = L3 5,)

[MAN|? = Z 5111205 1+ LG ) (U +V?)

n
=W 3 {(Loar+Lo22)?~2Loaikoze—LE10) } (U2 +V)
o=1

= 2(—K)W3(U? +V?).

Moreover we have
M = Xy +iX[* = (2W)2 = aw?

which finally implies
(d_§‘) T AW (U2 +V?) = (—K)W(U?+V?).
dt 4W?
This proves the statementd
FromW = (—K)W we immediately infer Osserman’s result from [130])

Corollary 6.2. The total curvature of the minimal surface X is the negatif/the
area.wy of the image w.r.t. the metric (6.8), i.e.

7= //(fK)W dudv 6.11)
B



98 6 The Gauss-Osserman map

This precisely generalizes the situatioriiA where the curvatura integra equals
the image of the spherical mapping if we count multiplicgtiehich eventually arise
from spherical branch points.

This leads us to the next remark: The Fubini-Study metécfor minimal sur-
faces is singular at points witk = 0. But due to Corollary 5.2, in every compact
setQ CC R there are only finitely many singularities unlesss flat.

We want to prove an upper bound for the Gaussian curvaturéthe Fubini-
Study metricd$? for a minimal surface if its normal bundle is flat. Hoffman and
Osserman in [93] have already shown that it holds

K<?2

independently of the geometry of the normal bundle of theimméh surface. For a
proof we want to refer the reader to this paper.

In case of flat normal bundles we can prover stronger estanatel that is the
purpose of our following considerations.

Lemma 6.2.Let X: B — R™?2 be a conformally parametrized minimal surface.
With a positive numbexg > 0 suppose that

X =Ko—K>0.

Furthermore leK denote the Gaussian curvature of the new metric with cierfiis
Gij := Xij. Then there hold

XIZ:Kf%AIogx,

and therefore, using Wirtinger symbols,
30 _ 2 2
XK = XK+ OXwXe — X Xom)-
Proof. Note that (3.11) together With/ = XW proves the first identity, namely
K = — < Alog/xW = —= AlogviW — = Alo
XK = - 4100/ XW = — Alog w Alogvx

1
=K—-——Alogy.
2w = 09X
Next we compute

1 Ox|2 4 4
A|09X}AX|XX2| :}XWW*PXwXW-

Inserting the right hand side from here into our first idgrsihows the lemma. O
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Lemma 6.3.1t holds

— o7 vy~ W

e

Proof. We compute

1 1 (AW [OW]A) 2 Wy
K= gy logw L [ [OWEY_ 2 W

W\ W W2

proving the statement.O

Now we come to the announced estimatéof

Theorem 6.3.Let X: B — R™2 be a conformally parametrized minimal surface
with flat normal bundle. Then the Gauss curvatkiref the Fubini-Study metric&
satisfies

K<1 inB.

Proof. Let N be a torsionfree ONF. For the complex-valued Hopf functigf{s
there hold (see also section 5.7)

n
| H5|? = 4(—Ko)W?  resp. [ Ao[? = A(—K)W?
g=1
with the classical Gauss curvatufe Therefore we have

1 n
z |<%00|2+Ko

X=—5
4W?2 &1

for the functiony = ko — K. For complex-valued vectors= (vy,...,Vs) € C" and

w= (Wi, ...,Wn) € C" we introduce the following abbreviation

n n n
WAV=VaWi= 3 VoWg, [V i=vav=Y Vol = Y |vol*.
o=1 o=1 o=1

Thus, using the Hopf vector” = (/4, ..., %) € C" we can rewrite the previous
formula to get

X= Mp%h%+m_\mw%W+m
Together withsy = 0 from (5.15) we calculate
Wy 2 2Wy
Yo = 4W2%*%w o8 117 = 4W2%*% T X Ko),

ZWW

for the first complex derivatives.
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From here we further induce

— — 1 2
Xom = — s { W 77 5 Ao+ Wy 75 |+ o | o

Waw

P S

It follows
XwXw — X Xww

ToW? (I * Hy) (A * )

— 5 {\MW%*%VJFWN%*%W}H%HZ

W Wy

| 1|2 26l* — koll al®
4w

T aws 16w 4W2

2|~

I, o)
8W>s - 2ws3

H 2
(o) (S

+{Wﬁ%*%+mﬁ*%w}<

= o LT A 8 ) |1

\MN\MW +V\4W WoMkgKo|| 7 ||? +V\AMWKOH%II2

2w 2Ws3

Il

\MNVVW

e e R

|

1 — -
= o { (07 = ) (A« ) = || 7|2 A |
|21 f Wtk B4k
e {TV\‘NW}{KO+ 202 }
Ko 2

V\A,\,jf

T aw?
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Thus we arrive at the identity

1
Yoo — XXow = g { (8 * Ha)\(H x ) = | )| A}
PR Ko i

4w AW \MN%&

Notice that

212K x®, X° 3
W 2W 2KW+X Ko 2)( KoW

w
N

X°
2

X

< W — Z— KW.
- 2

On the other hand, we have

(A x Ha)(H x Hom) = | | P|| |2

- (i'j/ﬁ"z) (iJ%,wlz) <0

Therefore we conclude

n
= Z %U%,W
o=1

2

X3K = XK+ x3— XK — —= WW%

2VV3

+ s {(%*%)(%*%W)* 122

<x*.
The statement follows. O

The proof presented here is motivated by Ruchert’s corsiiders from [137].
We will apply Ruchert’s ingenious methods again in secti8ré6l

6.6 Minimal surfaces with constant curvature K

We want to conclude this chapter with some interesting chteraations of the
shape of minimal surfaces iR* with constant curvatur& which we take again
from Hoffman and Osserman [93].
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Theorem 6.4.There hold the following alternatives.

1. The generalized Gauss image of the minimal immersioB X R* has constant
Gauss curvatur& =c. Then,c=1orc= 2, and

— K =1ifand only if X(B) lies fully in someR3;
— K=2ifand only if X(B) is a complex curve lying fully ii?, represented by
R* endowed with some orthogonal complex structure.

2. Ifthe generalized Gauss image of the minimal immersioB X R"*2 has con-
stant Gauss curvatur€ = 2, then X(B) lies in an affine subspad®®* c R"2.
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In this chapter we focus on orthonormal frames in the norpats of immersions ilR* which
are critical for a functional of total torsion. This genezak the concept of parallel normal frames
for immersions with non-flat normal bundles.

7.1 The total torsion

In sections 5.3 and 5.4 we have introducedttrsion T of an ONF Nn the form

n

12 19 19
T=5> ;:19 T5iTo,j

i,J=10,
as well as the followindgunctional of total torsion

2

. n L
ZIN] = //TWdudv:} )3 //g”T(j?iT(j?-Wdudv
B 2 iLjI=lo9=1g ne

This functional does not depend on the choice of the paraaétn.But it de-
pends on the choice of the ONFE M particular, if there exist a torsionfree ONNF
then obviouslyZx [N] = 0. Otherwise it is always greater then zero.

We want to construct orthonormal normal franiesrhich are minimal for7 [N].

7.2 Curves inRR3

To illustrate the underlying idea we want to start with constingtorsionfree nor-
mal frames for one-dimensional curvesRA.

Let the regular and arc-length parametrized curwec(s) be given together with
the orthogonal moving 3-frame

{t(s),n(s),b(s)}, selCR,

consisting of the unit tangential vectds), the unit normal vecton(s), and the unit
binormal vectob(s).
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These vectors are given as follows

_
G

t(s)=c(s), n(s b(s) =t(s) x n(s)

under the assumptior§s) # 0 andc”(s) # 0 for the first and second derivatives of

the mapping(s). The curve’s curvaturg(s) and torsiornr(s) are

K(s)=t'(s)?, T(s)=n'(s)-b(s)=—b/(s)n(9).

Consider now a new ONFA, b) resulting from
Ai(s) := cosp n(s) +sing b(s), b(s) := —sing n(s) + cosp b(s)
with a rotation angle. Again there hold
f(s)| =1, |b(s)|=1, fi(s)-b(s)=0, fi(s)-t(s)=0, b(s)-t(s)=0
for all s I. The torsion w.r.t. this new frame, i.e.
7(s) == (s)-b(s),
can be computed explicitely as follows
T=(—¢'singn+cospn’ +¢'cosp b+sing k) - (—sing n+ cosp b)
= ¢'siPp+cogpn -b+¢’'cos¢d —sifpb'-n

=¢'+n'-b.

Thus we arrive at thegansformation formula for the two torsions

¢'(s) =T(s)—1(s).

In particular, solving the ordinary differential equatiapf(s) = —1(s), express-
ing the propertyt(s) = 0, yields a rotation angle functiop = ¢ (s) which trans-
forms the given ONFn,b) into a new torsionfree ONFA, b).

Such frames are also callgdrallel for their Frenét equations do not contain
normal components.

The following considerations are devoted to the constonctif torsionfree or-
thonormal normal frames for surfaces in sp&% This problem becomes more
intricate because it will turn out that such a constructexuces to solving a partial
differential equation instead of an ordinary differeniquation.
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7.3 Coulomb ONF

Let the immersiorX : B — R* together with an ONIN = (Ng,N,) be given. We set
N; = cosp Ny +sing Nz, Np = —sing Ny + cospN, (7.1)

for a new ONF(Ny,N,) resulting from the action of th8Q(2)-group realized by a
rotation anglep € [0,2m1]. Then the situation now is comparable to the situation of
onedimensional curves RS.

Lemma 7.1.The torsion coefficients of the Ol\{ﬁl, Ng} are given by
T =To+0u, Tro=Ti+oy. (7.2)

Proof. Taking account oNg - N, ; = 0 we compute

T2 = (—¢using Ny + cosp Ny y+ $ucosp Na+sing Nay) - ..
..o (—sing Ny + cosp Np)
= ¢usin’ ¢ —sir’ ¢ T}, +cog ¢ T2 + pucos' ¢
= T12,1 + du,
and analoguously it foIIowff2 = sz +¢y. O

The remaining componenTy’; vanish identically.
We are particularly interested in the difference

ATy = I%([N] - ZIN],

i.e. in critical points of the functional of total torsionofthis purpose we introduce
conformal parameter@, v) € B and calculate

A = //|D¢|2dudv+ 2//(T1?1¢U+sz¢v)dudv
B B

: . (7.3)
_ // 0 [2dudv+ 2/(T1%1,T1%2) Vds—2 // div (T2, T2,)¢ dudv
B B B

by partial integrationy being the outer unit normal vectorat the boundaryB.

In general, the right hand side of this identity does not sla@s. In this way we
immediately obtain the Euler-Lagrange equation fahacritical ONF.

Proposition 7.1.Let the ONF(N1, Ny) of the conformally parametrized immersion
X: B — R* be critical for the functional of total torsiot#% [N]. Then there hold

div(T?,T%) =0 inB, (T3,T%)-v=0 ondB. (7.4)
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This leads us directly to the following
Definition 7.1. An ONF N satisfying (7.4) is called aormal Coulomb frame.

The terminologyCoulomb framewas suggested by F. Helein. It is motivated
by the similarity of (7.4) to differential equations fromeetromagnetism where a
vector fieldA € R3 is calledCoulomb gauged it satisfies divA = 0 with the spatial
divergence operator.

7.4 Construction of normal Coulomb frames

We want to follow up on the question afonstructing a.7x[N]-critical frame
(N1,N2) from a given ONF Nz, Ny).

If (N1,Np) is actually critical for.Z[N] then we know
0 = div(TZ, T%) = div(TZ — ¢u, T2~ ¢v) inB,
0= (T2, T%) v = (T3 — ¢u,TZ%—¢)-v 0ndB,
by virtue of (7.2) and (7.4). This implies our next result.

Proposition 7.2.Let the conformally parametrized immersion B — R* be given.
Its ONF (Nz,Np) transforms into aZx [N]-critical ONF (N1, Nz) by means of (7.2)
if and only if the new torsion coefficients satisfy the follmpNeumann boundary
value problem o .

A¢ =div(TZ,TE) inB,

00  ~ =
d_\} = (T12,17T12,2) -V on dB
with a critical rotation angleg = ¢ (u,v).

(7.5)

It is well known that the Neumann problem

e s 09
Ap=f inB, d—vfg onodB

has a solution if and only if the integrability condition

/ fdudv:/gds
B B

holds true. Obviously this condition is fulfilled in our séttion, and thus there actu-
ally exist a normal Coulomb fram¥é. Note that such a framie not uniquely deter-
minedbecause rotation of the whole normal Coulomb frame N about an adyijr
global constant anglég does not affect the Euler-Lagrange equation.
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7.5 Minimality of normal Coulomb frames
Although normal Coulomb frames are not uniquely determivedcan prove that

they actually minimize the functional of total torsion.

For this purpose leil = (N1,N) be a.% [N]-critical ONF. Applying the above
SQ(2)-action with a rotation anglé we infer

TN = 7N] +2//|D¢|2dudv
B
taking (7.3) together with the Euler-Lagrange equatiod)(ihto account.
Proposition 7.3.A normal Coulomb frame N of the immersion B — R* mini-
mizes the functiona¥x [N] of total torsion, i.e. it holds
TIN| < Z[N]

for all normal framesN resulting from (7.1).

7.6 A torsion estimates via the maximum principle

Let (u,v) € B be conformal parameters. We want to establish upper boandisé
torsion coefficients of normal Coulomb frames6f B — R*.

Assume first that the surfa¢e has flat normal bundle. Then our considerations
from section 3.7 yield

3’12 = &Tfl — auT1%2 =div (—le’z, le,l) =0 inB (76)

for the only non-trivial component of the curvature tensbthe normal bundle.
Furthermore, from the Euler-Lagrange equation (7.4) werittiat for a.%[N]-
critical ONF N, the vector field(—T2,,T72;) is parallel to the outer unit normal
vectorv alongdB. Thus partial integration gives us

// & 1, dudv= / (T2, T2,) - vds=+ / J(T2)2+ (T2,)2ds
B B

B
In particular, in case of flat normal bundles wi,, = 0 we find
T2, =0 ondB

foralli=1,2ando,9 =1,2
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On the other hand, differentiating (7.6) and taking the Eukgrange equation
(7.4) into account, we arrive at

0 0
AT12,1 =3y §,12 =0, AT12,2 =750 §,12 =0

for flat normal bundlesTherefore fl and T2, are harmonic functions, and the
maximum principle implies '

T2,=0 inB foralli=12ando,d =1,2. (7.7)

This now holds true for all parametrizations of cl§3s

Theorem 7.1.A normal Coulomb frame N of an immersion B — R* with flat
normal bundle is free of torsion.

In summary we have proved existence of regular normal Coblfsemes, and
if additionally the normal bundle of the surface is flat theade frames are free of
torsion. Existence results concerning such situationage ©of manifolds immersed
in Euclidean spaces of higher dimension can be found e.chen(27].

Next we want to consider the caserafn-flat normal bundle®ue to the Euler-
Lagrange equation (7.4), the torsion veo(tiifl,lez) of a normal Coulomb frame
is divergence-free. Thus the differential 1-form

W= —Tpdu+ T dv
is closed, i.e.

dw = ayTZ; dundv— & T dvAdu= div(TZy, TZ) duadv=0.

Now from Poincare’s lemma we infer the existence @@%regular functiont
with the property

dT: Tudu+ T\/du:w, |eDT: (_T12,25T12,l)'

Differentiating, taking agai ,, = 8,77, — 4, T, into account, leads to the homo-
geneous boundary value problem

AT=%;, inB, T=0 ondB. (7.8)

To justify the homogeneous boundary values note ffat(—v,u) = 0 on dB
since(—v,u) € dB represents a tangential vector. We conclude const ondB.
But 1 is only defined up to a constant which can be chosen such ti&tigrue.

Next we want to establish bounds foand its gradient.
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First use Poisson’s representation formula for the satutiof the foregoing
Dirichlet boundary value problem, i.e.

tw) = [[ @@wS (@) ddn, = (&), (7.9)
B
with the non-positive Green’s function
ooy L {—w
®(Ziw) =5 - log 1_wz" I#w, (7.10)

for the Laplace operatah (see e.g. Sauvigny [143], chapter VIII, 81). Note that

|w|?—1 e
Y(w)="——— solves Ag=1inBandy =0o0ndB.
Therefore Poisson’s representation formula yields
: 1—|w2 1
; =— <=
J[10(wdgdn == < 5

B

Lemma 7.2.The solutionr from (7.8), (7.9) satisfies
1
[T(w)| < 5 |\§,12Hc0(3)- (7.11)

This is nothing else but a maximum principle for the above bgameous bound-
ary value problem for the integral functian

Potential theoretic estimates for the Laplacian (see egvi§ny [143], chapter
IX, 84, Satz 1) ensure finally the existence of a real con€anC(a) such that

[Tllczrag) < C(“)||§,12Hca(s) (7.12)
for all a € (0,1). But the gradient off codifies the torsion coefficients. Thus we

have proved the main result of this section.

Theorem 7.2.Let the conformally parametrized immersion B — R* with nor-
mal bundle of curvature ﬁz be given. Then the torsion coefficients of a normal
Coulomb frame N= (N1, Np) satisfy

T, lcrra@) < C(a)[I1S] 12llce ey (7.13)

for all o € (0,1) with the constant Gx) from (7.12).

We particularly recover (7.7) for flat normal bundles Witg ;5//ca(g) = 0.
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7.7 Atorsion estimate via a Riemann-Hilbert problem

Once again, let us consider (7.4) and (7.6) for normal Coblénames

17} 17} 17} 17}

2 T4+ WTEZ =0, Ele,l - %le,z =S 1.
We immediately obtain

Lemma 7.3.The complex-valued torsion

W=T4 -iTheC

solves the non-homogeneous Cauchy-Riemann equation
1 . 1 [ [
Yy = > (AW +ig W)= > QT+ ATE,) + > (A TE - AuT,) = > S, (7.14)

in the open dis®.

Note thatthe right hand side here is purely imaginatg. addition we write the
boundary condition from (7.4) as

Re[w(w)] = Re[(T) — iTE) (u+iv)] = THu+ TV = (T7,Té,) v (7.15)

on the boundary curvéB with its outer unit normal vector = (u,Vv).

The relations (7.14) and (7.15) form what is calledireear Riemann-Hilbert
problemfor W. There is a big machinery to treat such mathematical probkngu
tools from complex analysis. We want to refer the readerte.®egehr and Wen
[10], Courant and Hilbert [40], Sauvigny [143], Vekua [164} Wendland [164] for
a first orientation as well as various detailed studies.

Below we construct an explicit solution of our Riemann-Iditbproblem. As it
already turns out now this solution is the only possible.

Lemma 7.4.The Riemann-Hilbert problem (7.14), (7.15) possesses st ame so-
lution ¥ € C(B,C)NCB,C).

Proof. Assume there are two such solutiddsand%. Then we set

and compute .
®z=0 inB, Re® =0 o0noB.

Consequently, it hold® = ic in B with some real constamte R. But @(w) is a
continuous function, an@(0) = 0 impliesc=0. Thusy, =4. O

Following Vekua [161] (see also Sauvigny [143]) we will selgur Riemann-
Hilbert problem in terms of so-callegeneralized analytic functionsiere come
some facts about this important class of complex-valuedtfans.
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For arbitraryf € C*(B,C) we defineCauchy’s integral operatoby

Ta[f](w) ::_%.//%dzdn, weC. (7.16)
B

Lemma 7.5.There hold §[f] € C}(C\ dB)NCO(C) as well as

d [ fw), weB
a—WTB[f]U{Q WeC\B’ (7.17)

Proof. We want to verify briefly the validity of the stated compleahved differ-
ential equation, see Sauvigny [143], chapter IV, 8§5. {®}}«.n be a sequence of
open, simply connected and smoothly bounded domains atimigato some point
7o € B for k — . Let |Gy| denote the respective areas. Making us€atichy’s
integral formula

6/ I dw=2rig(¢)

we compute with the characteristic functions

ﬁag Ta[F](w) dw = ﬁag (-%B//‘;(—Zavdzdn) dw
2m|Gk| //( / zdw) dedn

- m B//f(z>~2mx6k(z>dfdn

-5 ] f@azan.
Gk

Now recallingthe integration by parts rule in complex form
[ awtomsen=3 [ 1
aGy
we get in the limit

d

- Telf(W) kﬂoo2l|Gk| /TB w)dw= f(z)

for all zy € B. The statement follows. O
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Next we set

Now Satz 1.24 from Vekua [161] states the following

Lemma 7.6.With the definitions above we have the uniform estimate
IRs[f](W)| <C(p)|IfllLo), WeEB,
where pe (2,+], and Qp) is a positive constant dependent only an p

Using this result (which remains unproved here) we obtainftilowing main
result of this section.

Theorem 7.3.Let the conformally parametrized immersion B — R* be given.
Then the complex-valued torsi&#hof a normal Coulomb frame N satisfies

|¥(w)| <c(p) ||§12||LP forallwc B

with some positive constanfm) and pe (2, +].

For flat normal bundles we again verify that a normal Coulonalnk is free of
torsion:T7; = 0.

Proof. Let us write _
i
=3 St1,€CYB,C)

to apply the foregoing results. We claim that the complelued torsion¥ pos-
sesses the integral representation

W(w) = P —//{Z B 1_(Z;}d5dn, wes.

Then the stated estimate follows at once from the above lerirst we claim

whe[f)w) = =[] £(2)d€ dn + Tafwilw) - Talwi) (3 ).
B
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Let us check this identity:

: // f()dgdn + Talwf](w) ~ To[wi](W 1)
// ydédn -2 [ $18) dean - Towiliw )
:’W//z teon W//Z
JUtss —)

which already shows the stated identity.

Next, takingf = 128'12’12 into account, we infer
Re{wRs[f](w)} =0, we B,
what follows from

Ta[3IWSE 15| (W) — Ta[3IWSE 5] (W 1)
I 53112 55%12
:*_//25 wd _//ZZ —
- 271// <Z W Z )ﬁudfdn

The entry in the brackets is a real number bec%;se% = W holds true on the
boundaryB. Investing additionally

7]
= Plf] W) = (W

due to (7.17) and our representationRsff](w) we conclude thaBs|[f](w) solves
the Riemann-Hilbert problem fo#. The previous unigueness result proves the
stated representationd

Note that our proof relies crucially on the fatiat f = 123%,12 is purely imagi-
nary!
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7.8 Estimates for the total torsion

The previous results allow us immediately to establish loaved upper bounds for
the total torsionZ [N] for normal Coulomb framell. Namely, letX: B — R* be
conformally parametrized such that

/ T11 le) }dudv

Thus Theorem 7.2 gives

FIN] < 20(@)°)5 1l 2o e / Ldudv—21C(a)?% 1ol e

Analogously, Theorem 7.3 yields

FxIN] < m(p)2||§,12|‘EP(B)7 p>2

We want to reformulate these two results using the invardaatar curvature
S=W~1§],, of the normal bundle.

Theorem 7.4.Let the conformally parametrized immersion B — R* together
with a normal Coulomb frame N be given. Then there hold

Fx(N] < 21C(a)?||SW &
for all o € (0,1) with the real constant & C(a) from Theorem 7.2, as well as
ZxN] < 1e(p)?||SWEh g
for all p € (2,+] with the real constant e c(p) from Theorem 7.3.

The following lower bound for the total torsion of normal Gonb framesN is
a special case of a general estimate which we will prove iméx chapter.

Theorem 7.5.Let the conformally parametrized immersion B — R* together
with a normal Coulomb frame N be given. Assurﬁ@ﬁé 0. Then it holds

ISt 12||Ez(5) HDS% 12”
Fx[N] > ’ ||§ [Fi
<2(1—P)Z|%12||Ez( HngH 12lize,) ~

wherep = p(SilZ) € (0,1) is chosen such that

|‘§’12HEZ(BP) = ﬂ |§’12|2dudv> 0.

By (0)
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7.9 An example: Holomorphic graphs inC?

Let us again consider minimal surface graphs
X(w) = (w, ®(w)), w=u+iveB,

with a holomorphic functior®® = ¢ +i. Then the Euler unit normal vectors

ﬁ1:¢iv_v<—¢u,—¢v,1,o>, NZZ\/LV—V(—%’—WV,OJ) (7.18)

form an orthonormal normal frame with the area element
W =1+|0¢2=1+|dy)?.
Note here that
O = itk = 3 {du— it +ith+ G0} = B iy
due togy = Yu, ¢y = — . We especially infer
Ap =AY =0,

i.e. X represents a conformally parametrized minimal graghin

For the torsion coefficients we compute

~ 1 10

T12.,1 = Npu-N2 = W (—buudv + duvdpu) = @a—v(lﬂfﬁlz),
~ o~ 1 0

T12,2 =Ny Np = ~2W du (|D¢|2)-

Consequently it holds
div (T, T5) =0 inB.

In order to check the boundary condition in (7.4) we introglpolar coordinates

u=rcosa,v=rsina. Sincel L =uZ —v2 we obtain

1 0 d 1 0
(T£1,TE2) v = 2w <u— V_) D9l = 2W da [@ul® ondB.

Proposition 7.4.Given the conformally parametrized minimal gragiv, ®(w))

with a holomorphic functiom = ¢ +ig. Then the Euler ONENg, N} from (7.18)
represents a normal Coulomb frame if and onlyd¥,| is constant ordB.

In particular, this result applies to grapiéw) = (w,w") for arbitraryn € N!
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7.10 Application to the mean curvature flow inR*

We consider a family of immersion$(u, v; 7) evolving by themean curvature flow
in direction of the mean curvature vectdras follows

X 2
Xe=-2 = 5 HgNg = —H.
T ot GZl oNa

We want to compute the evolution of the scalar curvaEﬁu&eW*lsi12 of the
normal bundle under this flow. L& = (N1,N,) be an initial ONF.

Lemma 7.7.The evolution of an unit normal vectogNeads
2 2 2
Ng 1= Z g! Hayui + Z HgTs‘ﬂ Xui + z TO?TNg (7.19)
i,]=1 e=1 e=1
for o = 1,2 with thet-directed torsion coefficients
Toé—:’-[ == NO',T . Ng = 7No’ . NE,T = 7T€?’T .
Proof. We make the ansatz

Na,r =

. 2
g” (NU,T XuI)XuJ + Z (Na,r : Ns)Ns
1 e=1

TMS TM

g (Nor - X)Xy + Y TgNe.
=

i,]=1

On the other hand, due to the mean curvature flow equatidiereiiftiation of the
identity X;; - Ng = O w.r.t. T yields

2
Nor-Xyi = —Xjr-No = (ZHst) Ng
&1 i

ul

2
= (Heu)Ne -No+ 5 HeTFiNs -Ng
e=1

proving the statement.O
Thus setting

. 2 .. . 2 ..
a = Zglj (Hyui + H2T21,j)7 a = Z 9" (Hp i + H1T12,j)
= =1

we find
2 2

Ny = _Zailxui +TENz, Npg = Zaizxui +T5 Ny
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Theorem 7.6.The evolution of the scalar curvature S of the normal bundiéen
the mean curvature flow is given by divergence term

2 . . 2 . .
S = Z(—a'll-z,iz +ablyjo)u+ Z(a'le,il —ablyj1)v.
= &

Proof. We calculate

T2,
0—'[, = (Nl,u . NZ)T = (Nl,ru) . N2 + Nl,u . NZ,T
2 .
= Za'lxui +TEN | Not .
i= u
2 ) 2
T~ Z L11m@™ X+ TNz | - Z\alzxui +T21,rN1
mn=1 i=
2 .
= Z\allxuiu' Z Z alelmg "Oni
i= m,n=1
= ZlalL2|1+ Zale 1
as well as
0T122
0—1_’ = (Nl,v' NZ)T = (Nl,rv) : NZJF Nl,v' NZ,T

2 T2 2 2

. 0 .
= Za'lxuiv~ a“ 3 3 dbiand™n
i= v i=1lmn=1

= Zall-2|2+ ZaleZ

It follows that
aZTfl aZTf;2
~ 9tdv dtdu

_—2d' —alajp+ablyjp, @ Lojs —abl ——212T+ i
iv(—ajLojo+aplyjz,ailojr — @bl ’ ’
Z (=aabaie+&laiz al2i1 — aslin) dudv ~ dvdu

2 ) ) ) )
= _ZldiV (—ajlajo+ablyjo,ailoi1 — aylij1)

as stated. O
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Evolution of the torsion coefficients

We want to refer the reader’s attention to an interestingfact arising with the
evolution of the torsion coeﬁicienlﬁﬁi. Consider for this purpose the general case
n > 2 of arbitrary codimensions.

Lemma 7.8.1t holds

2 ) 2 n ) n
Na,ui 0Ny = — ; LCF,iJ'ngHz_‘xukJr Z z HwLUaingkTgfkf z TU(A.,)iT(g,T
=yt ' i,)=lw=1  w=1
foralli=1,2ando,9 =1,...,n.
Proof. We compute
2 Ki 2 n Ki
Na,ui 0Ny = Z g JHB,ukxui 'Na,ui - ; Z g JTSQ,)kHwXui 'Na,ui
= ifc10=1
n
+ Z Tga‘)er . NU,Ui
w=1
n . 2 n ) n
= — ; ngHg’UkLgyij + ; Z Lg’ijngHng’)k‘i’ z -I-gl).r-l-o(-l:)I
j.k=1 jk=1w=1 w=1
proving the statement.O

Lemma 7.9.1t holds

2 2 n
aTNa,ui Ny = Z grsHG,ur Lojis— Z Z grusTé‘erﬁ,ivat?uiTir
rs=1 rs=1lw=1

n
+ Z T(?,)rT(g,i
=1
foralli=1,2ando,d =1,...,n.

Proof. For we compute

2 2 n
dTNU,Ui . Ng = z grSHo'J_Jr Xuius . N19 - z Z grSHwTO(—?rXuiUS . Ng

rs=1 rs=lw=1
n n
+ z auiT;fréwg + Z Té*,)Twaui -Ng
w=1 w=1
2 2 n s n s
_ Z grSHG,uf LO’,iS — z Z grSHwTo('l:)r Lﬁ,iS + aui TO',T + Z TO('A,)TT(A),i
rs=1 rs=lw=1 w=1

proving the statement.O
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Using these two results we are able to compute the evolufitredorsion coef-
ficients.

Proposition 7.5.1t holds
2 " 2 n "
dTTtii = ; g’ (Lﬁ,ikHa,ui _Lo"ing’uk)—" ; Z g’ Hw(La,ijTgfk_Lﬁ,ikTgfj)
jk=1 jk=lw=1

n
+0, Tgr + Z (Té‘,’rT(}z,i - Tg?iTg,r)
w=1

Proof. This follows from

0TT3| - dT(Ng,ui . NB) - dTNo"ui . N19 + NO’,Ui . dTNB

2 2
= z grSHU,U' L19.,iS Z z grSHwTaerS |s+au'Tar+ z Taer(gl

rs=1 rs=1w=1

2 .
B ; Loijg"Hy e+ Z Z Loij 0" Ho T - Z 5T
ik=1 ' ik=10=1

2 . 2 n
— Z ng(LS,ikHayuj —LaijHg ) + ; Z 0¥ Hy (Lo iiTsk—LoikTa))
k=1 w=1
9 . 9 9
+ dui TO',T + z (TO('A,)TT(A)J - T(?,)iTw,r)
w=1
as stated. O
Let us now consider the evolution of a minimal surfac&fhunder mean curva-
ture flow with the propertyd = 0 for all timest. We obtain
dTle,l = 5uT12,r ) 5rT12,2 = dlez,r

and even though flow does not affect the geometry of the ssfacactually has
consequences of the evolution of the ONF!

Gauge of the time torsion coefficients

The idea to ensure that the whole ONF remains unaffectedsrsgiecial case just
discussed is to introduce adlditional gauge for the time torsion coefficieng%TT

This involves various technical difficulties even in case 2. Hence we want
to present an algorithm which at least guaranties a normal Coulomb frame
actually remains a normal Coulomb frame under the flow.
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For this purpose we first have to establish the Euler-Lagraggation for normal
Coulomb frames in arbitrary parametizations. Using ourZ@gtion

N; = cospN; +singNy, Ny = —singN; + cospN,

we proceed as follows:

FxIN]

/g Tl,+¢u.)(le+du,)Wdudv
Ij 1

EAN // o (T2 6y + T2,04)W dudv o(d, )
Ij 1

~ AN +2S [[(@ W GWTE)- (4. ) dudv- ol )
=g

= KN //au. (¢'WT2)¢ dudv—2
i,J= l

+ O(¢U7 ¢V)

with the outer unit normal vectar = (v1,v») at the boundary curvéB. Thus we
have proved the

/g”WTlJv.ds
IJ l

Lemma 7.10.A normal Coulomb frame N- (N1, N,) for the immersion X B — R*
solves the Neumann boundary value problem

0,(Wd'TZ;)=0 inB,
1 i

Wd!TZ;)-vj=0 inB.
1

™M~

™M

In the special case of a conformally parametrized immer¥io8 — R* we
recover our Euler-Lagrange equation from (7.4), namely

dlv (le,laTl%Z) == 0 |n B, (T12,17T12,2) V= O OnﬁB

Now back to our problem: Differentiation of the Euler-Lagge equation taking
account of the identity

d(Wd)=0 fori,j=1,2

since the minimal surface remains fixed under mean curvllawewe infer

2 2
0= 9;0:(Wd'T)) 3, (Wdla,T,
ijzzlu ! ‘ |JZ:1U !

2
= Y 0iWd 0, Td ) = Whge Ty,
i,]=1
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with the invariant Laplace-Beltrami operator
2 .
DagW=3 3;(Wdio,y).
i,)=1

This leads us to the following characterization.

Proposition 7.6.Let n= 2 and H= 0. Then the mean curvature flow does not affect
the Coulomb frame property if and only if

D4eTE =0 inB

foralli =1,2ando,d = 1,2, and for all timest.

Parallel mean curvature vector

From chapter 2 we recall the definition@fmean curvature vector H parallel in the
normal bundlej.e.
Hj =0, HS =0,

or equivalently
Hiu—THH2 =0, Hiy—TZH2 =0,

Hou+THH1 =0, Hay+TZH2 =0

in casen = 2.

Proposition 7.7.1f the mean curvature H is parallel in the normal bundle fot al
times then the curvatureS 5%,12 is constant in time, i.e. it holds

0TSE 0.

Proof. From Proposition 7.5 we infer the representations

2 .
OTEy = ; {(Lz,lel,uk —L1ajTEHD) — (LoajHp e+ Lz,lelz,kHz)}g’k
j k=1

+auT,

2
OTE, = (La2jHy e — Laz TAH1) — (LizjH e + LoaTE He)
2= 2 : , , J
Jk=

+aT.
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Now we evaluate the parallelity condition to obtain

2 _
; {('—2,11 Hy g = Logi T — (LuajHa et L2,1JT12,kH2)}ng
e

2 _ _ _
= Z {g’k'-z,lekaz — 0" Log TiHL + "Ly TiHL — g‘kLz,lekaz}
=
=0

as well as
2 2 2 ik
_ ;1 { (L22jHy w — L12j TicH1) — (La2jHp  + Lo 21 H2) }9‘
j k=

2 ) ) ) )
= Z {ngLz,ijkaz — gLy o TAHL + 0L 2 T2 H1 — Lo AT Hz}
ife1
=0.
This implies
aTT12,1 = aUle,r ) aTT12.2 = dVle,r ,

and therefore it follows that
0:S=0r( T — 0uTEy) = A0uT — ud T, =0
proving the statement.O

It remains open to identitfy geometric constellations vehttre mean curvature
vector is actually parallel in the normal bundle for all tsne

For further discussions on the mean curvature flow for spsuaiéace classes we
want to refer the reader to Terng [156], Liu and Terng [116Fmoczyk, Wang and
Xin [148]. But a satisying theory seems to fail up to the preése
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In this chapter we consider surfacesRifit? and their orthonormal normal frames critical for the
functional of total torsion. We extend the results of thevjmes chapter, but in this general case
now the analysis becomes more intricate for the fact thahab€oulomb frames are solutions of
non-linear and inhomogeneous elliptic systems of partfédréntial equations.

8.1 Problem formulation

We want to generalize our results of the previous chapteheaactse of arbitrary
codimensiom > 2. We start with computing the Euler-Lagrange equations of the
following parameter invariant functional of total torsion

2 n _
> ; //g'JTgiT(ﬁdeudv
=10, :15;

1
IxIN] = >

i)
for a normal frameN = (Ny,...,Ny). It will turn out that these equations form a
nonlinear system of elliptic partial differential equatfowith quadratic growth in
the gradient.

We derive analytical and geometric properties of critiaaihps, and we will es-
tablish existence and regularity results for normal framesase of vanishing cur-
vature of the normal bundle as well as for normal Coulomb &suim the general
situation of non-flat normal bundles.

8.2 The Euler-Lagrange equations

Normal Coulomb frames

Due to do Carmo [22], chapter 3, section 2 we can construcirélyfeR(w, €) of
rotations from the Lie grouBQ(n) for an arbitrary skew-symmetric matrix

A(W) = (ags (W))g,9-1,..n € C*(B,sa(n))

by means of the geodesic flow 80(n), with so(n) the associated Lie algebra.
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In terms of such a one-parameter family of rotations
R(W.e) = (RE(WE)) 591 € C™(BxX (—&0,+&),S0n)),
with sufficiently smalle > 0 such that

R(w,0) =E", % R(w,0) = A(w) € C*(B,so(n))
holds true with then-dimensional unit matrif", we consider variations
N = (Ny,...,Np)
of a given orthonormal normal franié= (Ng,...,Nn) by means of

- n

Ng (W, €) ::Sz ros (W, €)Ng(w), o=1,...,n.
=1

Such a matridA (w) is the essential ingredient for the following definition bét
first variation of total functional.

Definition 8.1. An orthonormal normal framH is calledcritical for the functional
of total torsionor anormal Coulomb framé and only if the first variation

STIN;A) = lim = { [N] — FIN]}

vanishes w.r.t. all skew-symmetric perturbatidqsv) € C*(B,so(n)).

Computation of the first variation

Now we come to the computation of the first variation of thectional 7% [N] and
determine the according Euler-Lagrange equations.

Proposition 8.1.The ONF N is a normal Coulomb frame if and only if its torsion
coefficients solve the following system of Neumann boundding problems

div(T2,,T2,) =0 inB, (Tcﬁl,Tcﬁz)-VZO ondB

forall o, =1,...,n, and wherev denotes the outer unit normal vector along the
boundary curve?B.

Compare it with the single Euler-Lagrange equation in gase2 of two codi-
mensions

div(T/y,T,) =0 inB, (T, TE,)-v=0 ondB.
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Proof. We consider the one-parameter family of rotations
RW.) = (F'o9 (W.€)).9-1...n

as in the introduction. Expanding arouad- 0 yields
R(w,g) =E"+ eA(w) + 0(€).

Now we apply the rotatioR(w, €) to the given ONFN. The resulting unit normal
vectorsNy, ..., N, are then determined by

n n

n
Na:; rooNs :; {0ss + €259 +0(€) } Ny :Na+£'9z ag9sNy +o0(¢),
=1 =1 =1

and for their derivatives we compute

n

Na,uf = Na,u‘ + 5‘92 (aaf},u‘ Ns +ags Nﬁ,uf) +0(€).

Consequently, the new torsion coefficients can be exparmded t

Ta“,’[ = Ng - No

n

= Na,u‘ “Ne+ SSZ (aon?,ufl\lr9 + aUﬁNﬁ,u‘) “Ne
=1

n
+& Na,u[ SZ awsNg +0(¢)
=1
c 9
= T+ €8y + eﬁz {acs T’ +aws Tg o} +0(€)
=1
such that for their squares we infer
Fw\2 2 d 9
(Te)™ = (T~ +2¢ {aaw,ufTaofé + SZ (a0 T8 5% +8ws T3 To%) } +0(¢).
=1
Before we insert this result into the functiongk[N] of total torsion we observe

n n

% {a0s TS/ T+ ws To’?,zTo‘—‘,)/z} Z? {aos T/ T +aos Tg,ﬂat)j,z}
o,w,0=1 o,w,0=1

n

o,w,d=1

taking the skew-symmetry & (w) into account.
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Thus the difference betweefi[N] and Z[N] computes to (notice that it holds

w T 1o
aa u‘TU ¢ aw ut w,é)

n .
KN -HIN =S Y / B T dudv o)
w=1

=lo B

=2¢ /{aawu 1+ Aoy }dudv+o(e)
1<o<w<n g

=2¢ /aaw(Tal,T“’)vds
1<o<w<n o8B

/ao—wdw 015 To2) dudv+o(g).

1<o<w<n

But A(w) was chosen arbitrarily which proves the propositionl

The integral functions

Interpreting the Euler-Lagrange equations as integtsgitinditions analogously to
the situation considered in section 7.6, Poincare’s lemnsares the existence of
integral functiong (?%) € C3(B, R) satisfying

Or(ed) — (- T&927T&91) inB forallg,8=1,...,n

Furthermore, due to the Neumann boundary conditi@gs, T?,) - v = 0, which

imply O7(9%) . (—v,u) = 0 ondB with the unit tangent vectdr-v,u) L v atdB, we
may again choose!??) so that

1199 =0 ondB forallo,d=1,....n

Notice that the matrixt(??)) 5 51 is skew-symmetric.

.....

A nonlinear elliptic system for the integral functions 197

Let us now define the skew-symmetric matrix
n
o199 = S det(Dﬂ““”,Dr“"”), 0,9=1,...n
d=1

Our aim now is to establish an elliptic system f6f?) with quadratic growth in
the gradient.
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Proposition 8.2.Let the conformally parametrized immersion B — R"*2 to-
gether with normal Coulomb frame N be given. Then the intdgrectionst(??)
are solutions of the boundary value problems

A9 = — 519" 1+ &), inB, 199 =0 ongB,

for 0,9 =1,...,n, whered1(°®) grows quadratically in the gradienit(??).

Proof. Choose anyo,d) € {1,...,n} x {1,...,n}. The representation formula
n
S 12=aAT - AT+ > {Tc?,)ng,z - Tgszg,l}
w=1

for the normal curvature tensor together witn(°®) = (—T2,, T2, ) yields

n
9 9
- > {Té‘,)lTw,z - Tc?,)ZTw,l} +S) 12

w=1

_ z {Téaw) T[(sz‘?) B Tlgaw) T\Swﬁ)} i S,g "

&=1 ’

proving the statement.O

8.3 Examples

We want to determine the special form of this nonlinear gdipystem in the special
cases1=2andn=3.

The casen=2

There is only one integral functiori'? satisfying

At =g, inB, 12 =0 ongB.

This is exactly the Poisson equation with homogeneous bemyrdhta from sec-
tion 7.6 witht = (12,
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The casen=3

If n= 3 we have three relations
A7(12) T\sls)n(lsz) B 1513)1\532) +§,12,
AT(13 — T\512) n(}zs) B Tl(jlz) T\523) +Si12’

AT(23 — 2D (13 2143 +3§,12-

Recall the curvature vector

1
S = W (%1& Silz, g,lz) eR®
of the normal bundle from section 3.8. Analogously we define
T = (112 113 129 ¢ g3

and infer
AT =Fx H+SW inB, =0 onodB (8.1)

with the usual vector product in R3.

In other wordsif n = 3, then the vectorZ solves an inhomogeneous H-surface
system with constant mean curvaturezl—% and vanishing boundary data.

Namely compare it with the mean curvature system
AX =2HWN

from chapter 2 with the scalar mean curvathrethe area elemeM and the unit
normal vectoN of the surface. If the surfacé: B — R would additionally satisfies
the conformality relations

Xa-Xu=W=X,- Xy, Xy-X=0 inB

)

then X actually represents an immersion with scalar meanature H.

We want to point out that” = 0 is a consequence of = 0 by a result of
Wente [165] on systems of the form (8.1), i.e. normal Coul&rarbes for surfaces
X: B — R® with flat normal bundle are free of torsion.

We consider the general situation of higher codimensionsedsas analytical
and geometric properties of normal Coulomb frames for sedavith non-flat nor-
mal bundles in the following sections.
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8.4 Quadratic growth in the gradient

The Grassmann-type vector

The previous example gives rise to the definition of the fellg vector of Grass-
mann type

. 9 N ._n
T = (1), gen €RY, N:=3(n-1).
In our examples this vecta¥ works as follows:
T =11 R forn=2,

T = (112,119 1(29) ¢ R®  forn=3.

Analogously we define

8.7 = (8119%) eRN.

1<o<d<n
Then Proposition 8.2 can be written in the following sucéimn

AT =-0T+SW inB, =0 ondB.

From the definition oD% we next obtain
AZ|<c|0F?+|SW| inB

with some real constamt> 0. The exact knowledge of this constant will become
important later.

A nonlinear system with quadratic growth for .7

Proposition 8.3.Let the conformally parametrized immersion B — R"*2 to-
gether with a normal Coulomb frame N be given. Then it holds

Vvn-2

A7) <= 07 +|.2W| inB.

Proof. We already know

AT|<|8T|+|9W| inB.
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Thus it remains to estimaté.7 | appropriately. We begin with computing

n

2
67P= 3 { > det(Dﬂ"“”,Dﬁ“””)}
1<o<d<n ( w=1

n

< (n-2) det(0r(®), Or(©@?) 2}.
1502195n{ le ( )

Note that only derivatives of elements.gf appear on the right hand side, s&y of
|6.7|2. Moreover this right hand side can be estimated.ByA % |2 since. 7y A %
has actually more elements th&h® Thus using Lagrange’s identity

IXAYZ = X[PIY[2 = (X-Y)2 < [XPIY[?
for two vectorsX andY we can estimate as follows

8717 < (n=2)| AN AP < (n—2)| AP AP

< {\/”?2(|<%|2+|¢%|2)}2.

This proves the statementd

8.5 Torsion free normal frames

The casen=3

As already mentioned above, in Wente [165] we find an interg@siniqueness result
for solutions of the homogeneous system

AT =Fyx P inB

with vanishing boundary values, corresponding to the flatmad bundle situation
. = 0in casen = 3. Wente’s results particularly states

Proposition 8.4.(Wente [165])
The only solution of the elliptic system

AT =FxTF inB, =0 ondB,

is the trivial solution.7 = 0.

1 |n particular, elements of the form d@tr(°®) O7(@9))2 appear in %, A %2, but they do not
appear inZz.
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Below we will give a new proof of Wente’s result, independehthe codimen-
sion, which follows from asymptotic expansions of solufia#i in the interiorB
and on the boundagB.

For the present we can confirm

Corollary 8.1. Suppose that the immersion 8 — R® admits a normal Coulomb
frame. Then this frame is free of torsion if and only if thevaiure vectors van-
ishes identically.

An auxiliary function

For a complete treatment of the general case3 we need some further prepara-
tions. Let us start with the

Lemma 8.1.Let.¥ = 0. Then the function

)

oW) = ZuW) ZuwW)= T ww’”
1<o<d<n
using the complex notatiop, = % (@ +i@,), vanishes identically in B
Proof. We will prove that® solves the boundary value problem

Gy=0 inB, IMwW®)=0 ondB.
Then the analytic function
P(w) == wd(w)

has vanishing imaginary part, and the Cauchy-Riemann egpsatmply ¥ (w) = ¢
with somec € R. The assertion follows fror#(0) = 0.

1. In order to deduce the stated boundary condition, reati®°®) = 0 ondB.
Thus all tangential derivatives vanish identically beeaus

—vii? 1 urd? = —2Imwry’?)) =0 ondB

forall o,3 =1,...,n. The boundary condition follows from

Im (W) Im(wzﬂ\,v-ﬂ\,\,):Im{w2 > T\va)r\fva‘?)}

1<o<d<n

Im { (WT\S\,Us) ) (WT\S\,W) ) }

1<o<d<n

=2 3 Re(wr\f\,w)) Im(wr\,(va’s)) =0

1<o<8<n

on the boundaryB.
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2. Now we show the analyticity ab using
AT = 47\?%) — _5p(09)

Interchanging indices cyclically yields

20y =45 T =4 5 Wty 2; 79 pr(09)

1<o<d<n
1 n
_ 2 {T\Saw) T&wﬁ)rlgaﬁ) _ Tlgaoo) T\Swﬁ)réaﬁ)}
0,9,w=1
i n
B Z {T\an) T&wﬁ)r\gaﬁ) _ Tl(jaw) T\Swﬁ)_[&aﬁ)}
0,9,w=1
1 n
_ 2 {T\Ewﬁ)rlgﬁa) Tl(Jwa) _ Tlgaoo) T\Swﬁ)réaﬁ)}
0,9,w=1
; n
- A']- {T\Ez‘?a) Tl(jaw) T\Sﬁw) B Tl(jaw) T\Swﬁ)_[&aﬁ)}
0,9,w=1

which shows®y = 0. The proof is complete. O

The casen > 3

The main result of this section is the

Theorem 8.1.Suppose that the immersion B — R™2 admits a normal Coulomb
frame N Then this frame is free of torsion if and only if the curvatueetor S of its
normal bundle vanishes identically.

Proof. We introduce conformal parametdisv) € B. Furthermore, leN be a nor-
mal Coulomb frame. IN is free of torsion then the curvature vectgf vanishes
identically. So assume conversef§ = 0 and let us show tha is free of torsion.
Consider for this aim the Grassmann-type veciofrom above. Since

T Fuw=0 inB
holds true by the previous lemma, we find
|7 =1Al, Fu-H=0 inB.
Thus.7 is a conformally parametrized solution of

AT =-07 inB, =0 ondB.
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According to the quadratic growth conditiod.7 | < c|[.7|? (see paragraph 8.4),
the arguments in Heinz [81] apptyAssume.Z # const inB. Then the asymptotic
expansion stated in Satz of Heinz [81] implies that bountaaych pointsvg € 0B
with the property

Tu(Wo) = F(Wo) = 0

are isolated. But this contradicts our boundary conditiofyg = 0! We thus infer
J =const=0

which impliest(®®) = 0 for all 0,9 = 1,...,n, and the normal Coulomb frame is
free of torsion. The theorem is provedd

8.6 Non-flat normal bundles

We establish upper bounds for the torsion coefficients offrabCoulomb frames.

An upper bound for 7 via Wente's L”-estimate

Ouir first result is

Proposition 8.5.Let N be a normal Coulomb frame for the conformally paranzeti
immersion X B — R™2, Then the Grassmann-type vect@rsatisfies

|f||Lw<B>=sup¢ Y 1@ (w2
1<o<d<n

weB

n(n—1)
8

n-—2 2
< S 18T M@ + S WI[L=g)

with the Lebesgue normg(B) and L*(B).

Proof. 1. For1< o< d <n,we {1,...,n} with w ¢ {0,3}, and given integral
functionst(??) we define the functiong??® as the unique solutions of

Ay(090) — —det(DﬂU“’), DT(@S)) inB, y9® =0 ondB.

2 LetX: €C?(B,R") solve the systerd\X = H f (X, Xy, X,) together withx2 = X2, X,- X, = 0,
where | f(x, p,a)| < u(x))(|p|? +]9|?). Then if X,(wo) = O for somewp € 9B, but X, £ 0, the
asymptotic expansioMy (W) = a(w —wg)’ — o(|w—wo|*) holds forw — wp, wherea ¢ C with
a2+...a2=0,and/ € N\ {0}.
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Wente’'sL”-estimate fom Wente [166] together with Topping [159] théelds
theoptimal inequalitied

1
Hy(""%’)llm(s) < ET(H[IT(U(H) ||EZ(B) + HD‘[(ws)HEz(B))

fori1<o<3d <n w¢{o,3}. In addition we introduce the Grassmann-type
vector% = (299))1< -5 <n as the unique solution of

AZ =W inB, Z=0 ongdB.
Introduce new indices to write
g:(zla"'va)a ‘yW:(S_va\I)

for the moment. We use Poisson’s representation formulatimate as follows

| ()|< |Z||— {)dédn

< i//l(p(z;W)IIS(Z)IdEdn
=B

< m_//w(z;wm/i|s<z>|2dédn
B =

~ VN // 10(Z;W)[.#(Q)W(Z)| dEdn
B

with the Green functionp(Z;w) for the LaplacianA in B; { = (&,n). From
section 7.6 we already know

—w? _1

4

//IMWIdédn—

which enables us to continue with estimatig(w)| to get

VN
|2 loie) < VN AWiloge) [ 190w dEdn < 2755 W] oo
B

3 In 1980 H. Wente proved: Le® € C°(B) nHY?(B) be a solution ofA® = —(fugy — fuQu)
in B, ® =00ndQ, with f,ge H?(B), then||®||_«g) + [|0®|| 25, < C||Of | 2(g) /IOl 2(g)

Following Topping [159] we may sg = %1 after applylng Holder's |nequaI|ty
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2. Now recall that
n
Z |:|T ow) DT (w?) )—i—SngW Z Ay (08 w) +AZ(019)
Taking account of the unique solvability of the above introeld Dirichlet prob-
lems with vanishing boundary data, the maximum principédds

7(o9) — Y990 4 A9 1<o<9<n.
wg{o,d}

Now we collect all the estimates obtained and get (rearrdrgsummations and
redefine some indices)

[T lL=g) < z [ =)+ z ||Z(08)|\LW(B)
1<o<d<nwg{o,9} 1<o<d<n
< IV OOl Loy + VN | Z | s

1<o<I<nwg{o,9}

1
S 107092, ) + DT @) 2,
4”1§0§8§nw¢g’5} ( L*(B) L (B))
N
+ 7 Wi

1
== 1079912, g + DT D)2,
4n{1§w<§<§§n< L(®) L (B))

+ z (HDT(aw) HEZ(B) + HDT(wB)HEZ(B))

1<o<w<d<n

+ 10T |2, ) +|OTP @12,
1§a<§<w§n( H®) - (B))

N
+ZH«5”W||L°°(B)
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1
=g 1072 ) + |Or@?))%,
4"{1<a<§<w<n L@ 1§a<%<19§n L@
+ Z HDT(G{;)HEZ(B)"' z HDT(UB)HEZ(B)
1<o<d<w<n 1<w<o<d<n
+ Z HDT(0§)||EZ(B)+ Z ||DT(U’9)||52(B)}
1<o<w<d<n 1<w<o<d<n
N
+7 [ Wlie
1 N
.~ (09)12 -~
a 2”1<UZ§<nw§Z%z9}”DT ”LZ(B) + 4 HyWHLm(B)
n—2 Inin—-1
= o ||D=7|\52(B)+Z ( 5 )HyW”L""(B)-

This proves the statementO

An upper bound for 7 via Poincaré’s inequality

We want to present an alternative way to establish an uppardfor the Grassmann-
type vector7 . In particular, we show

|299) (w)| < \/%|Sg,12W||Lz(B) inB foralll<o<d<n

for the vector? = (212,219 .. ) from the previous paragraph. This would lead
us to

2
|2 ll=(e) = sup 2o W) < \ﬁ IR
(B) B 1§aZ§§n T lgagsgn 0,12 L2(B)

2
= \/;HyVWLZ(B) < V2| SW|i=(g)

which finally gives a smaller upper bound fo£7 || =g, at least for codimensions
n=2,3.

In order to prove the stated inequality we start with the misrepresentation
formula

2(019)://(p(z;w)sg’lz(Z)W(Z)dEdn, Z9%) =0 ondB.
B
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Applying the Holder and the Poincaré inequality gives

IN

279 W) < llo(-;W)llL2(5) I SF 1WlL2(g)

(8.2)

1
2 100 s W)l 28 [1S5 12V 2(g) -

For the optimal constan}l—ﬁ in the Sobolev inequality we refer to Gilbarg and
Trudinger [71], paragraph 7.7 and the references thereith&rmore

1 —
p=0o(;w) = Zr'og'f_wwz

denotes again Green’s function for the Laplace operAton B, and it satisfies
@(-;w) € H3(B) as well as

. 1 — 1-w
20:(2w) = g G — i (Ciw) = o (o rwd ) w e

A straightforward calculation shows

o 1 1—|w? 11+w 1 1
|D((,0(Z,W)| :2|QOZ(Z'W)| - Z.['Z_WH:L_V—VZ' < ZT|Z—W| — 7_-[|Z_W|

for { # w. And since the right hand side in the inequality

B/JIDdP(Z:W)IdEdnS]—lT//ﬁdfdrH% I/ rlwldfdn
Bs(W) B\B5 (W)

1
<20+ ¢
S +6

becomes minimal fo we arrive at

1
8= 75
\/é

1 1
1299) (w)| < NG (2- % + \/5) 1S5 1 Wl 2 = _7T||Sg,12WHL2(B)

proving the stated inequality. Rearranging gives

V2

|2 (w)] < NG

NS 1 W | Lo g) < V2 S W[ -

Thus we have the following proposition.
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Proposition 8.6.Let N be a normal Coulomb frame for the conformally paranzetii
immersion X B — R™2, Then the Grassmann-type vect@rsatisfies

7 LBy < —HD<7||L2 +\/§HyW||L°°(B)

This provides us a better estimate at least for small

An estimate for the torsion coefficients

We are now in the position to prove our main result of thisisect

Theorem 8.2.Let N be a hormal Coulomb frame for the conformally paranzetii
immersion X B — R"2 with total torsion.7[N] and given||.”W/|| =g,. Assume
that the smallness condition

2 (e AN AWl ) <1

is satisfied with Cn) := min{ %, V/2}. Then the torsion coefficients of N can be
estimated by
ITille@ <c, =12 1<0<8<n,

with a nonnegative constantec(n, || W|[ ), 7x[N]) < +oo.

Proof. We have the following elliptic system

|A9|g\/ﬁ|mﬂ|2+|yvv| inB, 7-0 ondB,

17 L= <—HD«7HL2 +C(N)[|#W|[L=(B) <M € [0, +0).

The smallness condition ensures that we can apply Heinafsagjbradient estimate
Theorem 1 in Sauvigny [143], chapter XII, § 3, obtainifig.7 || < ¢.* This in turn
yields the desired estimate

It remains open to prove global pointwise estimates for thision coefficients
without the assumed smallness condition. In particularweald like to get rid of
the a priori knowledge o&%[N].

4 This theorem states: L&t € C?(B,R") be a solution of the elliptic systefdX| < a|0X|?>+bin
B with X = 0 ondB and||X||_»g) < M. AssumeaM < 1. Then there is a constaot= c(a,b,M, a)
such that|X||c1+a g) < c(a,b, M a)
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8.7 Bounds for the total torsion

Upper bounds

From the torsion estimates above we can immediately inféows upper bounds
for the functional of total torsion.

For example, let us focus amall solutions7 : Namely, multiply
AT =-0T +SW
by .7 and integrate by parts yields to get

Proposition 8.7.For small solutions|.7 || &) < J%z it holds

AT =)Wl 1B
ZIN) = 2|0 |IF> ) < 27\/nTZH9||L°°<;>) .

The reader is refered to Sauvigny [143] for the constructibsuch small so-
lutions of nonlinear elliptic systems. Let us emphasizé tha casen = 2 is much
easier to handle: The classical maximum principle contfcf§| g, in terms of
|-#W||=(g), and no smallness condition is needed to bound the functafrtatal
torsion.

A lower bound

Finally we complete this section with establishing a loweuhd for the functional
of total torsion.

Proposition 8.8.Let N a normal Coulomb frame for the conformally paramettize
immersion X B— R™2. Assume that the curvature vectgf of its normal bundle
satisfies? £ 0 as well as

[0(W) |2 > 0.

Then it holds
XIN] > 5 [ VN =2|[ AW =(g) +
2 BT -2 W%,
2|0(W) %5\
(B) 2
+———>—1 2w >0
||yW|\52<Bp) L2(Bp)

with the radiusp = p(.) € (0,1) constructed in the proof given below, and the
setting B, = {(u,v) € R2u?+V? < p}.
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Proof. 1. Because of” # 0 there exists (a firsp) = p(-’) € (0,1) such that

1
2

| S Wi, = //|yW|2dudv >0,

and this is already our radigsfrom the theorem. Now we choose a test function
n € C%(B,R) NHy?(B,R) such that

nel01 inB, n=1 inBy, |On|< 1p in B.

Multiplying A = -89 + YW by (n.W) and integrating by parts yields

//Dﬂﬂ(nyW)dudv: //r; éf-YWdud\F//r”YWqudv
B B B

Taking|0.7| < v/n—2|.9|| | (see section 8.4) into account, we can now esti-
mate as follows

//|<7W|2dudv§ //n|§”W|2dudv
: B

Bp

< //n |6ﬁ-5/w|dudv+//\Dﬁ-D(nyWﬂdudv
< W@ //n|69|dudv+ //|Dn||yW||Dy|dudv

+//n|m )07 dudv

\/_

<

| W]= e //|Dy|2dudv+ //|yW|2dudv

//|Dy|2dudv
+§//|D( dudv+—//|my|2dudv
B

with arbitrary real numbers, 6 > 0.
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Summarizing we arrive at

vn—2 1
|- W(|L=8 m

1W< (45

€ 2 % 2
+5 [ Wiiz@) + 5 IDEW) g

2. Now we choose : Inserting

£ = |IWI 2 W2 g, >0
. 2 .
and rearranging fo|L7HL2(Bp) gives

|7 WIE

47 1

1 2
+ %) HDy”LZ(B)

|5 WlZ g, < (m'yw”“’“(“ = oW
= HDﬂl g+ 8l0(SW)||Z g
And since[|0(.#W)|| 2g) > 0 we can insert
5= 2 |0(AW) [ 2y W2
5 L2(B) L4(Bp)
which implies

1S WIE2

B
= ) 107 |2e,
L2(Bp)

W2, <2 (Fn—2‘|yW|Lm<B>

20 W) gy
LZ(B )

I07IIE
( ) HyVVHLZ Bp ) LZ(B)

Having 2% [N] = ||Dﬂ|\ m mind we arrive at the stated estimate

8.8 Existence and regularity of weak normal Coulomb frames

Regularity results for the homogeneous Poisson problem

To introduce the function spaces coming next into play wesiter the Dirichlet

boundary value problem

Ap(u,v) =r(u,v) inB, ¢(uv)=0 ondB. (DP)
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We want to recall very briefly some important techniques taldish existence
and regularity of solutiong to (DP).

Schauder estimates

Let r € C9(B,R) hold true for the right hand side Then there exist a classical
solution of (DP) satisfying

1@llcera(g) < C(a)]Fllcap)

see e.g Gilbarg and Trudinger [71].

LP-estimates

Now letr € L2(B,R). Then any solutionp € HX2(B,R) belongs to the class
H22(B,R), and it holds

[@lly22(8) < C(”("”HH(é) + ||r|||_2(|§)) :
In particular, ifr € Hmfz’z(é,R) holds true for the right hand side we have

1pllmaq) < CUI @l + 7 llum-228))-

For a detailed analysis we refer the reader to DobrowoldKi [ehapter 7. Note
that we must require € L2(B,R) to infer pigher regularityp € CO(B,R) because
H2?2(B,R) is continuously emedded &°(B,R) by Sobolev’s embedding theorem.

If on the other hand € Ll(é,R) then any weak solutiop € Hl,z(li R) of (DP)
satisfies
H(pHLq(é) < CHVHLl(é) forall1<qg< o,
H(pHHLP(é) SC”r”Ll(é) for a" 1§ p< 2

A functiong € Hlvz(é, R) is not necessarily continuous.

Wente's L*-estimate

This situation changes dramatically if the right hand sigmssesses certain alge-
braic structures. In particular, assume that

~dadb dadb

'=%udv avau

with functionsa, b € H:2(B, R).
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Then againm € L1(B,R), but any solutiorp € H12(B, R) is of classC?(B,R) and
satisfies Wente's™-estimate

1
10l o) + 1Dl 28) < 7 10l 2 D0l 28

see Wente [166]. We already used this inequality in sectiérf@ establishing an
upper bound for the functional of total torsion of normal @@oab frames.

Hardy spaces

Wente’s discovery is the starting point of the modern harimanalysis. Its general
framework is the concept ¢dardy spaces?}(R™,R).

From Helein [82] we quote two common definitions of Hardy sgawhich fi-
nally lead to equivalent formulations of the Hardy spacetie

Definition 8.2. (Tempered-distribution definition)
Let¥ € C3(R™ R) such that

Rﬁ‘.u(x)dx 1

For eache > 0 we set

and forg € L1(R™ R) define

@' (%) = sup| (% + @) (x)|.

>0

Theng belongs to#1(R™M, R) if and only if ¢* € LY(R™,R) with norm

[0l o1 mmz) < @l L1 @m) + 1102 gm) -

Definition 8.3. (Riesz-Fourier-transform definition)
For any functionp € L1(R™,R) we denote byR, ¢ the function defined by

Sa

9‘(Ra<p)=m9’(¢)(f)
with the @-Fourier transform
__1 -ixE
FONE) = Gy [ & oW
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Theng belongs tos#*(R™ R) if and only if
Ry e LYRMR) foralla=1,...,m

with norm

m
10l erem) = @ll@m + Y Ra@lliagm) -
d=1

For a comprehensive presentation of harmonic analysis wednadso like to
refer the reader to Stein’s monograph [151].

Consider again our Dirichlet problem (DP). L&t € le(é R), and consider
its extensions.— aandb — bin H-2(R? R) to the whole spack? such that these
mappings are continuous froi-2(B, R) to H12(R2,R). Then due to Helein [82]
it holds r € #1(R?,R).

Lorentz interpolation spaces

This latter fact becomes especially important in the follayv Let us start with

Definition 8.4. Let p € (1,+c) andq € [1,+]. TheLorentz space (29 (B,R) is
the set of measurable functiops B — R such that

Iflleage) (/
0

1, .
Hf|||_<pm(é) = tsuoptp(l’ (1) <o if q=+o.
>

‘DlH

;
th) <o if q< +oo

or

Here@* denotes the unique non-increasing rearrangemeig ain [0, meagB)).

Lorentz spaces are Banach spaces with a suitable norm. Téepeconsidered
as a deformation dfP.

Notice that
L(PPI(B,R) = LP(B,R),
L(PY(B R) c LPD) (B R) c L(PY)(B,R) c L(P=)(B,R)

forl<d <q". Then

(i) if @ € HY2(B,R) solves (DP) withr € #(B,R) then%2, ’;‘;,’ € LeY(B,R);

(i) if @ € HY2(B,R) with 32, 5 € L2Y(B,R) theng € C°(B,R).
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The general regularity result

Summarizing the foregoing facts we can state the followegutarity result from
Helein [82], chapter 3.

Proposition 8.9.Let ab € HY2(B,R), and assumep € H2(B,R) solves (DP).
Then%¢,%¢ ¢ L21)(B,R), and in particularg € C°(B,R).

Existence of weak normal Coulomb frames

In casen = 2 we constructed critical poinbé of the functional%x[N] of total torsion
by solving the Euler-Lagrange equation explicitely. In gemeral situation here we
construct critical points by means of direct methods of tlewdus of variations.

We start with the following

Definition 8.5. Let me N, m> 2. For two matricesA,B € R™™ we define their
inner product

m
(A,B) =trace(AoBT) = ; agsboy
o,0=1

andthe associated norm

|A|::\/<A,A>:< ilagﬁ) .

Helein proved in [82], Lemma 4.1.8xistence of weak Coulomb frames in the
tangent bundle of surfacedle want to carry out his arguments and adapt his meth-
ods to our present situation.

We consider conformally parametrized immersions
X =X(u,v) of regularity clas€" 1% (B, R"?)
with some Holder exponemwt € (0,1).

Proposition 8.10.Let the conformally parametrized immersionoCk? (B, R"+2)
be given with somer € (0,1). Then there exists a weak normal Coulomb frame

N € H1?(B) NL*(B) minimizing the functionabk [N] of total torsion in the set of
all weak normal frames of class'4(B) NL*(B).

Proof. We fix> someCk-19-regular orthonormal normal framié and interpret
Z%[N] as a functional?x [R] of SQ(n)-regular rotations

R=(r¢9)o,9=1..n€ HY2(B,SQn))

5 Notice that now we start frorNl and transform intdN.
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by setting

_lg e // (12, 2dudv—} //(|Tl|2+|T2|2)dudv

O'I

2 0'; llzl B 2 B

where again
n
Ng = rggNg

as well as

Ti= (Tgi)a,ﬁzl,...,n e R™".
Choose a minimizing sequent®= (7g9)5.5-1...n € H?(B,SO(n)) and define

Ny 1= 'i To9Ns .
=1
As in section 6.3 we firfl
Ti=R,oRT+RoTjoR"

which implies

TioTl = (RyoRT +RoTjo'RT) o (RoRl +RoT o'RT)

=RyoRl+RoTio Rl +RyoT o RT +RoTioT/ o RT.

In particular, we conclude

trace('Tjo ‘T]) = trace(R, o RY}) + 2tracg'Ro Ti o RT}) + trace(Tio T )
or, using our notion of a matrix norm,

I'Ti|? = 'Ry P+ 2(RoTi, Ry) +[Til>. (8.3)
Furthermore, takingR o T;| = |T;| into account, we arrive at the estimate
Ti?> (ITi| - |Ry|)® ae.omB, forallfeN,

Now because th&; are bounded |I12(B R), and sinceR is minimizing for 7x [R],
the sequencéé‘. are also bounded |h2(B R). Thus'R; are bounded sequences in
L2(B SQ(n)) in accordance with the last inequality.

6 Note that the proof of this identity remains true Re H21(B, SQ(n)) N H2(B, SQ(n)).



8.8 Existence and regularity of weak normal Coulomb frames 531

By Hilbert's selection theorem and Rellich's embeddingotteen we find a subse-
guence, again denoted By, which converges as follows:

‘R, =R, weaklyinL?(B,SQn)), R—R stronglyinL?(B,SQNn))

with someR € H12(B SQn)). In particular, going if necessary to a subsequence,
we haveR — R a.e. onB and

fim //VRofi —RoTi|2dudv="0
B

according to the dominated convergence theorem. Hence wearapute in the
limit

gm//(’Ro'Nl'i,fRquudv
B
_ /lm<//«Rofi_Rofi/Rui>dudv+//'<Roi/Rui>dudv>
T\ g 5
//(Rofi,Rquudv

B

In addition we obtain
Jim //|’Rui|2dudv2 //'|Rui|2dudv
B B

due to the semicontinuity of the?-norm w.r.t. weak convergence. Putting the last
two relations into the identity
' Til? = 'Ry [*+2(Ro Ti, Ry) +[Tif?

we finally infer

NI =

lim Zx[R] =

Y/~

lim //(|‘T1|2+|”T2|2)dudv

v
I =

3 / |Ru|2+|RV|)dudv+// RoT1,Ru) + (RoT2Ry)) dudv

B

1
+5 [ (Taf2+ T2l duav
B

I\JIH

/ (IT1/2+ |T22) dudv= Fx[R]
B
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whereT; = (To‘?,i)g,gzlj,_,,n denote the torsion coefficients of the frafdavith en-
triesNg :==Sgrg9 Ng. Consequently,

N € HY?(B) N L"(B)

minimizes.Z[N] and, in particular, it is a weak normal Coulomb framel

leo’g-regularity of weak normal Coulomb frames

To prove higher regularity of normal Coulomb frames we magseatial use of
techniques from harmonic analysis. Consult eventuallagiaph 8.8. We always
use conformal parametefs,v) € B.

Proposition 8.11.Any weak normal Coulomb frame &lHL2(B) N L (B) for the
conformally parametrized immersion: 8 — R"2 belongs to the classlﬁ(B).

Proof. 1. Following section 8.2 the torsion coeﬁicieﬁ;ﬁi, 0,9 =1,...,n of the
normal Coulomb framé& are weak solutions of the Euler-Lagrange equations

o

div(TS,, T2, =0 inB.

Hence by a weak version of Poincare’'s lemma (see e.g. BoyrBaézis and

Mironescu [17] Lemma 3), there exist integral functi@ggs(?®) € H1?(B) sat-
isfying .
0.1 =-12,, a1 =17, inB

Thus the weak form of the Euler-Lagrange equations can bieewras

0://{¢ul9vT(Ul9)_¢VduT(Ul9)}dud\/:/T(Gﬁ)%ds
B

JB

for all ¢ € C*(B,R) Where% denotes the tangential derivative ¢pfalongdB.
Note thatr(9?)| ;5 means the.2-trace oft(??) on the boundary curvéB (see
e.g. Alt [3], chapter 6, appendix A6.6)Consequently, the lemma of DuBois-
Reymond yieldst(°®) = const ordB, and by translation we arrive at the bound-
ary conditions

199 =0 ondB.

o

7 Let 1< p < . Then there is a uniquely determined mapHLP(B, R) — LP(B,R) such that
[S(®)[ILp(a8) < Cll@ll 125 - Additionally it holdsS(¢) = ¢| 5 if @ € H12(B,R)NCO(B,R)). The
mapSis called the trace mapping.

8 Its one-dimensional version is the following: Let € L'((a,b),R) and assume that
j;’ f(x)¢ (x)dx= 0 for all ¢ € C*([a,b],R). Then it hold§ = const almost everywhere.
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2. Thus the integral functiors??) are weak solutions of the second-order system
AT = *Togz.,u + Tgl,v =—Ngyv-Ngu+Nou-Ngy inB

where the second identity follows by direct differentiati®y a result Coifman,
Lions, Meyer and Semmes [33]the right-hand side of div-curl t%/poe belongs
to the Hardy space?/L.(B,R) and, hence, the(?®) belong toHZ(B,R) by

loc
a result of Fefferman and Stein[name]Stein, E.M. [B5Consequently we find

Tji € H&;&(é,R) N Lz(é,R). Next, we employ the Weingarten equations

2 ) n
ch,ui = ; LU,ingquk+‘9Z TgiNﬁ
j,k=1 =1

in a weak form. For the coefficientsyj; of the second fundamental form
we havelgjj = Ng - X, leading tolgjj € Hlvz(B,R) and taking account
of N € HY%(B)NL®(B) and X, € L®(B,R""2). Hence we arrive aN, ; €

H&;é(é,R”*z) andN € Hlf;cl(é) for our weak normal Coulomb frame. Note

that TJ; € Hig2(B,R) NL2(B,R) andNy € HY2(B,R™2) N L*(B,R™2) imply
TgiNg € H%&(é,R”*Z) by a careful adaption of the classical product rule in
Sobolev spaces which is explained in the lemma following édiately. We have
proved the statement.d

Lemma 8.2.Under the assumptions of the foregoing proposition it holds
n
92 T2iNy € HVH(B,R"2),
=1

Proof. Note thafT,?;Ns € L2(B,R™2) sinceT?; € L2(B,R) andNy € L®(B,R™2).
We show thaﬂO‘ZiNg has a weak derivative, i.e. we prove that

T3iNs ui +Ns 9y T3, € L*(B,R™?)
is the weak derivative oT;iNg. In other words

T8N +N 3, T8 dudv=— [[ (TEiNs )8, dudy
B B

for all ¢ € Cy(B,R). For such a test functiog define

Y i=T2¢ € W' (B,R) NLA(B,R).

°Letg: HY2(R? R). Thenf :=det(0g) € #(R?,R), and it holds|| f || ;1 (z2) < Cl|@|ln12(z2)-
10 Let ¢ € L}(R?,R) be a solution of-Ag = f € #1(R?,R). Then all second derivatives gf
belong toL!(R?,R), and it holds|| @a,¢ |1 (gm) < C|f [ 1(gm) for all a, B = 1,2.
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B// Nujl,Udude// Ny, dudv

For the proof of this relation we approximate with smooth functjonsguf €
Cg(B,R) in the sense of Friedrichs. Thepf — ¢ in HY1(B,R) NL?(B,R), and
Y = 0 outside some compact 3€tc C B. We estimate as follows

//(Na,ujwwswuj)dud%
B

We claim

i Ns,w-(wwg)dud%
B

_ ‘//(Ngjuj tp5+N,9wjj)dud% +
B

J[No —ww-)dud%
B

< [N i |2 19 = ¥ o) + INg o) W5 — Wi lLags,)

//Nuj Y dudv= 7//N1,Ujj dudv
B B

into account. Sincely — ¢,u£||L2(é) — 0 and ||y — Wi ||L1(§) — 0 fore — 0 we
arrive at the stated identity. Now we use the product rulecatcllate

+

taking

//(TgiNg’uj + N3 0y )¢ dudv = //Ng,ujwdudw//Ngau,-Tg@dudv
B B B

— [[(1i6)uiNs duav- [[ Ny, 720 dudy
B

B
= — //aujTgiN5¢dUdV*‘//‘Tgi(ﬁujNdUdV+‘//‘N§0UjT£i¢dudv
5 ) J

- //(TjiNg)qsuj dudv

B

This proves the statementd
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8.9 Classical regularity of normal Coulomb frames

Our main result of this chapter is a proof of classical reggl®f normal Coulomb
frames. Up to now we only know regularity in the sense of Sebapaces. An
essential tool on our road to regularity are again the Wetegaequations.

Theorem 8.3.For any conformally parametrized immersion &XC%¢ (B, R"?)
with k > 3 and a € (0,1) there exists a normal Coulomb frame &NC*~19(B)
minimizing the functionalk [N] of total torsion.

Proof. 1. We fix some normal fram8l € C~1.9(B), and as above we construct

o

a weak normal Coulomb frami from the regularity clas$i2(B) N L“(é).
Furthermore we then knolN € H%&(B). Defining the orthogonal mappirig =
(ros)o.9=1..n by Tgs := Ng -Ng we thus find

n

Ny = sz resNsg and R eHZI(B,SQn))NH2(B,SAn)).
=1

In particular, we can assign a normal curvature mediix—= (33‘12)0,3:1,‘“,” c
Lﬁ;c(é,R”X”) to N by the formula

n
S 12=aTZ1— AT+ > (TN TS, —TE,TS ).
=1

From the previous section we then inf@p, € Lw(é,R“X”).

2. Introducer = (1(99)) 5 9_1 __n € HY2(B,R™M) by

dur(o-g) - 7T19

225 a0 = le in B

1(99) =0 ondB.

The above definition of the normal curvature marix gives estbnlinear elliptic
system

n
AT = = 5 (0,11993, 1Y) — 9,1¥ 9y 1Y) +- S 1, inB,

w=1

1(99) =0 ondB.

On account 055 = (33,12)0719:1,...,n € L”(é,R”X”), a part of Wente’s inequal-
ity yields T € CO(B,R™"), see e.g. Brezis and Coron [19]; compare also Riviére
[136] and the corresponding boundary regularity theoreMiitier and Schiko-

rra [124] for more general results. By appropriate reflectod 7 and S (the
reflected quantities are again denotedrbgnd S;,) we obtain a weak solution
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T € HY2(By, g, R™M) NCO(By g, R™M) of
AT =f(w,O1) inBpgi={weR?: |w <1+d}
with somed > 0 and a right-hand sidé satisfying

[f(w,p)| <alp|>+b forall PeR?, we Byq

with some reals, b > 0. Now applying Tomi’s regularity result from [157] for
weak solutions of this non-linear system possessing snaaiation locally in
By.q, we findT € CLV(B,R™") for any v € (0,1) (note that Tomi's result ap-
plies for such systems with = 0, but his proof can easily be adapted to our
inhomogeneous case> 0).

3. From the first-order system farl®®) we infer T; € C%(B,R™"). Thus the
Weingarten equations fd¥, ; yield N € Wl’w(é) on account ofN € L°°(§),
and we obtainN € C%(B) by Sobolev's embedding theorem. Inserting this
again into the Weingarten equations we fidd= C-9(B). Hence we conclude
R=(Ng- Ng)o—ﬁ:l’_”’n € CLo(B,R™M), and the transformation ru, = Ro
S;p0R! implies Sy, = (S(‘j’,,lz)g’gzl’_,_,,1 € C%(B,R™M) (note§12 € C%(B,R™M)
for k = 3; in casek > 4 we even geg;, € C19(B,R™")). Now the right-hand
side of the equation foAT(??) belongs toC?(B,R), and potential theoretic
estimates ensure € C%%(B,R™"). Involving again our first-order system for
the 1(99) givesT; € C1%(B,R™") which provesN € C>9(B) using the Wein-
garten equations once more. Finally, for 4, we can bootstrap by concluding
R € C29(B,SQ(n)) andS;, € CH9(B) from the transformation rule fdg;» and
repeating the arguments above. This completes the praof.
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In this chapter we consider minimal surfaces as criticanzoof the area functional in parametric
and non-parametric form. We investigate analytical andrgetdc properties of these immersions,
and we present various proofs for establishing curvatuimates and theorems of Bernstein type.

9.1 Minimal surfaces

Minimal surfaces are critical points of the area functional

X = //Wdudv
B

which implies their characteristic propeity= 0 as the following theorem shows.

Theorem 9.1.The functional

S [X; 9] = ;—gd[x+e¢ﬂ] o

of the first variation ofe7 [X] w.r.t. perturbations

~ o~

X(u,v) = X(u,v) + ¢ (u,v)N(u,v)

with an arbitrary unit normal vectoN, a smooth functiorp € Cy(B,R) and a
parameter € (—é&p,+&) is given by

8 X §] = —2//H,qw¢dudv
B

with the mean curvature falong N. Thus critical points X B — R™2 of &7[X]
necessarily satisfy
H=0 inB.

Proof. Let (u,v) € B be conformal parameters. Choose an ONME (Ny,...,Ny)
and consider normal variations

X(u,v) = X(u,v) + ¢ (u,V)Ny(u,v)
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with arbitrary¢ € C3'(B,R) ande € (—&o, &), where we set
n n
=Y PUVNe(uv), 5 ¥(uv?=1
=1 o=1
We compute N
Xo = Xut+€PuNy+ €PNy,

X\/ = Xv+ 8¢VNV+ 8¢N)A/‘V

as well as
XG = W+ 2e9Xu- Ny + €207 + 297N2
X2 = W+2epX,- Ny, + €202 + £2¢2NV’V, (9.1)
Xa Xy = € {Xu-Ngy+ XNy, } & + 20y + £202Ng, - Ny
Let us now introduce the following auxiliary forms
y,lJ = Xiui - N =X 'NV,ui ==X Ny

taking
Ny -Ny =0 (becauseNE =1)

Xi Ny = =X - Ny (because; -N; = 0)

into account as well a%,- Nyyv=Xv-Nyy due to the symmetrie &f jj . In particular,
it holds

n
VSNG‘F Z VaNayuj)
o=1

M s

~X%i Nyy =—xui-(

1
n n
== Z Vaxu' 'Na,uj = Z VGLa,ij
o=1 o=1
fori,j =1,2 which showd y;; = Ly ;. We rewrite the equations (9.1) into the form
XG =W — 2Ly + %05 +e29°N2
X2 = W —2eLyo+ %07 +297N2
Xu . XV = — 28¢ LV’12+ £2¢U¢V+ £ ¢2NV,U . NVaV
which implies

0011 =—2¢Ly11, OG12=—29Ly1o, OGr2=—2¢Ly2
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with the settings
011
og11:= ——
911 0e le=0

etc. Now in view of

2WOW = 0228011 — 20120012+ 0110022

with g11 = gp2 andg;» = 0 we arrive at the first variation formula

1 1
OW = > o011+ > OG22 = — {Ly11+Lyz0} ¢ = —2HW¢ (9.2)

where we set
e Ly 11922 — Ly12012+ Ly 20011

y: 2AN2
This proves the statementd

9.2 The first variation of non-parametric functionals. Minimal
graphs

The general problem

In this section we want to consider surface graphs of the form

X(%,Y) = (%Y, (%), .-, &n(xY)), Q CR?,

which are critical for the non-parametric area functiowe start with computing
the first variation of a general non-parametric functiorefblbe we treat the special
case of minimal surfaces.

We introduce the following abbreviations

94 94

pO’-_W7 qU'_a—y7 0217"'7n7

as well as
{=({1,--,¢n);, P=(P1,---,Pn); d=(d1,---,0n),
r=(ry,...,r2n) = (P1,91,---, Pn,an)-

Let us now consider the general non-parametric functional

Z1):= [[Foeyd, 00 dxdy= [[ Fxy.g.r)dudy
Q Q
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For the next computations we refer the reader to Fomin anth@[61], Funk
[68] or Evans [53].

Theorem 9.2.The system of n Euler-Lagrange equations for the functichg]]
reads

dFPa(XayaZJ) dFCIa(vavzar)
+
dx dy

=F,(xy,{,r) foro=1,...,n.
Proof. Let € € (—&o, &). We consider perturbations

20 ={o+£EQo

with ¢5 € C5(Q,R) foro=1,...,n. Let = (¢1,...,¢n). Then it follows
T[] - 7]

_ //F(X,y,5+£¢;,DZ+£D¢;)dxdy—//F(x,y,Z,DZ)dXdy
Q Q
_ gai b/]%(x,y,z,mzwadxdy

+ey ﬂ{Fpa(xay;67DZ)¢U,x+Fqg(X7y7Z,DZ)¢G’y}dXdy+0(£).
0':1_Q

Notice that
d dFR 0
FpU(X7y7Z, DZ)¢G’X = 6( |:Fp0(x7y7Za DZ)¢O’:| - W ¢0_,
d dF 0
Fao 9.0, 00) 90y = g [Fan (%3.4.00) 8 | - W(p

as well as
//div(Fpa(x,y,Z, 00)$o. Foo (%Y., 0)$5) dxdy=0 forallo=1,...,n
Q

due to the choice of the test functiops. Thus we arrive at

FRI-72 = 5[] Fuley.02) 80 dey
=15

. dF O dR 0
_gazl([/{ pa(X;jyi,(Z, Q. qa(x;jy;/Z, Z)}%dxdwo(g).

The fundamental lemma of the calculus of variations prolestatement. O
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Minimal graphs

We want to specify the foregoing considerations to the mnobdf establishing the
Euler-Lagrange equations for area functional. K¢x,y) be a surface graph with
tangential vectors

XX = (1; O; Zl,Xa ceey Zn,x); Xy = (07 17 Zl,y7 cee Zn,y)-

For the coefficients;; of its first fundamental form we therefore compute

n n n
=1+ &y G2= 3 loxloy, G2=1+5 &,
o=1 o=1 o=1

and the squared area elem@(x,y) takes the form

W2 = g11022— 0%,

2
n n n n n
=145 Gt S Gyt S GBS Gy < )3 Za,ng,y> .
o=1 o=1 o=1 o=1 o=1

Thus the non-parametric area functional reads

n n n n n 2
A[{] = I+ Y 8+ S 8y+ Y 34 2y- {ox{oy | dxd
< Q//\l (;1 7 GZl Y 021 ’ o—Zl Y (021 y) g
(9.3)

In the special case = 1 of one codimension there is only one functiffx,y)
generating the surface graph, and the area functional canitien in the simpler

f |
o (0 = [[ |1+ G+ Gzxdy
Q

The system oh Euler-Lagrange equations then reduces to one single equati

Now back to the case of arbitrary codimension. Using our edibtionsp € R"
andg € R" from above we infer

W=F(p,q) = \/1+ PP+ 0+ p?e? — (p-a)?
for the integrand of the functiona¥[{]. Differentiation gives

OF(P,0) _ Po+Pod’ —~do(P-q)  9F(P,Q) _ Go+0oP”— Po(P-Q)
apO' wW ’ dqo' W

Note furthermoré, (p,q) =0foro=1,...,n.
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Corollary 9.1. The non-parametric minimal surface system reads

e di (ZU,XQZ_ZG,yp'q7Za,ypz_ZU,xp'q)
woow

div W

inQ  (9.4)

forc=1,...,n.

Note that the right hand side of this Euler-Lagrange systanishes identically
in casen = 1 of one codimension. Then we particularly get

divDWZ =0 inQ. (9.5)

Let us finally note down (9.4) for grapbgx,y) = (X,y, ¢ (X,¥), Y(X,y)) :

divDW¢ = —div (Dxthy - ¢y4’x)%\;v(¢ywx— Oxy) ) |
div% — _div (($ytx— ¢x4’y)¢)\//av(¢xlpy* by ) dx) '

9.3 Geometry of minimal surfaces

Following section 2.3, the characteristic propetty: O for a conformally parametrized
minimal immersiorX : B — R™2 is equivalent to

AX(u,v) =0 inB.

From this Laplace equation we will derive some interestiagrgetric properties
of minimal surfaces.

Embedding into subspaces

A first remarkable consequence is the following:

Let a minimal surface XB — R* with X(dB) c R® be given. Then the whole
surface XB) is also contained in the subspaRé.

The general situation is the contents of the

Proposition 9.1.Let the minimal surface XB — R™? satisfy
Xu(u,v)-e=Xy(u,v)-e=0 ondB
with a fixed vector & R™2. Then there hold

Xu(u,v)-e=Xy(u,v)-e=0 inB.
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Proof. Introduce conformal parametefs,v) € B, and letd, := X -efori=1,2.
Then we compute

Ad = (Xuiuu+)(uiw)'e: (quJerv)ui e= (AX'e)ui =0.

Thus the®, are harmonic functions, and the maximum principle provesstiate-
ment. O

The convex hull property

Next let a minimal surfacX : B — R"*2 together with an ONM be given. Then
H = 0 immediately implies
Ko1+Ko2=0

for the principal curvaturegs 1 andks 2 along an unit normal vectod, of N.
Thus we obtain
Ko =Ko.1Ko2 <0

for the Gauss curvatures aloNg, and we infer
n
K=Y Ks<0 inB
2

for the Gauss curvature of the minimal immersion.

But surfaces with non-positive curvature satisfy the séedaconvex hull prop-
erty. In particular, using an idea which goes back to S. Hiitdedt we prove the

Proposition 9.2.Let the minimal surface XB — R"*2 be given. Then it holds
X(B) C convX(dB)
with convX(dB) denoting the convex hull of the curvg¢aB).
Proof. Use conformal parametefs,v) € B. Choose a unit vecta € R"? with
|Z] = 1 and a real numbér e R such that
X(9B) C Hgp:={X eR™?:Z.X—h<0}.
Along with the minimal immersioiX (u,v) we now define the function
®(u,v) :=Z-X(u,v)—h, (u,v)eB,
which satisfies

Ad(u,v)=0 inB, @®(u,v)<0 ondB.
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Thus the maximum principle implie®(u,v) < 0 in B, thereforeX(B) C % . But
on the other it holds
convX (9B) = (),
Zh

i.e. it follows X(B) C J# , for all half spaces’#Z , proving the statement.0

Various geometric enclosure theorems for minimal surfazesbe found e.g.
in the monograph Burago and Zalgaller [20]. We also want ferr® Dierkes et
al. [44], Nitsche [126], and Osserman [130]. For furtheralepments we refer to
Dierkes [42], [43].

In particular, enclosure theorems of this kind are usefutfablishing curvature
estimates as we will elaborate shortly.

9.4 A priori estimates for elliptic systems with quadratic gowth

For this purpose we need some additional analytical faots the theory ofjuasi-

linear elliptic systems of second order with quadratic gtiow the gradientWe

refer the reader to the work of Heinz [80] as well as to Schi#i6], Dierkes et al.
[44], and Sauvigny [143].

Such elliptic systems played an important role for our coasitions from chap-
ter 8. In particular, the model problem

Ad(u,v)=r(uv) inB

with the right hand side
_odadb oJadb

"= %udv dvau
discussed thergrowth quadratically in the gradients ofandb, i.e.

1 1
0] < S (|aul*+[bv[* + [a® + [by]?) = 5 (|Taf* + | Obf?).

In the following we consider mappings: B — R"? satisfying
|AX| <A|OX|?+u inB (9.6)
with non-negative real , i € [0, ).

The following results are taken from Sauvigny [143], chag@
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Interior gradient estimates

Assume that the smallness condition

A- sup [X(uv)|<1l inB
(u,v)eB

holds true. Let
o(w) :=dist(w,dB), d:=supd(w).
weB

Then there exists a constant€ ¢;(A, u,M,d) € [0,) such that

S(w)|OX(W)| < cy(A,u,M,d), M:= sup X(uv)|.
(u,v)eB

Likewise it holds

[Xllcrrak,) < €2(A,4,M,d,€,a) € [0,00) fora € (0,1)

for all compact domains Kc C B.

Global gradient estimates
If we otherwise assume additionally
X(u,v)=0 ondB
we can made a statement about a gradient estimated. tdamely it holds
IX[lcr+ag) < c3(A,u,M,a) fora e (0,1)

with a real constantg< [0, ). The proof uses a reflection principle for (9.6).

Interior estimates for the Jacobian

Now consider gplane mapping X B — B solving system (9.6) withA € [0, %),
X: 0B — dB topologically and positively oriente&(0,0) = (0,0), and

a(x.y)
a(u,v)

Ix(u,v) = >0 inB

for its JacobianThen it holds
Ca(A, p,1) < |OX(W)| < cs(A,u,r) forall compact B cc B

with positive constantsyccs € (0, ).
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If additionally ‘
// (X2 +X2)dudv< N

B
with a real constant Ne (0, ), then the latter estimate is true for< A <1, i.e.

Ca(A, p,r,N) < |OX(w)| < cg(A,u,r,N) forall compactB CC B

with constants £ c; € (0, ).

9.5 A curvature estimate for minimal graphs with subquadratic
growth

Using the analytical tools for nonlinear elliptic systemstjpresented together with
a classical Schauder estimate from Gilbarg and Trudinddnjé can proof our first
curvature estimate.

Theorem 9.3.Let the minimal graph

X(X7y) = (X7y7 Zl(X7Y)a X aZn(X7Y))
on the disc closed discdB= {(x,y) € R? : X2 +y? < R} be given. Let
X =X(u,v): B— R™?

be a reparametrization of this graph such thatixv) is conformally parametrized.
Then there exists a real consta@ite [0, +) such that for the Gaussian curvature
Kn(0,0) of X(u,v) along an arbitrary unit normal vector N it holds

(©]
[Kn(0.0)] < 7 XEo(eg)

Proof. 1. Consider the conformal representatifu, v) of the graph. Then we can
ensure that
f(u,v) == (x(u,v),y(u,v), (uv)€B,

maps the boundargB topologically and positively orientied oni@Bg, and it
satisfiesf (0,0) = (0,0) as well asJ;(w) > 0 in B for the Jacobian of (u,v)
sinceX(u,v) represents a surface graph; see Sauvigny [143]. Due to

Af(uv)=0 inB
there exists a real consta® € (0,+) such that

|0f(0,0)] > CR
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We infer
1

W(0,0) = 3 |TX(0,0)P > 5 070,02 > ¢

2. Using conformal parameters it holds

Kn(0,0)] < W0.07
~ [Xu(0,0)[[Xw(0.0)| +[Xu(0,0)|?
= W(0,0)2 '

Due to AX(u,v) = 0 in B there is a universal consta@t € (0,+) with the
property (see e.g. Gilbarg and Trudinger [71], Theorem 4.6)

Xiui (0,0)] < C2[X[lcoggy  fori,j=1,2. (9.7)
Note here that the supremum norm does not depend on the atfdloe param-
eters. Putting all estimates together we arrive at
2

]
2 . 2
|KN (070)| < CfR“ HXHCO(BR) = HXHCO(BR)

setting® := 8C3C; *. The statement is proved ]

9.6 A theorem of Bernstein-type

Complete geodesic discs

For our curvature estimates later we need some new ternginthe reader can find
in any textbook on Riemannian geometry or geometric amalyst us refer e.g. to
Klingenberg [106] or Sauvigny [140].

We consider twodimensional simply connected and comphetedrsionsvi? in
the following sense.

Definition 9.1. The regular surfacM? ¢ R™?2 is calledcompletdf for every point
p € M2 any geodesic curvg: [0,€) — M? with y(0) = p can be extended to a
parametric geodesic curye R — M? defined on the whole real lire.

Elementary examples of complete surfaces are the [R&nthe cylinder, or the
sphere. The minimal surfage, w?) is also complete.

Geodesic curves are defined by means of the so-calpdnential map
expy: Tyz(p) — M?

on the twodimensional tangential spaGg. (p) of M? atp € M2.
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For sufficiently smalt > 0 satisfying
rvKo<m
with a real constarity such that
K(p) <Ko forallpeM?,

the exponential map represents a local diffeomorphism dbsed disc B(p) of
radius r > O with center pc M? into the surface M c R™*2, i.e. it maps one-to-one
onto thegeodesic disc

Pr(p) = expy(Br(p)).

In particular, if it holds K < 0 for the Gaussian curvature of M= R™2 then the
exponental map is injective for all¢ (0, +) by a theorem of Hadamard.

A Bernstein-type result

The following corollary generalizes a well-known resultlabuville which states
that every entire and bounded holomorphic functions mustiostant.

Corollary 9.2. Let X: R? — R"? be a minimal graph of class®R?, R) satisfying
the growth condition

HX”CO(BR) < Q*Rga RS (07 2)7 (98)
for all Br € R? with a real constant, € (0,+). Then it holds

lLim |[Kn(0,0)] =0 for all unit normal vectors N

i.e. a complete minimal graph defined on the whole plRfAeepresents a plane.

Proof. Since the minimal graph is defined over the whole plaAge may consider
discsBr with radiusR > 0 arbitrarily large due to Hadamard's theorem mentioned
above. The previous curvature estimate then implies

0Q?
R

for all unit normal vectord proving the statement.

IKn(0,0)| < R®* —0 forR— oo

Remark 9.1.

1. This result is sharp in the following senddie mappingw,w?) for w € C does
not satisfy the assumed growth conditiand obviously it is not a plane.

2. Since holomorphic mappings,y) — (¢ (x,y), Y(X,y)) generate minimal graphs
(x,y,¢, ) in R* we may considerer our corollary as a generalisation of Liou-
ville’s theorem.
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We want to point out thait is not necessary to suppose the growth condition
(9.8) in case n= 1 of one codimensiorRather it holds the

Proposition 9.3.Ever minimal graph Xe C2(R?,R®) represents a plane.

The nonlinearity of the minimal surface equation

(1429 ax— 20xdyQuy+ (14 42) 4y =0

in casen = 1 allows us to skip such growth or boundness conditions. Boimal
graphs inR™? are solutions obystems of quasilinear elliptic equatioftscing us
to additional assumptions.

For example, Kawai in [105] bringgtability into play which will be our subject
in the next chapters.

Proposition 9.4.Given the complete and stable minimal graphX? — R*. Then
either it is a plane or it is a graph generated by a holomorpdri@nti-holomorphic
function.

9.7 Osserman’s curvature estimate for minimal surfaces

In this section we want to present Osserman’s curvatureasti for minimal sur-
facesX: B — R™2 from [127].

Theorem 9.4.Let X: B — R™2 be a conformally parametrized minimal surface
representing a geodesic dis® (Xp) of radius r> 0 and with center ¥:= X(0,0).
Assume that the unit normal vectors at each point of the irsimemake an angle
w > 0 with some fixed direction in space. Then it holds the cuneatistimate

132(n+1)

K(0,0
K(0.0) < 50

IN

An estimate for the complex valued surface vector

Let the conformally parametrized minimal immerskn B — R™2 be given. Set
¢k::x57ix5, k=1,....,n+2,
and¢ = (¢1,...,¢n:2) € C"2. In particular, it holds

n+2 n+2 n+2

2 _ 2 _ k kK _ %24 %2 _ 2\
[f k;ltﬁkl k;XﬁkZle Xi+X

with the area element > 0 of the surface.
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The following two results and their proofs are taken from éswan [127],
Lemma 1.1 and Lemma 1.2. The first lemma was formulated tloereoihformally
parametrized minimal surfaces, but it also holds true foinahersions.

Lemma 9.1.Let the conformally parametrized immersion B — R"2 be given.
Then every normal vector(W) at w e B makes an angle of at least> 0 with the
Xp-axis if and only if

|Pni2(W) 2

1 .
Wzésmzw.

Proof. Lete, 2 = (0,...,0,1) be the unit vector in the positivg_ »-direction. The
condition that an arbitrary unit vectd@r= (2, ...,2"*?) € R"2 makes an angle of
at leastw > 0 with thex,, »-axis is

|2"2| < cosw.

Assume thaey, lies in the tangential plane at(w). Then we setw = J. Thus
suppose in the following tha,,» does not lie in the tangential plane at the point
X(w). Choose an orthonormal frang¥1,V,,Vs} as a basis of the three-dimensional
space SpafiXy, Xy, €2} such that

V3 i=en2.

Let furthermoreZ € span{V1,V,,V3} be a unit vector with the proper/ L X1, X,
where we set
Xy Xy

= Xo = Xz :=2.
vW 2
Now we define coe Iiciem\ssk by

X1:=

3 3 3
X1=) vk, Xo=) vk, Xz= ) Val.
k; k; kZl

Then (Vik)i k=123 € R®*3 is an orthogonal matrix witv3; + v3;+ V33 = 1 since
{X1,X2,X3} and{V1,V,,V3} are orthonormal frames. But on the other hand

Via =X Va3 =X -ny2=x"72,

and therefore
[Pns2l® = (1722 + (X T2)2 = [(X1-Va)® + (X2 Va)?]W.

Thus we infer

2
|¢|TIJ+|;| Z%( 13+ 23)—%(1—@3)-

Butvaz = 2 = cosd with 9 being the angle between the unit normal ve@amnd
thee,-axis.
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Now if all normals make an angle of at leasthen|vss| < cosw, and it follows

2 1
> (1-cofw) = > sir' .

Conversely, if the inequality from the lemma holds true wel fivzs| < cosw. We
extend{ Xy, X, X3} to an orthonormal basigXy, ..., Xn 2} of R™2 such that

N=A3Xg+ ...+ Ani2Xni2

for an arbitrary unit normal vectoN of the surface with suitable coefficients
A3, ..., Ani2. We inferXy - e, =0 for allk=4,....,n+ 2. Hence the anglé be-
tweenN ande,, » satisfies

cosd = N- ey 2 =A3X3 €112 = A3C0SW < COSW

sinceAz = N-X3 < 1. The lemma s proved.O

Lemma 9.2.Let the conformally parametrized minimal surface B— R"2 rep-
resent a geodesic disc of radius>r0 with center X% = X(0,0). Assume that every
normal vector makes an angle of at least> 0 with the X% »-axis. Then it holds

|n12(0,0)| > rsinw.

Proof. Denote by (B) the set of all continuously differentiable curvem B con-
necting the origin0,0) € B with the boundaryB.

1. Now consider a smooth embedded curve
c(t) = (u(t),v(t)): ICR—B

from the set” (B) with c¢(0) = (0,0). Its length on the surface is given by

Zie)= [ VW)

with the positive line elememt{ = /U2 + v2dt. Using the complex-valued func-
tions¢ and@n o from the previous lemma we infer

VW8 = — [16016¢ < g [ o201z,

2. We want to estimatép,2({)|. For this purpose consider the complex-valued
integral

F(w) = /¢n+2(Z)dZ, weB.
0
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Since¢n2({) # (0,0) by the foregoing lemma, the complex-valued derivative
F’(w) does not vanish:

IF'(wW)| #£0 inB, whereF’(w)=dyF(w)= % [Fu(w) — iFy(w)].

Thus o = F(w) has an inversev = G(o) in some circle abouo = (0,0). If
R > 0 denotes the radius of the largest of such circles, we findirat pg € C
with |gg| = R such thatG(o) can not be extended to a neighborhoodogf
Now lety denote the line segment connectimg- (0,0) andgy, and consider its
imagec* under the mappin6. In particular,c* is a curve going fromv = (0,0)
to 0B, and|o| < Ris mapped intdw| < 1. Finally it holdsG(0,0) = (0,0). Thus
Schwarz’ lemméyields

[G'(0,0)] <

Tl -

We infer

. ' 1 g 1 '
< Vv < [V e — e ——
rs inf wde = / wdd < sinw / |$nsa]dC < sinw / do
c* c* y

cel (B) z
__R . 1 _ IF'(0,0)] _ |¢n+2(0,0)]
sinw — |G/(0,0)|sinw sinw sinw

from where the statement followsO

A representation of the Gauss curvature

The following representation of the Gaussian curvatGref a conformally para-
metrized minimal surface using the complex-valued fumsig from above goes
also back to Osserman [127].

Lemma 9.3.Let the conformally parametrized minimal surface B — R"2 be
given. Then it holds

MW= S (dl— 92
- = n k¥r — Pk¥r

for its Gaussian curvature K

Proof. From section 3.5 we recall the conformal representation

_ (W WY _ 1 owo T weowe
2KW<W>U+<W)VWAW a7 W+ W),

1 Let the holomorphic functiorp: Bg — B with ¢(0,0) = (0,0) be given. Then¢'(0,0)| < %.
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Furthermore, the complex-valued vectpe= (¢4, ..., Pni2) With the holomorphic

functionsgy satisfies
n+2

2 _ 2 _
9] kZl|¢k|

We start with evaluating the Laplacian (¢t= ¢,, and notepw = 0)

1 n+2

48 =V = 30ml9l” = 300 S {Futhon + 67

n+2 n+2 n+2

1 1 —
=503 0 = 503 b= Z 0.

Taking next
W2 4+ W2 = AW, Wiy

into account we compute

n+2

1 2 1 n+2
W= 5 3l = Eg{m,wfﬁkwkm} 3 2 HiF

and analogously
n+2

2 Z ¢k¢k-

It follows that

1 n+2 1 n+2

V\M\Tv——V\‘/v% = 2 Z ¢k¢k 4W Z ¢k¢_¢/¢g

n+2
o Z O Pded;
=32, 1¢k¢k BT
- 2
/;WW
n+2

Z (SrdLd D7 — SLDde D))

k, /=1

n+2

> oe
~

NI =

On the other hand we calculate
|9kd; — Dbl = (i — D) (Bud; — B0
= PP/ 9] — DD DLP — D, Did: + D DD
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We thus infer
n+2

k;:l|¢k¢z — dpde|?

n+2 n+2

= 2 (oaiavio by 5 (0o wdiog ]

n+2

23 {oiwto o007}

Altogether we have derived

1 n+2

|OW|? 4 ;a2
My — (7 WMy e k,;:1|¢k¢£ ot

—2KW?2 = AW —

1 n+2

= >0 k;ﬂlfﬁk‘ﬁé* el
which proves the statementO

Now introduce the meromorphic function

Pi(w)
fu(w) = ———*—, k=1,....n+1
( ) ¢n+2(W)
For its derivatives we compute
PR LT S Y

072
as well as
(91902~ Oedr o)k — ($ibniz — bubr o) b ik — didr

4

ficf — fiefe = 3
n+2 ¢n+2

fork,/=1,...,n+1.
Lemma 9.4.The Gaussian curvature K of the conformally parametrizedimml
surface satisfies

n+1 n+1
> [ffi=ftif+25 |
2 k(=1 k=1

[ $nial? n+1|f : 3
1+ K

K =
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Proof. We compute

1 n+2 2 n+2

K== L8P = ——— = 5 Iti— bl
0= 2 =

(kzl|¢k| )

n+1 n+1

Iy 2+2 ;‘ B /n 2
2k,;1|¢k¢£ o I<Z1|¢k¢ 2 — Ozl

5 n+1 5 3
|¢n+2| + Z |¢k|
k=1

n+1 n+1
Z [l — fefeP+2 5 | fil?
=1 =1

k
= *2|¢n+2|4 3
|¢ |6 1+n+1 |¢k|2
2
" k:1|¢n+2|2
n+1 n+1
2 [l — fefe2+2 5 |l
2 k=1 k=1

o |¢n+2|2 n+1 ) 3
1+ 5 I
k=1

This is the stated formula.O

Proof of Osserman’s curvature estimate

Under the assumptions of Theorem 9.4 we infer from Lemma 9.1

B2 S P = S B < S [0 = (w2 < Aoz W
K=1 K=1 K=1 sinf
showing the uniform estimate
n+1 2 n+1 2
2 S G o 2 Mo = g

Now Schwarz’ lemma implies

|(0,0)|2

17(0,0)] < [ fkllco) — -
Il fillcog)

=1 Nkl fllcos)
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with the abbreviation 5
_ f(0,0)|

=1 > .
H fk”cO(B)

We estimate the Gauss curvature at the peint(0,0). For this purpose we use the
Cauchy-Schwarz inequality to get

2
< (|f(0,0)[[f/(0,0)| + | f(0,0)|| f(0,0)|)
< 2(|f(0,0)[2[|/(0,0)|2+ | (0,0 || f,(0,0)[?)
which in turn gives

n+1
;|qumqum@mn@mﬁ
k(=1

n+1 . , Nt L )
<4y [f(0,0)[7f,(0,0)|" < 4 [f(0,0)[* } [;(0,0) .
2 2002,

Thus we infer

n+1 n+1
;IM&@WQQ*mMQU@®F+;HﬂQWZ
k=1 =1

n+1 n+1 n+1

<4y |f(0,0)2Y [f/(0,02+ Y |f/(0,0)
2, 2 2

ntl ) ntl ,
=43 If(0,0)]°+1] % |f;(0,0)|
( 2 2

n+

n+1 1
<45 |f(0,0)2+1 N fell2
< 2, 2,1l

IN

n+1 5 n+1 ) n+1 )
4 |fk(0,0)]“+1 [l fellco n;
2 2,1 Mleoe) 2,

8 n+1 ) n+1 5
< — n; |f,(0,0)]“+1 .
sirf w ,; ¢ ,;
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Inserting into the above repesentation for the Gaussiarature yields

n+1 n+1
Z AATERATIE W
4 k= K=1

K(0,0)] < —
K,0) |fn+2/? n+2 3 ’W:(0,0)
14+ 5 [fl?
=]
o
Nk
< 32 k; ‘
~ sifw ntl 2 lw=(0,0)
|ng2l® | 1+ > | ful?
=

32(n+1)
" sin’ w|¢n.2(0,0)[2

sinceny € [0,1] forallk=1,...,n+ 1. But from Lemma 9.2 we know
|$n+2(0,0)[2 > r?sirf w

with the geodesic radius> 0 of the minimal disc. The finally proves the curvature
estimate. O

9.8 A theorem of Bernstein type due to Osserman

From Osserman’s curvature estimate we want to derive ourtherrem of Bern-
stein type for twodimensional minimal surfacesiifi2.

Corollary 9.3. Let the minimal graph X R? — R™?2 pe given. Assume that its unit
normal vectors at each point make an angbe> 0 with some fixed direction in
space. Then X represents a plane.

Proof. Due to Hadamard’s theorem (see section 9.6) we may introgaodesic
minimal discs®B; (Xp) for all r > 0 with Xp := X(0,0). The curvature estimate

132(n+1)
K(0,0)|< 5 ——
KO0 < 5~ 5
implies

lim K(0,0) =0.

r—oo

But Xo = X(0,0) is chosen arbitrarily. The statement follows
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9.9 Gradient estimates for minimal graphs

We conclude this chapter with elementary gradients estisnfatr minimal graphs.
Such a-priori bounds are sufficient for solving the Diri¢tpeoblem for this class
of quasilinear equations. For we do not elaborate on thig@xce problem we want
to refer the reader e.g. to Taylor [155] for detailed studies

Gradient estimates on the boundary
Let us restrict to minimal graphs defined on the closed disc
Br:={(xy) e R?: X*+y? < R?}.

We want to start with establishing gradient estimates orbthandary.

Theorem 9.5.Let{s € C?(Br,R), 0 = 1,...,n, be a solution of the minimal surface
system

n n n
1+ Z Z(%’y Za,xx+2 z Zw,xZw,yZa,xy+ 1+ z ZE),X Za,yy: 0 inBr
w=1 w=1 w=1
for o =1,...,n. Then there exists a real constant

C=C(ll¢1llc20mg)>- - - 1<nllc2(or), R)
such that
max{|041(2)],.---,|04n (@)} < C([[{1llc2(agr)s- - -+ 1 nllcz(apry: R (9.9)
for all z € dBg.

Proof. Choose a poiny = (Xo,Yo) € dBr. For real parameters;,c; € (0,+)
consider the auxiliary functions

S, (2) 1= calog (14 codr (2) — {Zo(d) ~ Lo(@)}. 2= (%) € Br.

foo=1,...,nwheredr = dr(z) means the distance of Bg to the tangential line
I c R2ondBg atzy € dBr. We have

S,

ZU(zo):o forallo=1,...,n. (9.10)

Now we considef := {;. LetC; < [0,4-) be defined as

Cr = 1¢llc2(omgr) - (9.11)



9.9 Gradient estimates for minimal graphs 183
Then we may choosg = ¢1(C;, R) andc; = ¢2(Cz, R) such that
S, >0 forallze dBr\ {2} (9.12)

Let us now abbreviate

A (0] = a11lwxx+ 2812w xy+ 8220wy, w=1,...,n,

for the minimal surface operator with coefficients

n n n
aip =1+ % &y, ai= > loxloy, ai=1+3% Lo
o=1 o=1 o=1
There hold
foro=1,...,n. We compute the partial derivatives

C1Co C1C2

gz,ﬁmdﬂx_“ s?,y:mdrvy_@
as well as 2
I (R mel
€163

S?,xy = 7(1+ Czdr)z dr xdr y — Gy,

_ 9% o
Sty = (1+Czdr)2dr’y -

Thus it follows

M [5?] = 81152)0( + 28125?’Xy+ azzszyy

c 2
= — (1_’_272(;3’_)2 (alld,z—yx + 2a12d,—,xd,—,y+ azzd,g’y) — ///[Z]

2
C1C
[ (].Jr(llizér)z (alld,%’x + Zalzdryxdr,y + azzdlg,y).

Taking the ellipticity conditiora;j1ap, — afz > 0 together witha;1 > 0 into account
we conclude
/ﬂ[gz] <0 inBg.

Along with (9.10) and (9.12), the maximum principle yieﬂgs(z) >0inBg, i.e.

{(2) — {(20) < cylog(1+codr(2)) forall ze Br. (9.13)
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Analogously we proceed with the function

S (2) = culog (1+cadr (2)) + {2(2)— L (20)}
and arrive at

M[S;1<0 inBr, S;(Z)>0 forallze dBg,

ie. SZF > 0inBgresp.

—c1log(1+codr (2)) < (2)—{(z0) forallze Bg. (9.14)
Taking the estimates (9.13) and (9.14) together gives
|{(2) — {(20)| < c1log(1+czdr(z)) forall ze Bg.

Finally, for the outer unit normal vectoratzy € 0B we choose a poirte Bg such
that

@ -C@) _ . cilog(1+cr(2)
R Rt

a¢
’W

Together with (9.11), the choice of andc;,, and finally a similar calculation for
{>,{s,...,(n We get the statement.d]

Barrier constructions for minimal immersions and surfagil prescribed mean
curvature as presented here can be found e.g. in Dierkes)i@8je and Tomi [100],
or Bergner [11].

Global gradient estimates

Finally we discuss a global gradient estimate for minimaldrs on strictly convex
domains of definition. A suitable three-point-conditionierhalready goes back to
Schauder [144] ensures that the minimal surface systenugéen

Theorem 9.6.Let {y € C%(Bgr,R)NC(Br,R), 0 = 1,...,n, be a minimal graph
together with Dirichlet boundary conditiofg o € C*(dBg,R). Let

Ce = max [l1¢rollciog) -
Then there exists a real constantC(Cy, R) € (0, +-) such that it holds

[ZU]Cl(éR) < C(ZGaR) .
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Sketch of the prooflnsert({s, ..., {y) and its gradient into the minimal surface sys-
tem to get the decoupled system

al (Xa y) Zl,XX + ij_(X, y) Zl,Xy + Cl (Xa y) Zl.,yy = 07
a2(%,Y) {2 xx+ 202(%,Y) Lo xy + C2(%,Y) L2y = O,

an(xa y)Zn,XX‘f' an(X, y)Zn,xy‘f' Cn(X; y)Zn,yy =0.

Here there holdiscgs — b%, >0 forallo=1,...,n. The solutiongs of this linear
system can be consideredaddle surfacesx,y, {s(x,y)) overBr C R2. For such
surfaces we find the following result: LE; ¢ R2 be the spatial curves generated
by (x,y,{ro) € R3. Each of these curves satisfies a three-point-condition with
constantA € R in the sense that any plane= ax+ By -+ y passing three different
points onl; permits an uniform estimate of the form

Vaz+pZ <A
Then by a theorem of Rado there is a constant c1(A) € (0,+c0) with
[olcigy <C1(A) forA=1,....n

forthe half-norm$Zg]c1(éR), see e.g. Gilbarg and Trudinger [71]. On the other hand,

Schauder [144] ensures that C R actually satisfies a three-point-condition over
the strictly convex domaiBg C R? with a constant\ = A (C}, R) which leads us to

[{olcr(ge < C2(C;.R) forallo=1,....n.

This proves the statementO
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In this chapter we consider critical points of functionafsGuilliver type in parametric and non-
parametric form. Such surfaces represent special imnmexsioth prescribed mean curvature
fields. We discuss various analytical and geometric pragmerand we present a curvature esti-
mate for graphs.

10.1 Critical points of parametric Gulliver-type function als

Preparations

Following Gulliver [75] and Bohme, Hildebrandt and Taugth] we consider the
following functional of mean-curvature-type

GIX] = //‘{F(X)WwLZXqu(X)oX\,}dudv (10.1)
)

which generalizes the usual area functional

X = //w dudy
B
and where
reC¥(R%(0,)), ac(01)
is a positive weight function and
AeCHIR"R™M)  ae(0,1)

a real-valued and skew-symmetric matrix.
Before we come to the computation of the Euler-Lagrange tamnsof critical
points for&[X] we want to convince ourself of its geometric character.

Proposition 10.1.The Gulliver-type functiona¥[X] is invariant w.r.t. parameter
transformations of clas¥.

Proof. It is sufficient to prove the invariance for the tedkpo A(X) o Xy. Thus let
u'(v®) € P be such a parameter transformation.
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Then we compute
XaoA(X)oXz = [Xauk + Xzt ] 0 A(X) o [Xaul + X2u3]
= (U4 U2 — uLbuZ )X e o A(X) 0 X

The transformation formula for multiple integrals yielthetclaim. O

In particular, the forme; o A(X) o e, does not depend on the choice of the or-
thonormal framée;, ;) as the following lemma emphasizes.

Lemma 10.1.Let a point we B be given as well as two orthonormal fran{es, e;}
and(&,&) spanning the tangential plarigx (w). Then it holds
e0A(X)oer =8 0A(X)0&.
Proof. Consider the&sO,-action
€ =cospe —singe,, & =singe;+Ccosper
with a rotation angle. Then we infer
8 0A(X)o& =cofpeioA(X)oer+siPpe oA(X)oey

due to the skew-symmetry #f(X), in particulareco A(X)oeg=0fork=1,2. O

Example: Hildebrandt's functional

In casen = 1 of one codimension, Hildebrandt in [85] considered thecfiomal

] (1% %1200 (0 X0 oy
B

with a smooth vector field: R3 — R3. As it will turn out later critical points
X: B — R3 have the scalar mean curvature

0q1(X) n 0g2(X) n 50|3(X)>

H(X) = 2divkQ(X) :=2 ( i E E
with the spatial divergence operator gignd satisfy
AX=2H(X)WN inB

using conformal parametefs,v) € B.
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In terms of our skew-symmetric matri(X) we immediately verify
0 o3(X) —q2(X)
AX)=| —a(X) 0 ®(X)
R(X) —ou(x) 0

Euler-Lagrange equations

We come to the calculation of the first variationfX].

Theorem 10.1.Let a conformally parametrized immersion B — R"2 together
with an ONF N be given. Assume that it is critical for the fumeal ¢[X]. Then it
satisfies the Euler-Lagrange system

n
AX =25 HoWN; inB (10.2)
o=1

with the mean curvature field

Hy = nf By e (XX Xk +Xﬂx{)"nk)+7rx(x)'Na (10.3)
TTTXW & e o o 2r (X) '

for o =1,...,n and with the skew-symmetric matAxX) = (ay/(X) )k ¢=1....n-

Proof. In view of our results from the previous chapter it remaingvaluate the
variations off” (X) and the formX, o A(X) o X,. For this purpose we again consider
normal variations of the form

X(u,v) = X(u,v) + ¢ (u,V)Ny(u,v)

where
n

Ny = Gﬁj(u,v)No(u,v), S (7P)2=1

o=1

with arbitrary¢ € C3'(B,R) ande € (—&, +&p). First it holds

0 _ ~
or (X) := ﬁl'(X) 0" Mx(X)-Ny¢
such that, together with (9.2), we arrive at
5[ (X)W] = —2I (X)HyW + I (X) - NJW. (10.4)

It remains to compute the first variation Xif o A(X) o X,.
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We calculate (note tha€, o A(X) o Xy = Xyo A(X) o X, = 0)
O [Xuo A(X)oXy] = dXyoA(X)oXy+ XyoA(X) o dXy+ Xyo 0A(X) o Xy
= {¢UNV+ ¢NV,u} o A(X) o Xy+ XyoA(X)o {¢VNV+ ¢NV,v}
+Xy0 0A(X) o Xy
= div(NVoA(X)oX\,¢,Xqu(X)oNV¢)
—Nyo A(X)uo Xy d —Xyo A(X)yo Ny + X0 dA(X) 0 Xy.

; —(nl n+2
SettingNy = (nV, R

v ) we have

n+2

Xyo 0A(X)o Xy = akf,xmnglx\zlxllj ¢,
k,,m=1

n+2
Nyo A(X)yoXy = ayexmXIxns,
k,,m=1

n+2

Xyo A(X)V o N)A, = akg’xmx{}’n%xﬁ
k,¢,m=1

and we arrive at

3 [XuoA(X)oX] = div(Nyo A(X) o Xy, Xyo A(X) o Ny9)

14
n+2
R T VA VAP
k,¢,m=1
= div (Nyo A(X) o Xy, Xyo A(X) oN; )
n+2
S AN XN + XXk .
k,¢,m=1

Together with (10.4) we conclude

SYIX] = //div(NVoA(X)oX\,cp,Xqu(X)oNV¢)dudv
B
—2 [ r )HWe dudvt [ Fx(X) - NwWg dudv
[Jrocmpmeauans [rc0-1y

n+2
+2 Y / / A (XN -+ XN, + (X' @ dudv
k,é,m:lB

forall ¢ € Cy(B,R).
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Vanishing of the first variations now means

1 n+2 ok ok FX(X)'NV
B (X -+ XX+ X8 +

Lety? =1 for some indexo € {1,...,n} andy® = 0 for all w # . Then we have
Ny = No, nfv =n% andHy = H,. We therefore conclude

1 ni2 Kol M | oMokl mky , Ix(X)-Ng

Thisholdsforallc=1,...,n. O

Invariance of the Euler-Lagrange equations

As in Lemma 10.1 we immediately verify that this special mearvature field
H = (Hy,...,Hn) from the previous proof is invariant w.r.t. dilatations béttangent
vectorsX, andX, as well as w.r.t. rotations of the bagiX,, X}, i.e. there hold

H(X, e, ues,Ng) = H(X,er,e,Ng) forrealA,u € (0,+)

as well as
H(XaélvévNU) = H(X7e17e27NO')'

Secondly, the reader is invited to verify the mean curvaltufer critical points
X of Hildebrandt’s functional

I {014 290%)- (0 X0 duay
B

from above in casa =1, i.e. to prove

9

17}
ay 02(X) + I d(X).

a
H(X) = =—qg3(X
(X) = 2 Ga(X)+
And finally we want to show explicitely the invariance of theeam curvature
system (10.2), (10.3) w.r.t. rotations of the ONF For this we write (10.3) as an
inner product in the form

1 1 n+2 K I'm(x)
H = —<{ — ’ X m
o r (X) {W k,é;hl(ak&xm + afm,xk + amkg)XuX\l; + —2 ngy

=. r*(X,XU,Xv) . No’

settinglk = (I,...,"2).



194 10 Immersions with prescribed mean curvature

Applying then an orthogonal mappifiywe arrive at

n n
AX =2y HoWNs = 2W 5 {7 (X, X0, %) -No } No
o=1 o=1

n n
2\N I-* X,Xu,XV ° rngw r N
3 {roorn ( Z o) | 3 oot
B n no . .
_ 2\/\/(;l <U 1raw> {r (X, X, X0) Nw} N,

+2W (z rgwrm> {7 (X% %) - Noo | Noy
w,w =1

, g=1
w#wW
n
=2W re xwxwxv 'Nw Nw
3 {r )No b
n
= 3 HoWN,

Proposition 10.2.The mean curvature system (10.2) together with the meamcurv
ture field (10.3) is invariant w.r.t. the choice of an ONFE N

Surfaces inR3

In particular, critical point: B — R3 of the functional

// {I’(X)|xu X Xy| +2Q(X) - (Xu x Xv)}dUdV
B

have the scalar mean curvature

H(X) = % {FX(X) . N—|—2diVxQ(X)}

with the unit normal vectoN. By the way, the special functional

B//I'(X)W dudv

possesses an interesting geometric application.
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Namely it can be considered e area of a surface XB — R® immersed in the
threedimensional spad@® which is equipped with the non-Euclidean metric

42 = (2,2, x3) {(dx1)2+ (dx2)? 4+ (dx3)2} .

For example, the stereographic projection of the spBére R3 would yield the

special weight function
4

(1+]X2)*
see e.g. Bergner [11] or Bohme, Hildebrandt and Tausch [16]

10.2 A geometric maximum principle

Following of Dierkes [42], [43] and Hildebrandt [84] we watat establish a ge-
ometric maximum principle for immersions with prescribedan curvature fields
generalizing our results for minimal surfaces from secfidh

Theorem 10.2.Let the conformally parametrized immersion B — R"*2 with
prescribed mean curvature H (Hy, ..., Hn) w.r.t. to an ONF N be given. Assume

ho sup |X(u,V)]| gl
(u,v)eB n

is satisfied with

sup |Hg(u,v)| <hg forallo=1,...,n.
(uv)eB

Then it holds
AIX|?>0 inB.

In particular, the functiorjX|? is subject to the maximum principle

sup [X(uv)P = sup |X(u,v)[>.
(uyv)eB (uv)edB

Proof. Namely, we compute

n
AIX[2 = 2]0X[>+2X- AX = 2|0X[*+4 5 HoWX-Ng
o=1

n
>201- Y |Ho||X| p |OX|? > 241~ nho|X| { |[OX?,
fr-3 {1t}

and the statement follows.O
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Thus in casé = 1 of one codimension we have to assure

ho sup |X(u,v)| < 1.
(uv)eB

The limit case is represented by the half sphere with scag¢amneurvaturél = 1.

10.3 A curvature estimate for surfaces with prescribed mean
curvature

We want to present a curvature estimate from Bergner andiEhd[13] for twodi-
mensional graphs with prescribed mean curvature fieldssopiecial form
H e CO(R" x S¥1 R)
which additionally satisfy the following Holder- and Ligsitz conditions:
H(X,Z)|<hy forall X cR", Zc S aswellas
[H(X1,Z1) —H(X2,2Z2)| < hy|[Xg — Xo|? + hp|Zy — Z5] (10.5)
for all X1, X € R"and 71,7, € 1.

Our proof essentially uses method from Osserman [127] &jrapplied in sec-
tion 9.7 above, and from Sauvigny [140], [141]; see alschkch [62].

The curvature estimate

Theorem 10.3.Let the immersion XB — R™2 with prescribed mean curvature
field H=H (X, Z) satisfying the properties (10.5), together with an ONF N ke.
Assume furthermore

(A1) X represents a conformal reparametrization of a suefgaph

XY, 21 (%Y),- -, dn(%Y), {oeC*YQ,R)foro=1,...,n

on a bounded, simply connected and regular donfaia R?;

(A2) X represents a geodesic di®; (Xp) of geodesic radius > 0 with center
Xo := X(0,...,0), and with a real constantg> 0, independent of the radius r
it holds the growth estimate

o [X] < dor? (10.6)

for the area of X



10.3 A curvature estimate for surfaces with prescribed nceavature 197

(A3) at each point ve B every unit normal vector N of the surface makes an angle
of at leastw > 0 with the x%-axis.

Then there exists a real constant
O = O(hgr, hyr¥*@ hor,do, sinw, n, a) € (0, +),

with the constantf [0, ) from the previous section, such that it holds the curva-
ture estimate

1
K0.1(0,0)%+ Ko 2(0,0)% < 5 { (hor)*+0 } (10.7)

for the principal curvature<, 1 undkg 2> w.r.t. the ONF N and foralo = 1,...,n.

Remarks

Before we come to the proof of our curvature estimate we lrigéint to discuss
the assumptions of the theorem.

1. The regularity conditions (10.5) can particularly befied by means of the mean
curvature field (X)-Z
% (X) -
H(X,Z)= S~ —
(X,2) 2r (X)

for critical points of the Gulliver-type functional

G[X] = B//F(X)W dudy

at least iffx (X) andl” (X) are regular enough.

2. Growth estimates for the area as assumed in (10.6) carubd fo chapter 14.
For the purpose of a curvature estimate the quality of thatemrd, is inessen-
tial; in particular it could also depend on the radiu8ut later when we apply
our curvature estimate to establish a theorem of Bernsggpmwe are forced to
require the growth estimate (10.6) in its sharp form.

3. The condition (A3) comes from Osserman’s curvature egrpresented in sec-
tion 9.7. Let us verify it by means of the minimal graphw?) for w € Bg. For
this purpose we introduce the two unit normal vectors

1

Np = ———=(—2u,2,1,0),

SV v oA )
1

Np = ———= (—2v,—2u,0,1).

V1+ 42+ 42
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Along the line{v = 0} we especially infer

2|u|
V1+4u?

Thus (A3)is not fulfilledfor R — o since according to this condition it should
hold contradictorily

IN:-(1,0,...,0)| = —1 for|u|l — co.

IN1-(1,0,...,0)| < cosw < 1.

Unfortunately we can not apply our theorem.

Proof of the curvature estimate

First it holds
K5.1(0,0)2 4 Kg 2(0,0)? = 4H5(0,0)% — 2K4(0,0) < 4h3+ 2|K4(0,0)]

1
= 5 {@hor2+ 1Ko (0,0) |
forg=1,...,n. Then the desired estimate follows from the identity

(Xuu* No) Xwv- No) = (Xuy- Noy)?

KO'(07 0) = W2

(u,v)=(0,0)

if an upper and a lower bounds for the nominator resp. the mérator of the frac-
tion on the right hand side are proved.

1. In the first part of our proof we show

W(w)
2

>C forwe B%(0,0)
with a constan€; = Cy (hgr, dp, sinw,n) > 0.

1.1 As usual we construct a global orthonormal normal frémas follows:
The basis vectors

e3:=(0,0,1,0,...,0),...,en:2:=(0,...,0,1)
are not tangential to the surface. Its projections

es- Xy €3 Xy €1 Xy e Xy
N =y X, NN
1 e3 |Xu|2 XU |Xv|2 V)

= — o Xy — e Ko
S e X2

etc. can be transformed into such an OfNg,...,N,}. We use this frame in
the first part of the proof.
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1.2 Using conformal parametefs, v) € B we recall the estimate
| AX(u,V)| < nho|OX(u,v)[? inB. (10.8)

1.3 Assumption (A2) yields: Lef (B) denotes the set of all continuous and
piecewise continuously differentiable curves|0,1] — B with y(0) = (0,0)
andy(1) € dB. Then it holds

1
d
inf —X >r.
yelp(B),O/’dt oy(t)‘dt_r

1.4 Assumption (A3) ensures the estimate

|Ox}? > Wsirfw inB,

see the proof of Osserman’s curvature estimate from se@tibmhis inequal-
ity actually is true for immersions which are not necesgariinimal for its
proof makes only use of the conformality relations.

To construct a lower bound for the area element we will emphayous results
from Heinz [80], see section 9.4.

1.5 We define the plane mapping
F*(u,v) := (x*(u,v),x*(u,v)): B— R2.

(i) Firstwe infer

2nhy 2
AF*(w)| < —— |OF*(w forallwe B
AF W) < S5 |OF" (w)|
taking
2
AF| < |AX| < nho|OX[2 = 2nhgw < 20,2
sirf w
2nhg 5
< OF*
- sinzou| |
into account;
(i) Secondly it holds
|OX(w)|? < L |OF*(w)|> forallweB
Sirf w

what follows from

2 2 .
|OX|? = 2W < mlellz < mmF 2.
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1.6 Now letwp € Bandv € (0,1) such that
By (Wo) := {we B : w—wo| <2v} CB.
We consider
1
Y(w) := - {X(wo+2vw) —X(wp)}, weB,
as well as
F(W) == (y*(w),y2(W)): B — R2.
Again there hold

2

o) ? = 22 W(wo + 2vw) = W2, V) Yow) =0,

and due to (10.8) we infer

|AY (W)| < n(hor)|OY(W)|2 inB.

1.7 Together with point 1.5(ii) of the proof we conclude

~ 8nv?(hor)

IAF (W) < JAY(w)| < n(hor)|DY(W)|2 2 W (wp + 2vw)

4nv2(hor) > _ 8nv2(hor)
= ——— |OX(Wo + 2vwW) | < ——5—
r2 [EX(wo )= r2sin?

8nv2(h 2 onh
(10.9)

for allw € B. Due to (Al) the mapping = F (u,v) is one-to-one with positive
JacobianJg (w) > 0 in B. Furthermore, (A2) gives

|OF* (wo + 2vw) |2

1
IIF] = 7IY] < 5 ZIX] < 2do

for the Dirichlet energy oF given by

PIF] ://{|Fu|2+|FV|2}dudv
5

Following now Heinz [80], Theorem 6 (see section 9.4 aboe)d is a con-
stantc; = ¢4 (hor,do, sinw, n) € (0,+) such that

|OF (u,v)| < cs(hor,do,sinc,n) forall (u,v) € é% (0,0).
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1.8 From (10.9) we infer

1 1 . .
=W (wp + 2vw) < ———— ¢4 (hor, do, sinw, n)2 =: Cp(hor,do,Sinw, v,n)

r2 = Av2sirt w
forallwe é% (0,0). In particular, it holds
1 .
r—2W(W) < ¢c(hor,dp, sinw, v,n) forallwe B, (wp) (10.10)

and allwg € B mit I§2V (Wo) C B. Later we will make use of this estimate.

1.9 Together with
J(w)>0 and Z[F]|<2dp
we apply Heinz [80], Lemma 17 There exists a constang € (0,) such
that

o

|OF (w)|2 < ca(hor, do, sinew, n)|OF (0,0)[8  for all w e B1 (0,0).

1
2
Together with (10.9) we thus have

4y? 1
—W(wp +2vw) < —
r2 (Wo )< sirf w

cz(hor, dp, sinw, n)
- sir’ w

cz(hor,dp, sincw, n

sif w

DF )P < ) 10F (0,0) 3

ainy

|OY(0,0)]

ca(hor, do, sinw, n) [SV2 } 5
—— W(w, ,
sifw r2 (o)

and rearranging proves the following inequality of Harnggle

(0,0).

[W(WO)F> 4.8 5vEsifw W(wo+2vw) .

. forallwe B;:
r2 ~ c3(hor,do, sinw, n) r2 2

1 Let the mapping(w) = (x(W),y(w)) € C2(I§, R) satisfy the differential inequality
1a2] < a(|z[* + /1) + b(|zul + 7))

with positive constanta andb. Furthermore, lek,yy — Xyu # 0 and2[Z < N < «. Then there
hold

c1(a,b.N.1){[20(0,0) + [(0.0) } T <[z(w)| +[(w)| <cz(a.b.N.1){|2u(0)| + [2(0) } T

forall jw| <r <1
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Equivalently we arrive at

for all w € By (o)

5
ca(hor, do, sinw, v, n) {Wr(;/\’)} < Wi\;vo)

with the real constant

27v8sint%w

ca(hgr, do, sinw, n)® € (0, Fe0).

ca(hor, do,sinw, v, n) :=

1.10 Now we prove the existence of a pomt € B;_,,(0,0), where we intro-

ducevg := min(e=4™, 1), such that

W(w) 1
rZ = 4(1— e 4m)

=:cs5(dp) > 0.

For this purpose we apply the lemma Courant and Lebesguédeoing as-
sumption (A2): For give := e *™0 we find ad* ¢ [5, /8] such that

7'l'dor2 2 7'l'dor2 .

< = =T
[dXW)| < 24/ =55 dmdo

w—wo|=0*
Recall point 1.3 of the proof and consider a cupyé) in B from the origin
(0,0) towy := (1— &*)w € B satisfying
ya(t) :=wot, te[0,1—-07].
At the same time consider curves
p(t) == wo+ (W—1—wp)et™, te[0,ta(8")],

starting inwy, wheret;(8*) is chosen such thak(t) ends ondB, and this
curve runs along the affev —wp| = 6%, w € B. Furthermore, specify,(t) to

ensure
t1(%)

[ | Gxoee|ai<
0

NI

Combiney; (t) andy(t) to a continuous and piecewise continuously differen-
tiable curvey(t) and compute with a suitabtg € [0,1— 6*]

1-o*

t1(8%)
d d
r< [ [gxoam)| a 0/ X0R0)]

IA

=

|
(e7]
N—

=]
<
=
=
S
_|_

|
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Rearranging yields

r r
ax(vﬂto))’ Z 215) ~ 2(1_e )

proving the existence of the desired pairite B;_,,(0,0).

1.11 Using the above Harnack inequality (with the setting= %vo < %1) we
arrive iteratively at

W Wo 2 m—1 m .
EZ ) > a0 (dg)® =: Cy (o, do, Sincw,n) > 0

for all wg € B1_,,(0,0). We infer

W
r(—zw) > Cy(hor,dp,sinw,n) forallwe B%(O, 0). (10.11)
This determines the first part of our proof.

2. The second part of the proof is devoted to establishingpgremubound for the
second derivatives of = X(u,v) making use of the elliptic system

AX = 2H (X, Ny)W N, + 2H (X, No)W N + . ..+ 2H (X, Ng)W N,

For this purpose we construct a suitable ONIE= (Ny,...,Ny).

2.1 First we define
1 1
Z(u,v):?{X(U,V)—X(O,O)}:FX(U,V), (U,V)EB.
LetW; denote the area element of the mapping Z(u,v). Then we have
1Zu>=We =|Z,/> und Z,-Z,=0 inB.
Obviously it holdsr2W, = W with Wy := |[X,|? = |X,|, and we compute
2 2
NZ = - H(X, N )WxNy + ...+ " H (X, Nn)Wx N
= 2rH (rZ,Ng)WzNg + ...+ 2rH (rZ,Nn )Wz N, .
2.2 From the estimate (10.10) we infer
|AZ(w)| < 2(n—2)(rho)ca(hor, do, sinw, n) (10.12)

forallwe B%(0,0).
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Due toZ(0,0) = (0,0,0) we have furthermore

|Z(u,v)| = |Z(u,v) —Z(0,0)| <2 max |0Z(w)]
WGBJ_ (O‘O)
2

< 2y/2¢;(hor,do,sinw,n) in B1(0,0).
Potential theoretic estimates (see e.g. Sauvigny [143jit&kXIl, §2, Satz 2
yield a real constards(hor, do, sinw, n, a) with the property
|Z,i (W) — Zi (W2)] < cg(hor, dg, sinw, n, o) [wy —wp|?

(10.13)
forwy,w, € B%(0,0)

and for alla € (0,1). Thus we arrive at

Wz (wy) — Wz (Wo)| < c7(hor, do, Sincw, n, a ) |wy — ws|?

for all wy,w, € B% (0,0)

with a constant; := 4,/C; Ce.

2.3 Using the mean value theorem we arrive at the followingthitz estimate
|Z(w1) = Z(wz)| < cg(hor, do, sinw, n, @) [wy —wa|  for wy,wz € By (0,0).

In a neighborhood of the origin we now construct an ONIRvith controlled

Holder norm.

2.4 For this purpose we choose unit normal vectdys...,N, € R™2 such
that

No"zuj(070):0, Ng'Nwzégw, j:1,2, G,m:].,...,n. (10.14)
We define

Ny - Zy(w)

7NG-ZV(W) °
ZwE “Y " Zwpe

N (w) :=Ng — Z,(w) inB.

2.5 These vectors belong to normal spac&(@f) but eventually they are not
linearly independent.

2 Let X € C?(B,R") solve|AX| < a|0X|?+b in B such thaaM < 1 with M := sup|X(w)|. Let

weB
a € (0,1). Then it holds
IX[lcr+a (B, . (00)) < Cl(a,b,M, €, a).
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We determine a1 = vy (hgr,do, sinw, n, a) > 0 with the property

foan2 1 [Ny - Zy(w)]? B [Ng - Zy(w))?

Together with (10.14) and (10.13) we calculate

1 . -
> in By,(0,0). (10.15)
No - Zy (W)[? = [No - {Z, (W) — Zy¢(0,0)}2

< |Zy (W) —Z,¢(0,0)?
< cs(hor, do, sinw, n, a)?|w|*
for=12 0=1,...,n,and from (10.11) we deduce

. o

Wz (w) > Cy(hor,dp, sinw, n) in %(0,0).

Thus it holds (10.15) i¥2% < %3

2.6 Note that for the vectold} (w), 0 = 1,...,n, the Holder estimate
ING (Wy) — N3 (wa)| < co(hor, do, sinw, n, ) [wy —wa|*

forwy,wo € E°’>Vl(0, 0) with a constantg(hor, do, sinw, n, a) are true. We infer
this estimate from the Holder estimates Iy and the lower bound foA%.

2.7 Foro=1,...,nwe define

No (W) 1= mz% in By, (0,0).

These vectors are well-defined since

1 .
Ns W22 5 By, (0,0
but they are not necessarily orthogonal. But note that

Ny — Mo Z)(No20) | (No2)(No-2)

W foro# w
from where we conclude
~ NS - NS 2 (= — — —
INo - No| = W < & ANo - ZulNo - 2ol + [No - 2 Noy- 24| |
g w

4c2
< 8 |w%.
1
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2.8 Thus we find ax = vy (hor, do,sincé.),n,a) with 0 < v» < vp such that the
following vectors are well-defined iy, (0,0) :

N1 := Ny,
N N NN
Np:= ——,
1—{N;-Np}
(10.16)
N Ny — {Ng-NobNg — ... = {Nn_1- Ny JNn_y
n - .

n ~ =12
V1 N R} — (Noa R}
Namely, choose: € (0, 1) sufficiently small to ensure that each denominator
in (10.16) is greater or equal t%). These vectors form an ONB,,(0,0).
Additionally there hold the Holder estimates
INg(W1) —Ng(W2)| < co(hor, do, Sinw,n, a)|wy —wp|?

for wi,ws € B, (0,0)

for o =1,...,nwith a constantso(hor, do, Sinw, n, a) which can be deduced
from the Holder estimates of thd.

2.9 Now we make use of the differential system
AZ =2rH (rZ,Ny)\WzNy + ...+ 2rH (rZ,Nn)WzNq - in By, (0,0).
We already know
|AZ(w)| < 2n(hgr)cz  in By, (0,0),
see (10.12). Together with (10.5) we get
[H(rZ(w1),No(w1)) —H(rZ(wz), No(w2))|
< hyr|Z(wy) — Z(wp)|% + ha|No (i) — No ()|
< h4%r%c§ jwy — Wo|® + haCrolwy — Wp|? .

Therefore we find a real constact; = ci1(hor, hir e hor, do,sinw,n,a)
such that it holds

|AZ(W1) — AZ(W2)| < ciolwp —Wo|¥  for wy,w; € By, (0,0).
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2.10 Letvy = %vz. From the inner Schauder estimates (see e.g. Gilbarg and
Trudinger [71]) we infer a real consta@i € (0, +o) with the property

|Zuu(W) [, | Zuv(W) [, |Zw(W)] < Co(hor, heri @ hor, dg, sinw, n, a)
in By;(0,0).
2.11 Now from the beginning of our proof we recall
K5.1(0,0)%+ Kg2(0,0)?

2
< riz{(hor)z-i- 1Zuu(0,0)[|Zw(0,0)| + [Zuv(0,0)| }

Wz(0,0)2
If we set 5
O(hor,har* hor. dg,sinw, n, a) := ZC_sz
7
we find
2 2 1 2
Ko.1(0,0)2+ Ko 2(0,0) gr—z{(hor) +@}.

The proof is complete. O

10.4 A theorem of Bernstein type

The Bernstein type result

This curvature estimate enables us to prove the followiagtm of Bernstein type.
Consider a minimal graph
(%Y, 91, (%,Y), - $n(XY)),  (xy) € R?.

Because its Gaussian curvature is non-positive, by Had#isnttieorem we can in-

troduce geodesic dis@; (Xp) for all Xo = (X0, Yo, #1(X0,Y0), - - - , dn(X0,Y0)) and all
r > 0. Then the limitr — o yields the

Corollary 10.1. Let X = X(x,y), (x,y) € R?, be a complete minimal graph with the
properties

(i) there exists ¥X= (Xo,Yo,1(X0,Y0);-- -, ¥n(X0,¥o0)) and a radius p > 0 such
that all geodesic disc®; (Xp) with center X% and radius r> rq satisfy

AredB;(Xo)] < dor? forallr >rg (10.17)

for their area Ared®B; (Xo)] with a constant g€ (0, +c0) which does not depend
on the radius y
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(i) each normal vector of the graph makes an angle of at least 0 with the
X1-axis.

Then X=X(x,y) is a linear mapping.
Proof. For any pointX; = (x1,Y1, ¢1(X1,Y1),--.,®n(X1,y1)) on the graph we have
AredB,(X1)] < 4dor? forall r > max{ro,d(Xo,X1)} (10.18)

whered(Xp, X;1) > 0 is the inner distance betwe#g and X; on the surface. This
holds because of the inclusion

Br(X1) CBax(Xo) forallr > max{re,d(Xo,X1)} (10.19)

and assumption (i). Siné€ < 0 for the Gaussian curvature we can consider geodesic
discs®B, (Xy) for all r € (0,4) on account of Hadamard’s theorem. Introduce con-
formal parameters into such a geodesic disc. Using our tunev@stimate and let-
tingr — oo shows that all principal curvaturesXt vanish which proves the Corol-
lary (note that® does not depend ansincehg, hy,h, =0). O

Remarks

We want to conclude this chapter with the following remarks.

1. Osserman’s curvature estimate from the previous chdpts not need a growth
estimate on the surface area.

2. Jost and Xin [104] proved a curvature estimates for sulifiolds with parallel
mean curvature fields. Due to the higher dimension of the folaisi itself the
authors assume a-priori bounds for the gradients. Conkdtthe references
therein.

3. Curvature estimates and related Bernstein type resuthiitimal submanifolds
can also be found in Smoczyk, Wang and Xin [149] where theaathxtend
methods from Schoen, Simon and Yau [145] for minimal imnwersiwith van-
ishing normal sectional curvature; see also Ecker [50] ond\[462].

4. Our method of proof uses essentially results from Heif}, [@d follows Sauvi-
gny [141] where curvature estimates for two-dimensionahamsions of mean
curvature type irR® where established.
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In this chapter we consider general elliptic functionald &s critical points in Euclidean space
R3. The Lagrangian densities of these functionals depend ostitface vectoX as well as the
normal directiorX, x X.

11.1 Examples of parametric variational problems

In the following we study critical pointX : B — R of parametric variational prob-
lems of the form

BIX] = //F(x,xU « X,) dudv— extr!
B

The case of general case of codimensioisl is the subject in chapter 12.

But before we go further into details we want to consider sepeeial parametric
functionals to get a first impression of its broad range ofiappions.

Minimal surfaces

An immersionX : B — R3 is a minimal surface if its scalar mean curvatbrean-
ishes identically. As we have seen minimal surfaces areakipoints of the area
functional

K] = // X4 x X| dudv
B
With the setting
F(X,2)=Z]
the area functional turns out to be a special parametridiomel of the form#[X].

A famous minimal surface already found by the Swiss mathieiaatLeonhard
Paul Euler (*1707 in Basel; 11783 in St. Petersburg) isctitenoid

X (u,v) = (coshucosv,costusinv,u) € R3

which is generated by rotating the hyperbolic cosine, thealedcatenary curve,
about thex-axis.
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Note that a full rotation would generate a surface of highpotogical type, thus
we rather consideX restricted to a suitable simply connected domaiR#n

The catenoid representatidtiu, v) is conformal, i.e. there hold

X2 =sintfu, X2=14cosfu=sintfu, Xy-X,=D0.

Furthermore, it can be deformed continuously intortfirimal helicoid
X*(u,v) = (sinhusinv, — sinhucosv,v)

as follows ) ) )
Xa (U,V) := cosa sinhusinv+ sina coshucosy,

Ya(U,v) := —cosa sinhucosv+ sina coshusiny,

Zy(u,v) := vcosa + usina.

The helicoid is given forr = 0, anda = 7 represents the catenoid. The surface
parametrizations
Xa(uvv) = (Xa(uvv),YOr(UvV), ZG(U,V))

are conformal for alla. This deformation is a special case of a general result by
Bour (see Strubecker [152].

The helicoid was discovered by the French mathematiciam Baatiste Maria
Charles Meusnier de la Place (*1754 in Tours; 11793 in le BerCassel).

Other important examples of minimal surfaces areShkerk surface
X(u,v) = (u,v,logcosu+ logcosy)

found by H. Scherk in 1834, thdenneberg surface
. 2 .
X(u,v) = 2sinhucosv — 3 sinh(3u) cog3v),

y(u,v) = 2sinhusinv — % sinh(3u) sin(3v),
z(u,v) = 2cosh2u) cog2v)
named after E.L. Henneberg who found it in 18E5C. Catalan’s surface
X(u,v) =u—sinucoshv, y(u,v)=1—cosucoshv, z(u,v)= 4sin; sinh\—zl
andA. Enneper’s surface

X(u,v) = u—%u3+uv2, y(U,v) = —v—U?v+ %ve’, Z(u,v) = u? — V2.
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By the way, the later one is algebraic surfacesince it can be rewritten in the
following algebraic form

, 4 4] , 8 ) 8
VX4 -2+ -2 =32|yYP— X+ _-z—z( X+ +-72)]|,
3 9 9 9
see Nitsche [126].

An abundance of examples and simulations of minimal susfaee be found in
various textbooks and in the world wide net.

Immersions with prescribed mean curvature

We also considered parametric functionals whoecal points possess non-vanishing
mean curvature field$or example

//{|xuxxv +2—h°x (Xuxxv)}dudv

with the volume constraint

oh
O/x (Xa % Xy) dudv=1.

Critical points have constant scalar mean curvaktlee hy. We have

2h
F(X,2) = |z|+—°x Z

Or, more generallyildebrandt’s functional

// {|XU X Xo| +2Q(X) - (Xu x xv)}dudv
B

with the constraint

2//Q - (Xu % Xy)dudv= 1

for some given vector fiel@(X) = (q1(X),d2(X),03(X)). Critical points are im-
mersions with mean curvature

HX) = 00+ 7 6o (X) + o Go(X).
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F-minimal surfaces

Of special interest aranisotropic parametric functionalsf the form

FIX] = //F(Xu « Xy) dudv
B

with Lagrangians independent of the space p#inCritical points for such func-
tionals are so-calle&-minimal surfacesElaborating the imbedding of this class
of immersions into the classical calculus of variationsng topic of the following
considerations.

Critical points of. # [X] are sort of analytical models for crystall growth processes
motivated by the work of Wulff in [174]. Spherical surfacdstlois kind are com-
monly calledWulff surfacesWe particularly refer the reader to Taylor [153], [154],
or Morgan [120].

Our analysis follows the ideas of Sauvigny [141] in essépiénts.

11.2 Further regularity assumptions

We consider the general parametric variational problem

BX] = [[ F(X, X4 x Xy) dudv—s extr!
/

with a Lagrangian density
F € C3(R®x R\ {0},R).

We assume that (X, Z) satisfies the following conditions.

(H) HomogeneityFor allA > 0 it holds
F(X,AZ) = AF(X,2).
(D) Positive definitenesS:here exist two real constantsOm; < mp < oo with
my|Z| < F(X.2Z) < my|Z|.
(E) Ellipticity: There exist two real constantsOM; < My < o such that
M1| &2 < EoFz2(X,Z)0& <My|E2 forall§ LZ
with the matrix

F22(X.Z) = (F3(X,2Z))ij—123 € R3*3.
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This latter ellipticity is equivalent to theonvexity condition
F(X,AZ1+ pZz) < AF(X,Z1) + pF (X, Z2)

forall realA, u €> 0 and allZy,Z, € R3\ {0}.
Definition 11.1. We additionally set

Fx(X.2) == (Fa(X.2),Fe(X,2),Fa(X,2)) € R?,
F2(X,2) i= (Fa XZ,szZ)an(XZ))ERi
Fxx(X,Z) i= (Fiyi (X,2)) € R®3,
Fxz(X,2) := (Fx'zl )€R3X3

The Euler homogeneity conditions
Differentiation of the Lagrangiaf (X,Z) yields the so-calledEuler homogeneity
conditionsas follows.

Lemma 11.1.The vector E(X, Z) is positive homogeneous of degfee.r.t. Z the
matrix Fzz(X,Z) is positive homogeneous of degreg w.r.t. Z. Furthermore there

hold the relations

Fzz(X,Z)oZ =0,
Fxz(X,Z)oZ=Fx(X,Z)

for all X € R®and all Z€ R3\ {0}.

Proof. Differentiation of the homogeneity condition (H) w.tt.yields
F2(X,AZ)-Z=F(X,Z).

Thus the first statement follows if we sgét= 1. A further differentiation yields
Fzz(X,Z)oZ = 0. Computing finally the derivative d¥x (X,AZ) = AFx (X, Z) w.r.t.
A shows the third relation. The lemma is provedi

Parameter invariance

We show that the homogeneity condition ensures the pararimetgiance of the
functional Z[X].

Proposition 11.1.4[X] is invariant w.r.t. parameter transformations from clags
and does not depend on the chosen parameter domain iff ishb&dhomogeneity
condition (H).
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Proof. 1. Let 0= G(u,v), V= V(u,v) be a parameter transformation of clégs
Assuming that (H) holds, we compute

B//F(X’X”XXV)dUdV B//F(Xa(uuvvGVVU)XGXXV)dUdV

_ B// F (X, Xg % Xg) Gy — G¥,) dudv = B// F (X, Xa x Xo) diid?

which proves the parameter invariance#fX].

2. The value of the function@#[X] does not depend on the parametrization. We set
o = OyW — Gy, and infer

//F(X,Xaqu)de\”/: //F(X,aflxuxxv)adudv
.§ B
= B/‘/F(Xaxuxxv)dUdV

Applying this formula to the special transformatior="\/A u, ¥ = v/A v for real
A > 0 gives the homogeneity condition in integral form

B// F (X, A Xy x X,) dudv= B//)\F(X,xu « %) dudv

But this identity holds true on arbitrary disBg(w), i.e.

// F(X,/\XuxXV)dudv:/ AF (XX, x X,) dudvy

Br (w) Br (w)

This proves the homogeneity condition (H) and thus the psitiom. O

Condition (D) for compactly immersed surfaces

Consider an immersioX : B — R? satisfying
X(u,v) e # cR® forall (u,v)eB
with a compact subse¥” c R3. We want to verify condition (D). For this set

my ;= inf inf F(X,E), ‘= sup su X,E
1 XC%EE?( ), M xCﬁEesB'E( )l

with the unit spher& := {Zc R : |Z| = 1}.
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Then the homogeneity relation (H) implies

m|Z| <F(X,Z) <mp|Z| forall (X,Z)e.# xR\ {0}.

Namely, for fixedZ € R3\ {0} and arbitraryX € .#" we compute

F(X,Z) < sup F(X,Z) = sup Fz(X,2)-Z
Xcx Xcx

< sup [Fz(X,2)]1Z] < sup sup|Fz(X,E)[|Z] = mp|Z]
XcH XCH EecR

and analogously

m <F(X,Z/|Z|) = % F(X,2).

Thus we arrive at condition (D).

11.3 The first variation

The Euler-Lagrange equations

In this section we want to derive the Euler-Lagrange equatfor critical points
X: B — R3 of the parametric functiona®[X].

We use the following abbreviation for the triple product

XY, Z]:=X-(YxZ), X)Y,ZeRS.

Theorem 11.1.Let the immersion XB — R? be critical for Z[X]. Then it satisfies
[Fzz(X,N)oNy, N, Xy] + [Fzz(X,N) o Ny, Xy, N =WtraceFxz(X,N) inB (11.1)
with the trace term
traceFxz(X,Z) = Fu1 (X, Z) + Fe2(X, Z) + Fae (X, Z).
Proof. Consider the variation
X(u,v) := X(u,v) + £ (u,V)N(u,v), (u,v)€B,

with a test functionp € C3(B,R) ande € (—é&,+&) small. First we have

Xu X Xy = Xu X Xy+ € (Xu % Ny4+ Ny x X))@ + € (dy Xy x N+ duN x X,) 4 0(¢).
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We compute
iggm—i/ F (X, %, x %) dudv
d¢ ~ de. (X, v
I I
://FX(X,XUXXV)~—Xdudv
oe
B
e~ 9 ~ -
+//|_7(X,XUXXV)-£(XUXXV)dUdV
B
Let as usual

0
T e
UsingFz(X,AZ) = Fz(X,Z) we arrive at

O0AB|X] BIX H

e=0"

:/ Fx (X, Xu x %) - N¢ dudv
B
+//I'7(X,Xu><x\,)-(xu><I\k,+NuxXV)¢dudv
J
+//I'7(X,XUXX\,)~(XU>< Ngy+N x Xyd) dudv
B
— //[FX(X,N),xu,xv]qsdudv
5
+//{[E(X,N),XU,NV]+[I‘7(X,N),NU,XV]}¢dudv

+// Fz(X,N), Xy, N¢v + [Fz (XvN)7N7Xv]¢u}dudv

The last two integrals are equal to

//dlv F2(X,N), N, X/]¢, [F2 (X, N), X, N]¢) dudv

[ F2x XNy 0 X0 N X+ [Fax(X,N) o X XN b dudy

B

- //{[Fzz(X,N)oNu,N,XVH[Fzz(x,N)oNv,xu,N]}¢dudv

B
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The integral over the divergence term vanishes dugg g =0, i.e.

//div([Fz(X,N),N,XV]¢,[FZ(X,N),XU,N](IJ)dudv: 0.
5

FurthermoreFx (X, Z) = Fxz(X,Z) o Z yields
[Fx (X, N), Xy, Xy] = [Fxz(X,N) o N, Xy, Xy] = [Xu, X, Fxz(X,N) o N]
= [Xu, Xv, Fzx(X,N) o N]
where we make use of
ZoFxz(X,Z)oZ=Z0oFzx(X,Z)oZ.
Now we insert
[Fzx (X, N) o Xu, Xy, N] + [Xu, Fzx (X, N) o Xy, N] + [Xu, Xy, Fzx (X,N) o N]
= [Xu, Xy, N]traceFzx(X,N) = WtraceFxz(X,N).

into thed.#[X] to get

571X] = [ IFx(X.N), X, X6 dudlv
i.//{[FZX(XvN)OXwN,Xv]-F[FZX(X,N)OXV,XU7N]}¢dudV
- ;/{[Fzz<x,N)oNu,N,xv]+[Fzz<x,N)oNv,xu,N]}¢dudv
= //BtraCd:xz(X,N)qududv
B_// {[F22(X.N) o NN X+ [F22XN) o Ny, X, N] L luc
:

The fundamental lemma of the calculus of variations yields
[Fzz(X,N) o Ny, N, %] + [Fzz(X,N) o Ny, Xy, N] = WiraceFxz(X, N).

The theorem is proved.O
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Critical points are immersions of mean curvature type

Following Sauvigny [141] we introduce a special weight maW (X,Z) to trans-
form the Euler-Lagrange equations from the previous theadrego the so-called
system of mean-curvature type.

Theorem 11.2.A critical point X: B — R3 of #[X] solves the nonlinear elliptic
system

Dag, (X,N) = Hih” X - Ny = —2Hw(X,N) inB (11.2)

with the parameter invariant Beltrami operattirdazN(-, -) W.L.L.

— the metric

d%\l ::_i hijddduj, hij = XuiOW(X,N)Oth (11.3)

i,J=1

— the weight matrix

1

-1
e F72(X, 2) + (22)); - 11.4
defx.z) 2 Z)”1’2’3> (14

W(X,Z) = <

forX e R3and Ze &,
— and the weighted mean curvature

Hw(X,Z) = — = traceFyz(X,N).

 2\/detFzz(X,N)

Before we come to the proof of this theorem we want to verifst tinatW (X, N)
from this definition actually represents a weight matrixia sense of our definition
from chapter 4. Then we come to the proof the parameter imweei of the Beltrami

operatoﬂ]dazN (¢, 0).

Properties of the weight matrix

In chapter 4 we introduced weight matrid&5 X, Z) on the tangential space of sur-
faces with arbitrary codimensions. The properties (W14 given there reduce
to the following:

For allX € R® and allZ € R®\ {0} there hold

(W1) W(X,Z) is invariant w.r.t. the choice of the normal vector, i.e.

W(X,AZ) = W(X,Z);
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(W2) W(X,Z) acts non-trivially on the tangent space, i.e.

W(X,Z) |, ) : Tx(W) — Tx(w), in particular,

W)

rankw (X, Z =2, W(X,2)oZ=2,

) ’TX(W)

(W3) W(X,Z2) is positive definite, i.e. with a real constang € [0,) we have

(1+ o) YEP < EoW(X,Z)0 & < (14 wp)|E|* forall & e RE;

(W4) W(X,Z) is normalized in the following sense

detw(X,Z) = 1.

Let us now consider the special weight maWi(X,Z) from the previous theo-
rem. We show that it satisfies these properties (W1) to (W4).

1. First we continu&V (X,Z) constantly along linegAZ} for A € R andZ € &
such that it holds

W(X,AZ) =W(X,Z) forallA eR.

This proves (W1).

2. The weight matriXV (X,Z) consists of the mappirfgzz(X, Z) which acts on the
tangential space, and of the mappig’); j—1,2.3. There hold
rankFzz(X,Z) =2, rank(Z2)ij—123=1.
The weight matrix is homogeneous of degree @.iWe have

W(X,Z)oZ=2 forallZe S

where we note
Fzz(X,Z2)oZ=0

as well as
(23 4+ 2(2)2 + 2 ()2
(Z22)ij1230Z2= | ()2 +(B)P+2DP)? | =2
()2 + (272 + (2)?
for all Z € S°. We infer (W4) from

detw(X,z) =1 forallXeR3andZ e &.



222 11 Crystalline functionals ifR3

Property (W2) follows now from

1

= _F772(X,2): %7 — %z forallZe S
T, JdetFz2(X,2) z2(X,2) : 32 z

W(X,z)t

3. Letfinallyé L N be an arbitrary tangential vector. Then the ellipticity dibion
(E) onFzz(X,Z) ensures

o 710 *; o o % 2
LOWELN) ol = deFXN) FazXN)o &<y 1€l

as well as M
EoW(X,N) Lo& > L |&2.
M2

Thus (W3) follows with the setting

Note thatay depends only on the ratio of the eigenvalue boundsgitX, Z).

The invariant Beltrami operator

We come back to the operaﬁagss\’@, ), see e.g. Blaschke and Leichtweif3 [15].

Definition 11.2. The first Beltrami operatorfor continuously differentiable func-
tions¢, ¢: B— R w.rt. the line elemendsy, is defined as

Oyg, (9,9 : Zlh Ty i -

i)

Analogously we define the first Beltrami operator w.r.t. atlyeo Riemannian
line elemends?, or even for smooth vector-valued mappingandY, namely

Oy (X,Y) Z h X - Xy -

i,]=1

To prove its parameter invariance, l€t(v") € ¢ be parameter transformation
from classp. Then

2 2 2 2 . 2 2
iJ=1 i J=1kA=1p,v=1 KA=1pv=1
2
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Proof of the mean curvature type representation

Now we come to the proof of Theorem 11.2. Together with lemrBai%e.
(MoX)x (MoY)=(detM)M 1o (X xY)
for all non-singular and symmetric matricksc R®*3 and allX,Y € R3, we infer
{W(X,N)"Z o Ny} x {W(X,N)Z o X,}

= {W(X,N)Z oW (X,N) Lo Ny} x {W(X,N)2 o X,}
= W(X,N)"Zo {(W “ToNy) x X}
= (W(X,N) Lo Ny) x Xy

Analogously we obtain

{W(X,N)Z o Xy} x {W(X,N)"2 0Ny} = Xy x (W(X,N) "o Ny).

Now insert the definitions of the weighted mean curvatdg€X,Z) and the weight
matrix W (X, Z) from the theorem into the Euler-Lagrange system to get

1
—2HW(X,NW = —— M — Fz7(X,N)o N
w (X, N) detaa (X N) [Xu, Fzz(X,N) o Ny, N]

1

e [Fzz(X,N) o N, X N
dethz(X,N)[ZZ( )Ny XN

= [Xu, W(X,N) "L o Ny, N] + [W(X,N) " o Ny, X, N]
— [W(X,N)2 0 Xy, W(X,N) "2 0 Ny, ]

WX, N)"Z 0 Ny, W(X,N) Z 0 Xy, N].
Multiplication by
IN,W(X,N) 2 0 Xo, W(X,N)2 0 X,] = [N, Xg, X,] =W
yields

Ny~ Xu Xgo W(X,N)o Xy 0] [ X0 W(X,N)oXy Ny-X, O
—2Hw (X, N)W? = | Ny- Xy Xy o W(X,N)o Xy 0|+ | X, 0 W(X,N)o Xy Ny-X, 0
0 0 1 0 0 1
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This is equivalent to

— 2Hw (X, N)W? = hpp(Xy - Ny) — 2hga(X, - Nu) + hyg (X, - Ny)
2
=W2 5 h (X, -Ny).
mzzl (X - Nyi)

This proves the stated representationl

Example: Minimal surfaces

Consider again the area function

A|X] = B// IXu X X| dudv

with the Lagrangiatr (Z) = |Z|. There hold

4
Fz(X,Z) = E, Fx(X,Z)=0

as well as 5 Jgi
i y2
Fzz(X,Z) = (—’ — —>
2| 1213 )i 2123

with the Kronecker symba3;j, thusW (X,Z) = E2 with the three-dimensional unit
matrix E3. Thus minimal surfaces XB — R as critical points of the area func-
tional o7 [X] fulfill

L11—2015L L .
Ddsz(X,N)Zgzz 11 g\leZ‘f’gll 2 _ o inB

with the classical metric
dS’2 = glld u+ 2912dudv+ gzzdvz.

It particularly holdsH = 0 for its scalar mean curvature.

Example: Immersions with prescribed mean curvature

We consider two variational problems from the introductiéth critical points pos-
sessing either constant mean curvature or mean curvapnesented by the diver-
gence of the discussed vector field in space.

In both examples the weight matii¥ (X, Z) simply equals the three-dimensional
unit matrix E3.
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1. Immersions with constant mean curvature
First consider the functional

//{|xuxxv|+%h°x-(xuxxv)}dudv
B

We immediately compute

2hg Z 2ho
F)(( ? ) 3 Y FZ( ) ) |Z| + 3 b
furthermore
2hy 3 5 27
Fxx(X,Z) =0, Fxz(X,Z) = “OE3  Fyp(X,2) = (___
( (X,2) =3 (X,2) 2 %) 1
as well as

Fxz(X,Z) = Fzx(X,Z).

Thus cricital points X B — R3 of this functional have constant mean curvature
H(u,v)=hy inB,

and they solve
Oge(X,N) = —2hg

w.r.t. the non-weighted line elemeds’.

2. Immersions with prescribed mean curvature
Now we come to Hildebrandt’s functional

// {|X“ X Xo| 4+ 2Q(X) - (Xu x xv)}dudv
B

with a prescribed vector fiel@(X) = (g1(X), g2(X),gz(X)). We have
Fxz(X) = (Faz)iji=123 = (20 4 )i,j—1.23 € R¥3.

Thus critical points X B — R3 possess the mean curvature

H(X) = _iqi’xi (X) = divxQ(X) inB

with the spatial divergence operatdivy. It holds
Oge (X,N) = —2divx Q(X)

again w.r.t. the classical metnits’.
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Example: Immersions of minimal surface type. F-minimal sufaces

For critical points of the anisotropic parametric functibn

_ / F (X4 x Xy) dudv
B

we immediately infer

Fxz(X,Z)=0.

Now introducing the weight matri¥/ (X,Z) from Theorem 11.2 we arrive at
Oug, (X,N)=0 inB
with the weighted line element
d%v = hy1du+ 2hodudv+ h22d\12

from (11.3).Thus critical points of#[X] are characterized by the property that
their weighted mean curvaturejifrom Theorem 11.2 vanishes identically,

Hw=0 inB.

These immersions of minimal surface type are cafledinimal surfaces.

Example: Immersions with prescribed weighted mean curvatoe

We consider again two examples.

1. Immersions of constant mean curvature

First let
//{ (Xux Xy) + 22 (XuxX\,)}dudV

with a real constanty € R. It generalizes the variational problem for surfaces
with constant mean curvature by substitutjggwith a mapping-(Z). Now let
us denote the integrand By(u, v). Then we calculate

2h0 2h0
—Z
'3

F(X,Z) = , I%(X,Z):FZ(Z)—i-?X

as well as

_ _ 2h -
Fxx(X,Z) =0, Fxz(X,Z)= 3°1E3 Fzz(X,Z) = Fzz(2).
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Thus critical points X B — R3 have weighted mean curvature

ho {ho ho}

e — G —_—,—
v/detFzz(N) Mz’ My

w.r.t. the weight matrixV(Z) from Theorem 11.2n particular, they satisfy

Hw(N) =

2hg

————— inB.
dethz(N)

Ddﬁv(xv N) =

2. Immersions of prescribed mean curvature type
In generalization, we now consider the Lagrangian density
F (X, X % Xy) = F (X % %) + Q(X) - (X4 X Xy).

Analogously to the foregoing calculations we compute

1 .
Hw (X,N) = mdwa(X)

for the weighted mean curvature w.r.t. the above weight psitt(Z) € R3*2 for
cricital points X: B — R of the associated variational problem.

11.4 Principal curvatures and weighted mean curvature

From the elliptic mean curvature type system
Ddsg,(X,N) =—-2Hw(X,N) inB

w.r.t. some weight matridV(X,Z) we want to deduce a relation between the
weighted mean curvatutéw (X,Z) and the principal curvatures andk; of an
immersionX.

In the non-weighted case these curvatures satisfy
K1+ K2 =2H(X,N)

with a prescribed mean curvatutéX, Z).

In the general case it turns that out that the principal dures have to be multi-
plied with special weight factors to suffice a curvaturetiefalike this.

A mean curvature relation

Our next resultoes not only applto critical points of variational problems. Rather
we formulate it for any immersion satisfying the above difetial equation.
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Theorem 11.3.Let the immersion XB — R3 solve the nonlinear elliptic mean
curvature type system
Elds‘%l(x,N) = —2Hw(X,N)

with prescribed weighted mean curvature
Hw: R®x R3\ {0} — R

w.r.t. a weight matridV/(X,Z). Consider a point we B, and let Z (w) and Z(w)
denote the principal curvature directions of the surfacetXhi point. Set

pl(X, N) Z:Zj_(W) OW(X, N) o Zj_(W) ,
pz()(7 N) ZZZz(W) OW(X, N) [¢) Zz(W)
using principal curvature parameters around this pointemtit holds

p1(X,N)K1 (W) + p2(X,N)k2(w) = 2Hw (X,N) forallw € B. (11.5)

On the principal curvatures

Before we come to the proof of this result we want to recall samportant proper-
ties of principal curvature parametrizations.

For this purpose consider a poiit v) € B and the circles' (X (u,v)) of radius 1
and with centeX(u,Vv) on the tangential plan&x (u, V).

Definition 11.3. The vectoiZ € St(X(u,V)) is called gprincipal curvature direction
atX(u,v) if the mapping

du

dt du\? dudv dv\ ?
Z=0X(u,v)o gf/ '—>|—11<a> +2leaa+L22<a)

dt

takes a stationary value. The smooth cuwefte := X(u(t),v(t)) is called gorincipal
curvature lineif it holds

d
ac(t) #0
and if 1
d —d
ac(t) ac(t)

represents a principal curvature direction.

A plane normal sectiomf the surface aK(wp) along the tangential line of a
curvec = c(t) on that surface, attached at the po¥itvp), is the projection of this
curve onto the intersecting plane. The curvature of this pkme curve is called
normal curvatureat X (wp).
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There are always two linearly independent principal cumatlirections where
the normal curvature takes its maximal and minimal value le compact set
S'(X(wp)). These quantities are exactly the principal curvatures.

Now let k1(u,v) # K2(u,v) at some(u,v) € B. Following Klingenberg [106],
Theorem 3.6.6, we can introduce new parameters in the neighbd of(u,v) € B
such that the new parameter lines agree with the principahture directions there.

Proposition 11.2.Under these conditions there hold the equations of Rodggue
Nu(u,v) = —k1(u,V)Xu(u,v), Ny(u,v) = —Ka(u,v)Xy(u,V) (11.6)
as well as
Xu(u,v) - Ny(u,v) =0, Xy(u,v) - Ny(u,v) = 0.
In particular, the second fundamental form is diagonalised

Now let k1 (u,v) = K2(u, V) for a point(u,v) € B. Then all directions on the sur-
face, attached at that point, are principal curvature tivas since there is only one
normal curvature. Such points are calledbilical points.

The next proposition can be found in Laugwitz [111].

Proposition 11.3.At each point there are two linearly independent and orthogo
nal principal curvature directions where the normal cunveds take their extremal
values.

If the parameter system is chosen such that the paramedsitéinch the principal
curvature lines at some poiKtu,v) then there hold

L11(u,v) = k1(u,v)g11(u,v), Loo(u,v) = K2(u,Vv)g22(u, V) (11.7)

as well as
g12(U,v) =0, Liz(u,v) =0 (11.8)

with the coefficientg)i; andL;; of the first resp. second fundamental form.

Proof of the mean curvature relation

Let us now come to the proof of the foregoing theorem.
Proof. Start with choosing principal curvature parametery) locally. We rewrite
the mean curvature type system

Dds‘%l(x,N) =—-2Hw(X,N) inB

into the form

2 ..
z Lij (u,v)h" (u,v) = 2Hw(u,v) in B,
i,]=1

hij = X o W(X,N) o X, the coefficients of the weighted first fundamental form.
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Then using (11.7) and (11.8) we find
Xvo W(X,N)o Xy

-

_ Xvo W(X,N) o Xy |Xu|2K1+ XuoW(X,N)o

Xy
W2 W2 Xl

- (20 ewone (261

N <|\)/(V—V|XU> oW(X,N)o ('i,(v—” xu> K2

_XUOW(X,N)OXu

hHLyy 4+ h?2p, = W2

(Nu-Xu) (Ny- %)

with the area elemet = | X||X/|. If follows
hMLy1 + BP0 = (X IX0) o W(X,N) o (X ~1X) K1
+ (X7 X) oW (X, N) 0 (| XX K2
=1 (ZroW(X,N)oZ1) K1 + (Zoo W(X,N) 0 Zo) Ko
= p1(X,N)K1 + p2(X,N)K>
with the orthonormal principal curvature directions

1 1
Zl::_XV; Zzzm

X &
and the weight factorg; (X,N) andp»(X,N) from the theorem. We arrive at

hiLij = —p1(X,N)K1 — p2(X,N)Kk2 = —2Hw (X, N)

Oy, (X N) = — 1

™M

proving the statement.O

Remarks on the weight factorsp; and p»

Together with (W3) from chapter 4 we have

< XN X.N)<1 .
1+w0_P1( ;N),02(X,N) <1+ wo

In the non-weighted cas# (X, Z) = E2 we particularly infer
p1(X,2) =1, pa(X,2)=1

and therefore& + K, = 2H with the classical scalar mean curvature.
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We also infer
K1(u,v)k2(u,v) = K(u,v) <0 inB

for the Gaussian curvatuke of a weighted minimal surface satisfyifyy = 0.

We want to mention that the curvature relation
P1(X;N)K1+ p2(X,N)k2 =0 inB

for F-minimal surfaces critical for the anisotropic but hageneous functional
//F(Xu « Xy) dudv
B

can already be found in Sauvigny [141]. From there we alsk tbhe methods pre-
sented before for deriving the general identities inclgditso inhomogeneous vari-
ational problems.

11.5 Non-parametric differential equations

Nonparametric variational problems

In section 9.2 we have already computet the Euler-Lagraggat®ns

dea(Xay567DZ) dFCIa(va7ZaDZ>
+
dx dy

= FZU(vavzaDZ)a

whereo =1,...,n, for non-parametric functionals of the form

710 = [[ Foey.¢,0¢) dxay
Q

witht the setting
Z = (le"azn)'

If F equals the area integrand, i.e.

(] =//\/1+ P?+ o+ pPg? — (p- )dxdy
Q

with p:= {x, q:= {y, we arrive at the non-parametric minimal surface system

gy (Po:90) _ 4o (Pold* — do(P- ), dolPI* — Pa(p-q))

in Q
W W

foro=1,...,n.
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The right hand side in this system vanishes identically seca= 1 and gives us
the non-parametric minimal surface equation in one codgioen

dv— =0 inQ.
v in

Let us consider the more general integrand

F(xy.zp,a) = r(x,y,z)\/1+ PP+ 0+ p?e? — (p- )2

wherez= (z,...,z,) etc.

Corollary 11.1. Critical points(x,y, (1, ..., {n) of the functional

//I'(x,y,Z)W dxdy
Q

satisfy the Euler-Lagrange system

2 2
div 7('0‘;’\/%) = 2H(X,Ng) Y= Pa+ ”VF\’/G”G

1 2 2 22 2 L
+m{[p +0°+p°a”—(p-q) }Fzg—w;(papwqaqw)ﬂw

1 (Pod®—do(P-q) - GoP’— Pa(P-q)
I_d|v( W r, W r

in Q foro=1,...,n, with the mean curvature field

. I_X(vavz) ‘Ng
HOONe) = or (xy2)

w.r.t. to the Euler unit normal vectors
1

Nl = *Zl, aizj.. 7170707"'7070 )
1+|Dzl|2( oo )

1
N2 _— (_ZZ,X;_ZZ,ya Oa 1) Oa"'7070)7

V1+|082

1
Nn = (*ZH,X; *Zn,y, Oa Oa Oa s 707 1)

V1+10¢
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The second and the third rows in this system vanish in the wasé&. Then we
arrive at the single nonlinear elliptic parametric meanvature equation

dIVW =2H(X,N) in Q.

The proof follows from our considerations from chapter 10.

Representation of quasilinear equations in divergence fan due to Bers

Now let agaim = 1. Non-parametric variational problems

//F(ZX,Zy)dxdy
Q

lead to Euler-Lagrange equations in divergence form
d d _
&FP(ZXv &)+ d—qu(Zx, 4)=0 inQ.

We now follow Bers [14] and consider quasilinear equations

A(p,q)r +2B(p,q)s+C(p,q)t =0 inQ

with the additional settings
=4, S'=4qy, t:=4qy

Assume that the coefficenks B andC as well as its first derivatives are Holder
continuous in dp, g]-domain containing the origif0, 0).

Now Bers proved thatinder these conditions we can always rewrite the above
quasiliner elliptic equation in divergence form

dA(p.a)  du(p.9) _
dx dy

Necessary and sufficient for this is the existence of nonstémg and positive func-
tion x = x(p, q) with the properties

Ap=XA, Ap+Ug=2xB, pg=xC.
Then the complex-valued function:= A + i is a solution of the system

A 2B
/\pzéﬂq, /\q:*NDJFENq-
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Proposition 11.4.(Bers [14])
Under the above assumptions there exists a continuousyetitiable homeomor-
phismk = A +iu solving the foregoing system such that

Ap >0,
A=u=2Xip=0, Ap=1 inp=qg=0,
PA+qu>0 forp’+q?>0,

ApHg — Aqip > 0.

On the size of quasilinear graphs

Consider now the divergence equation

d d
dx Fo(X,y,{,{x, {y) + d_qu(X7y7 {,x, Zy) =KXy, {, {xs Zy) (11.9)

on the closed disc
Br:={(xy) e R?: X*+y? < R?}.

Theorem 11.4.Let{ € C2(Br,R) NCL(Br, R) be a solution of (11.9). Suppose that
Fo(x.¥,2 p,0)* +Fq(x,y.2 p.a)* < K,
F2(X,¥;2.p,q) = Fmin
forall (x,y,z p,q) € R?xR xR xR

with real constantske [0,+) and Fyin € (0,+). Then it holds

R< 20

~ Fmin .

Proof. Partial integration of the divergence equation yields

//‘deXdy: //diV(Fpan)dXdy: / (—Fqdx+Fpdy).
Br B B

Now on the one hand we know

Foin TRE < // F,dxdy
Br
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while on the other hand it holds
[ (~RadxiFady) < [ \/Fg+FR V@ < 2mieR
0BR JBR
Comparing both inequalities proves the statement.

Our method follows the lines of Heinz [79] where graphs withseribed scalar
mean curvature are considered.

Quasilinear elliptic equations and immersions of mean curature type

Let{ € C3+9(Q,R) be a solution of the differential equation

AXY, ¢, 00) b+ 2B(x,Y, ¢, 0) dxy + C(xY, ¢, 00) {yy = D(x,y, ¢, 0¢)  (11.10)
in Q where w.l.o.g. we assume
A?:=AC-B?=1+|07%.
The unit normal vector of such a grapliix,y) = (x,y,{(x,y)) reads as

1
N =
(Xy) TII0e

Following ideas of Sauvigny [141] we want to construct a viaeigatrixW (X, N)
which transforms (11.10) int a system of mean curvature type

(=46 =4y, 1).

O, (X,N) = —2Hw (X, N).

Construction of the weight matrix

1432 4y \ T (%
M(x,y) == dy 1442 Xy

We start with

N(x.y)
and define the weight matrix
C -BO
W(X,N):=M(x,y)To [ =B A 0|oM(xy). (11.11)
0 01

Let us call the matrix in the middle of the right hand side&kas: K (x,y).
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Lemma 11.2.1t holds
detw (X,N) = 1.

Proof. We compute
1+32 &y *10 104\ _ 1 (148} ~&dy &
{xdy 1+Zy2 01¢y N2 —{xly 1+Zx2 y 7

and therefore

1+ Zyz —Zny Ix

1
M(xy) =5 [ =Gy 1+ 2y . (11.12)
~Nx Ny A
Its determinant reads
1 2, 22 _ 1 . 1
detM(x,y) = FA(1+ZX +{;)° = F/\ N = T

Considering
detW (X,N) = detM (x,y) - detk (x,y) -detM (x,y) = A" 1A2A 1 =1

the statement follows. O
Lemma 11.3.It holds

W(X,N)oN=N.
Proof. Using (11.12) we compute

LM xY) o (~ 0 —Zyn1) = (0,0,1)

N
as well as
1
X K(va) o M (va) o (7ZX7 76}’5 1) = K(Xay) © (0707 1) = (Oa Oa 1)5

and the statement follows from (11.11)0

Lemma 11.4.1t holds

C -B
< ) = 9XT o W(X,N)odX. (11.13)
-B A
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Proof. Since
1432 &y &\ (1 0\ (10
M(x,y)odxzﬁ 4y 1+32g |o|0 1| =01
N Ay A) \&g)  \oo

we arrive at

C -BO 10
100 C -B
ol-B AO0|o|01|=
010 -B A
0 01 00
proving the statement.O

Transformation into a weighted mean curvature system

We now define the weighted metrical coefficients

hll(X7 y) = Ca h12(X7 y) = _Ba hZZ(Xa y) =A (1114)
and calculate
A B C
hll(X7 y) = ﬁa hlz(xa y) = ﬁ? hzz(xv y) = ﬁ .

Thus we can rewrite the differential equation in the form
2 3

hll(XXX-N)+2h12(xxy'N)+h22(ny'N): Z hijLij = {1+||:|Z|2}7? D.
i,]=1

For the weighted mean curvature we set

_3
Hw(XN) = 2 {14+ 10212)*D0ey.2,00). (11.15)

Theorem 11.5.With the settings (11.11), (11.14) and (11.15), any sotugoc
C3t9(Q,R) of the quasilinear elliptic equation (11.10) can be transied into
the weighted mean curvature system

Oy, (X,N) = —2Hw(X,N) in Q.

An analogous connection was already established in Say{igii] for the ho-
mogeneous case of vanishing weighted mean curvatureDwitt0.
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Ellipticity of the weight matrix

Taking account of (11.13), the ellipticity constang > 0 can be realized as follows
(again we refer to Sauvigny [141]):

C -B
coe( )
o Vs <14y (11.16)
EO(zxzy 1+zy2>05

for all € € R2\ {0}.

A growth estimate of the form (11.16) can already be foundanks of Bernstein
and Finn (see e.g. the analysis in Nitsche [126], 8575 fimidly with

§=(81,82), p=4¢ and q=¢
we consider the two metrical elements
dsf := (1+ p?) déf +2pqdérdéz + (1+ %) déZ,
ds ;= Cd&? — 2BdE;dE, + AdéZ.

If (11.16) holds true, the elemenﬂﬁ andd§ are said to be imuasiconformal
relation which means that for thedilatation é satisfies

d
1 . (%)max 2
m§5-:7§(1+ﬁb)-

(52)
ds, min

Following Finn [58] we speak of graph of minimal surface typi& D = 0, or of
graphs of mean curvature tyjxethe non-homogeneous case.

Let us finally consider the example of the mean curvaturetamua
(1+ Zyz)Zxx — 20y Qg+ (1+ 824y

= 2H(xY,,Zx. &) (1+07) 2

to illustrate the calculations so far.
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For the weight matrix from (11.11) we compute

1432 ~4dy AL\ (1482 &y O\ (1432 —4dy &x
*Zny 1+Zx2 */\Zy © Zny 1+Z;0 © *Zny 1+Zx2 Zy

N4
{x Zy N 0 0 1 —Nx —/\Zy/\

. 1447 —4ly —Nix At 0 A%
= A4 —Zny 1+Zx2 _/\Zy © 0 A% /\ZZy
&4 A Al ALy A

A4 0 0

1 4
0 0 A4

i.e.W(X,N) = E2, and we may choos&y = 0.

11.6 Quasilinear elliptic systems

In this section we want to derive various elliptic systemstifie surface vectoX of

a weighted conformally parametrized immersion of mean atume type and for

its spherical mappingN. Based on these identities we particularly elaborate the
quadratic growth of the gradients in the next section whiebdmes important for
the later curvature estimates.

An example: Minimal surfaces

For illustration we want to start with considering a mininsairfaceX: B — R3
satisfying the conformality relation

XZ=W=X2, X;-X =0 inB.

LetN: B— R® denote the Gauss map of the minimal surface. From the invaria
representation
O4e(X,N)=0 inB

w.r.t. the non-weighted metrids® = g;1 dw? + 2g1odudv+ goodV2 we infer

AX-N=0 inB.
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Furthermore, differentiating the conformality relatiaiges us
Xu-Xou=Xv Xuv,  Xu-Xav =Xy Xw,
Xo- X+ X Xw=0, Xy Xw+ Xy Xoy=0
from where we get
Xu-Xuu=—Xu-Rw, X Xou= =X~ X
Thus there also hold
AX - Xy=0, AX-X, =0,
and we arrive at theonformally minimal surface system
AX=0 inB.

In particularthe coordinate functions x x (u,v),i=1,2 3, represent harmonic
functions.

Weighted minimal surfaces

From (4.11) we already know the representation
AyX = AX — (Qf1 + Q35)Xu — (QF1 + Q%)X = 2Hw (X,N)WN

using weighted conformal parametéusv) € B setting

12
Qi'} =5 /Z W (wrij + wjei — @), @ije =X o W(X,N)y 0 Xy
=1

with the coefficients
hij = X o W(X,N) o X,

of the weighted first fundamental form. In the non-weightededV (X,N) = E3
this system reduces to the classical minimal surface syAtém: O.

Elliptic systems for the spherical mapping

The differential system for the surface vec¥ofrom the last example contains the
spherical mappinyl and its first derivatives. Thus to arrive at a complete sysiem
equations we must establish suitable differential equatfor the vectoN.

Theorem 11.6.Let the weighted conformally parametrized immersionB<— R3
with prescribed weighted mean curvaturg/ (X, Z) be given.
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Then its spherical mapping \B — R? satisfies
AN = 2(Ny x Ny) -+ W(X,N)uo (N x Ny) +W(X,N)yo (Ny x N)
—Z{HW’X(X,N) X+ Hwz(X,N) - NU}W(X,N)oXu
72{HWVX(X,N) X+ Hwz(X,N) - l\k,}W(X,N)oXV (11.17)
— 2Hw(X,N) {W(X,N)uoxu+W(x,N)voxv}
— 2Hw (X, N)W(X,N) 0 AX.

For the proof we need the following calculus rule (see Sauv[@41]).

Lemma 11.5.Using weigthed conformal parameteirsg v) € B it holds

W(X,N)oXy= (X xN), W(X;N)oX,=(NxX,). (11.18)
Proof of the LemmaThe vector triple

1 1 1 3
{\/—V_VW(X,N)7 o Xu; \/—V_VW(X’N)E OXV’N}

forms an orthonormal moving frame of the surface. It pattidy holds
W (X,N)2oX, = N x W(X,N)Z 0 Xg.

Using the identityW!(X,N) o N = N and the rule from Lemma 5.3 from chapter 5
we compute

WX,N)B oX, = {W(X,N)% oN} X {W(X,N)% oxu}
= W(X,N)" 20 (NxX,)
proving the second identity in (11.18). Furthermore we have
Xo = (N x Xg) x N = {W(X,N)oxv} x {W(X,N)ON}
=W(X,N)"Lo (X, x N),

and that was stated.O

Now we come to the
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Proof of the TheoremWe write the Weingarten equations from section 4.3 using
weighted conformal parametes,v) € B in the form

L L
Ny = —EW(X,N)OXU—W”W(X,N)OXV,

W
N, = _ﬁw(x N)oxu_EW(x N) o X, .
w ’ W ’

Together with (11.18) we calculate

L L
N x Ny = —ﬁNxW(X,N)oXu—leNXW(XvN)OXV

L L
:—ﬁNx(X\,xN)—leNx(Nqu) (11.19)
L11 L1z
= ——X _—
W v+ W Xu
and analogously
L Loo
NNy = =T Xy o 2 X (11.20)
We conclude L L ListL
12 22y 11T 22
NxNUfWXmLWX\, m Xv
= —W(X,N) Lo Ny — 2Hw(X,N)X,
and L L Li1+L
12 11 11 22
N = Xy — —= S
x Ny w VT W Xu+ I, Xu

= W(X,N) Lo Ny+ 2Hw(X,N)X,.

Rearranging yields
Ny = W(X,N)o (N x Ny) — 2Hw (X, N)W (X, N) o X,
Ny = —W(X,N) o (N x Ny) — 2Hw(X,N)W(X,N) o X, .
Now differentiate these relations to get
Nuu = WX, N)yo (N x Ny) +W(X,N) o (N x Ny)
+W(X,N) o (N x Nuy) — 2Hw (X, N)W(X,N)y o Xy
— 2Hw(X,N)W (X, N) o Xyy — 2Hw (X, N)y W (X, N) o X,
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as well as
Nyw = —W(X,N)yo (N x Ny) —W(X,N)o (Nyx Ny)

—W(X,N)o (N x Nyy) —2Hw(X,N)W(X,N)y o Xy

—2Hw(X,N)W (X,N) o Xyy — 2Hw (X, N)y W (X, N) o Xy .
Summing up both identities proves the statement.

We want to evaluate the normal part of the term
W (X,N)yo (N xNy) +W(X,N)yo (NyxN).

Let as usualX,Y,Z] := X - (Y x Z). Then after differentiation ol = W(X,N)oN
we compute

N oW (X,N)uo (N x Ny) +NoW(X,N)yo (Ng x N)
— (N'% Ny) o W(X,N)yo N+ (Ny x N) o W(X,N)yo N
— (X Ny) - Ny — (N x Ny) o W(X,N) o Ny
(N x N) - Ny — (Ng x N) o W(X,N) o Ny
— 2N NN
— [W(X,N) o N, Ny, Ny ] + [W(X,N) o N, Ny, Ny]
+ [N, WX, N) 0 Ny, Ny] + [N, N, WX, N) o Ny
- {trace\N(X,N)fS} N, Nu, Ny

where [N, Ny,Ny] = KW. Thus this part vanishes identically in the non-weighted
caseW(X,Z) = E3.

An alternative elliptic system for the spherical mapping

The identites from (11.18) enable us to derive an elliptatesn forX : Differentiate
Xa=W(X,N)"To (X, xN), Xy=W(X,N)"Lo(NxX)
to arrive at

Xy = {W(X,N)*l} o (X x N) -+ W (X,N) Lo (Xay x N+ Xy x Nu),
u

Xy = {W(X,N)*l} o (N3 Xu) -+ W(X,N) "o (Ny x Xy 4+ N x Xay) -

\
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and summing up these identities shows that

AX = {W(X,N)*l}uo (X x N) + {W(X,N)*l}vo (N x Xy
+ Ny x Xy + Xy x Ny.

The third term on the right hand side does not involves angdatial parts. Thus
from (11.19) and (11.20) we infer

N (X x Ny + Ny x Xg) = —Xa- (N Ny) = Xy - (Ny x N)

_ LeaGpe—2LipGiat LuQu
wW

with the non-weighted mean curvatile= H (u,v) —but using weighted conformal
parametersTogether with (11.18) we conclude

AX = {W(X,N)’l}uoW(X,N) oXut {W(X,N)’l}voW(X,N) o Xy + 2HWN

= —WOX,N)LoW (X, N)yoXy—W(X,N)" Lo W(X,N)yo X, 4+ 2HWN
or after rearranging
W (X,N)o AX = —W(X,N)y0Xy—W(X,N)yoX,+2HWN.

This could eventually serve as an alternative system fosuhiace vectoX. Fur-
thermore, in the non-weighted cagd&X,Z) = E2 we immediately read the mean
curvature system

AX =2HWN

in conformal parameters.

Inserting next this representation Wf(X,N) o AX into (11.17), taking account
of Ny x Ny = KWN, proves the

Corollary 11.2. Let the weighted conformally parametrized immersiarBX— R3
with prescribed weighted mean curvaturgytX,Z) be given. Then its spherical
mapping satisfies

AN = 72{2HHW(X,N) - K}WN

FWX,N)go (N x Ny) +W (X, N)yo (Ny x N)

(11.21)
—Z{HW’X(X,N) X+ Hwz(X,N) - Nu}W(X,N) o Xy
72{HW,X(X,N) Xy +Hwz(X,N) - l\k,}W(X,N) oXy

with the non-weighted mean curvature H
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Examples

Let us exemplarily consider the ca®é(X,Z) = E2. Using conformal parameters
we infer

AN = —2{2H(X,N)2—K}WN
=2 H (N X+ Hz0GN) - N b X

72{HX(X,N) X+ Hz(X,N)- Nv}xv.

Note the coupling with the gradient of the surface vector.

If X: B— R3 represents a minimal surface then it holds

AN = 2KWN = 2(N, x N,).

We want to expresAN in terms of the moving framéN, N, N, }. Using confor-
mal parameters we have

Xu) Xu < Xv) Xy
Hy = (Hx- 2% ) 29 4 (Hy- 2% ) 2% 4 (Hye NN
§ <X|xu| % TR g N

1

= o (Fh X)X (Hx X)X |+ (Hix-N)N

w.r.t. the basig Xy, Xy,N} such that it follows

AN:2{K72H(X,N)2+HX(X,N)~N}WN72HX(X,N)W

(11.22)
~2{Hz(X,N) - Nu b X = 2{Hz (X N) - N b X

Now compare the terms

(Hz - Nu)Xu+ (Hz - Nv) Xy

L L L L
=~y (M2 XX = 7 (Hz - X)X = 7 (Hz XX = 1 (Hz X)X,
(Hz - Xu)Ny + (Hz - X,)Ny

L L L L
= - ﬁ (Hz - X)Xy — le (Hz - Xo)Xy — le (Hz - X)Xy — ﬁ (Hz - X)Xy

showing the identity

(Hz - Nu)Xu+ (Hz - N»)Xy = (Hz - Xu)Ny + (Hz - X)Ny .
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Thus we can rewrite (11.22) into the form

AN = Z{K — 2H(X,N)2+ Hx (X,N) - N}WN—ZHX(X,N)W

72{HZ(X,N)~XU} NufZ{HZ(X,N)X\,} Ny .

Finally we want to specify (11.21) for weighted minimal agés satisfying
Hw(X,Z) = 0: We immediately infer

AN = 2KWN-+W (X, N)yo (N x Ny) +W(X,N)yo (N x N).

Note again the coupling with the gradient of the surfacearedthis coupling van-
ishes in the special ca¥é = W(N).

11.7 Quadratic growth in the gradient

In this section we elaborate the quadratic growth in the igrador the elliptic
systems from above.

Estimate of the Of

Beside the constandy € [0, ) we also need quantities controlling the derivatives
of the weight matrix.

Definition 11.4.Let wy, a, € [0,+) be real constants with the properties

3
Z Wij «(X,2)? < an
%

as well as

3
Z Wi 4(X,2)? < ap
i ife

with the components; (X,Z) of the weight matrixW (X, Z).

The coupling of the surface vectar and its spherical mappinyg through the
weight matrixW (X,N) causes a coupling of the associated elliptic systems. Thus
our next definition.

Definition 11.5. With a real number > 0 we set

X(u,v) = (%X(u,v),N(u,v)) , (u,v)€B.



11.7 Quadratic growth in the gradient 247

In terms of this system we want to establish estimates fowtkight matrix.
Lemma 11.6.Let some vectof € R2 be given. Then it holds
|W(X,Z)uno &| < |&[\/2(rawn)2+ 268 |Xym|, m=1,2. (11.23)
Proof. For& = (&1,&2,&3) we compute
2 3 Koo N2
‘W(X,Z)umOE‘ = Z {Wij’XqumEJ-l—Wij,szﬁme}
ijk=1

3

<2 {(Wij,xkthfj)z"' (Wij,zkzﬁmfj)z} (11.24)

iRl

< 2| |2i,j§1{ (Wij,kaEm)z + (wij,zkzﬁm)z}

due to the Holder inequality, for example applied to

3

2
<jiwij,xkxﬁmfj> < ; (Wij,xkxﬁm)z' i\(EJ>2 _ |E|2§\(Wij’kaEm)2,

In this way we arrive at
2 2 2 > 2 2 2 & 2
|W(X,Z)umo &| < 2|&[*[Xyn] Z (Whj )=+ 21& [ Zum| Z (Wij )
ijk=1 i k=1
< 260 [ Xum[? + 20 € ?|Zum 2

< 2fe{(ran? + g} { [ xm

2
i)

< 20¢2{ (rwn)? + wf } [ Xur?

(11.25)
proving the statement.O
Lemma 11.7.Using weighted conformal parameteis v) € B there hold
(1+ o)y /(ran)? + of (1+ o)y /(ran)? +
Q14| < X, Q5] < EY

V2 V2
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as well as
0z < ) j;w2+°)§<2|xu|+|xv|>,
|Q3,] < — \iréwl>2+ag(|3€ul+2l3€vl)-
Proof. We estimate as follows
194 < gy Do OGN = B0 2w e 02
< % W(X,N)yo X

and together with (11.23) we infer

L )+ @ X (1+ @)/ (ron)? + a3
Q1] < N %] < | Xy

V2

Analogously we have
_Qz :——XUOW(X N) oX +—XuOW(X N) OXU
11 W »NJu vV W y N v

and compute

-l [ % | % 5l
02 oW (X,N)yo | + 5 | =5 o W(X,N)y
2 sz 2
< % 2ran)? + 20 |Xul + 55 al 2(ren)? + 203 %]

Xuo W (X,N) o X,+ Xyo W(X,N) o X,
2w

< (1+ ay) 2(ran)? +205 | Xy|

Xuo W(X,N)o X,

g 2(re)?+ 263 |4,

+(1+ o)

or summarized

(1+ o)/ (row)? + w5
V2

The remaining inequalities are proved in the same way.

1Qf)] <

(2%l +[2]).-
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Estimate of AX

From the weighted mean curvature system we immediately infe
AX] < (1Q1] + Q3] Xa| + (| QF1] + Q2] X0 + hol DX [?

with the constant
ho:= sup |Hw(X,2)|-
XeR3
ZeR3\{0}

Here we note

W= \/hnhzz*hfzz \/911922*9%23 V011022 < %|DX|2-
Furthermore we have
AGF1X)] < (14 6)/2(rn)2 + 263 (|| + (%)) (|07 X)u] + |17 2X)0))
+(hor) [O(r*X)|?
< (1+ an)y/2(rwn)?+ 268 (|Xy] + | %0])% + 1 (hor ) [OX 2.

This proves our next

Theorem 11.7.The weighted conformally parametrized immersianB<— R sat-
isfies
|A(r~1X)| < Ax|DX> inB (11.26)

Ax = {2(1+ ab)\/Z(ra)l)2+20J22+hor}. (11.27)

with the constant

Estimates of AN

First, system (11.17) yields
[AN| < [ONJ? +/2(rep)? + 208 (|2ulIN x No| + |24/ [Nu x N)
+2(1+ o) { [Hwx 4, N)I Xl + Hwz (X N) NGl Xl

+2(1+ &) { IHwx O N) X+ [z (NN b i (1228)

+2ho/ 2(r w1)? + 2005 (| Xu| [Xa] + [ 20| X))

+2ho(1+ awp) |AX].
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Next besidéhg we also introduce real constants

hi:= sup [Hwx(X,Z)|, hx:= sup |Hwz(X,Z)|.
XeR3 XeR3
ZeR3\{0} ZcR3\{0}

Together with (11.26) we then conclude
|AN| < |0%)2 +2/2(ran)? + 2008 | 24| | %y
+2(1+ o) { (har?) 22+ (hor) 24}

+2(1+ &) { (har?) 22+ (har)| /2 |

+2(hor)/2(rewn )2+ 243 (| Xu[>+ | %/?)
+2(hor) (1+ a) {21+ @)/ 2(ren)? + 268 + hor |} |02,

Theorem 11.8.The spherical mapping N of a weighted conformally parametti
immersion X B — R3 satisfies

|AN| < An|OX[? inB (11.29)

with the constant

Ani=14 (L4 200) /202 + 268+ 2(1+ o) { (har?) + (hor) |

+2(hor)(1+ %){2(1+ o) 2(ra>1)2+2m§+hor}.

(11.30)

Estimate of AX

The estimates (11.26) and (11.29) immediately imply

Theorem 11.9.Let the weighted conformally parametrized immersionB<— R3
be given. Then it holds

|AX| < Ax|OX? = V2(Ax +/An)|0X[? inB (11.31)

with the constantéx andAy from (11.27), (11.30).

Eventually these estimates are not strong enough. We shathler consider spe-
cial classes of surfaces.
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Example: Minimal surfaces

FromAX = 0 andAN = 2(N, x Ny) we immediately obtain
|AX| =0, |AN|<|ON]?> inB

for a conformally parametrized minimal surface. In thisecage have\x = 0 and
An = 1, but we replace (11.29) by (11.28) withy, c»» = 0 andHy = 0.

Example: Surfaces with prescribed mean curvature
In this case there hold
A(r1X)] < (hor)|D(r X)) 2,
|AN| < (14 hor)|ONJ2+ {2(hg+h1)r2+ hzr}|D(r*1X)|2.
In particulary, for proving the second inequality we use.28) as follows
[AN] < [ONJ? + 203 OX|? + 2N (X | 4 [Xef?) + 2ha( Xl [Nul 4 Xl Nv])
= |ONJ?+2(hor)?|0(r—X) |+ 2(har?)|O(r*X) 2
+2(har ) (I Xl [Nu| + [r %] Ny

We set\x = hor andAn = 1+ 2(hgr)? +2(hyr?) + 2(hgr).

Special weighted minimal surfaces

Consider immersions with vanishing weighted mean curegtiyf(X,Z) = 0. The
estimates (11.26) and (11.29) imply

|A(r1X)] < 2(14 o)/ 2(ran )2+ 22 |0X),
|AN| < {1+ \/Z(rwl)2+2w22} |0%]2.

Let us now assume that the weight matrix has the specialtstaic
W =W(2).

Examples are F-minimal surfaces which are critical for this@tropic parametric
functional. 7 [X].
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For arbitraryé e R2 we replace the estimates (11.24) to (11.25) by
3 N2 3 2
2
W@nmogl*= 5 {wy e’} < (2 5 {w; udin]
ijk=1 i k=1
2 2 3 2172 2
< BRIz 3 W < ez
ijk=1
Furthermore we have

(1+ an)wy
2

(14 wo)w

Q<
Qb < ;

INl, Q%] < NV,

(14 wo)wyp

11.32
>IN, (11.32)

Q%] < (1+ o) o Ny| +

1+ wp)w,
) < TERL I 1k N

We will prove that in this special ca¥®¥ = W (Z) the weighted minimal surface

satisfies
A 1X)] < 2(1+ an)ewp|O(rX)||ON,
(11.33)
[AN] < (1+ wp)|ONJ?

using weighted conformal parameters. Namely, first we have
AX| < (1Q41] + Q30 Xl + (|25 + Q20X
< (14 o) @2 (|Nu + [N]) ([ Xul +[Xv])
showing the first inequality. Next we compute
AN = 2(Ny x Ny) + W (N)yo (N x Ny) +W(N)yo (Ny x N)
which leads us to
[AN] < 2|Ny|[N] + @2 Nu| [Ny] + [Ny [ [Nu] < (1+ )| ONJ?,

and this proves (11.33)Note that X and N in (11.33) are not coupled.

Example: Crystalline variational problems

We want to consider critical poin: B — R3 of the parametric functional

//{F(XUXXV)—i—%/OX-(XUXXV)} dudv
B
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Note that the weight matrix has the structWWe= W (Z), thusHw = Hw(Z) for
the weighted mean curvature. Weighted conformally parariztd critical points
therefore fulfill

AX = (Qf + L)X+ (@ + Q%)X+ 2Hw(N)WN,
AN = 2(Ny x Ny) +W(N)yo (N x Ny) + W (N)yo (Ny x N)
=~ 2{Huz(N)-No pW(N) 0 X = 2 { Huiz (N) - N f W(N) 0 %,

— 2Hw(N) {W(N)u o Xy +W(N)yo xv} — 2Hw(N)W(N) 0 AX

with the weighted mean curvature

Yo

\/ dethz(Z) -

Hw(Z) =

Furthermore there hold

[A(rX)] < 2(1+ wo) g O(r~X)||ON] + (hor) |O(r~1X) 2
JAN] < 2(1+ ) (hor)?(0(rX) |+ (1+ @) [ONJ?

+2{ (hor) a2z + (1+ @) (har) +2(1+ &)2ap(hor) } IO(r )| ON].
The second estimate particularly follows from
|AN] < 2N [Nv] + 2002 Nu|[Ny| +2(1 + ) ha (Xl [Nu| + [Xv] [Nv])
+2howa (X [Nl + X]INv]) +4(1 + wo)? 2ol DX DN

+2(1+ an)h3|OX 2.

11.8 The geometry of immersions of mean curvature type

Recall the elliptic differential operator of second order

17} 7]
Ay =4—(Qf+ Qzlz)% —(Q%+ 9222)0—\/

with the classical Laplaciasd. A weighted conformally parametrized immersion
X: B — R3 with prescribed weighted mean curvaturg £X, Z) satisfies

AwX = 2Hw(X,N)WN in B,
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A geometric maximum principle

This system is the basis of the following

Theorem 11.10 Let the weighted conformally parametrized immersiarBx— R3
with prescribed weighted mean curvaturgyfX,Z) be given. Suppose that the
smallness condition
ho sup [X(u,v)| <1
(uv)eB

holds true with the constant

ho=sup [Hw(X,Z)|.
XeR3
ZcR3\{0}

Then it holds
Ay |X(u,v)[2>0 inB.

In particular, | X(u,v)| satisfies the geometric maximum principle

sup [X(u,v)| = sup [X(u,v)|.
(uv)eB (uv)eoB

Proof. We compute
Aw [X]? = 2|0X|2 42X - AX — 2(Q1; + Q)X - Xy — 2(QF + Q)X - Xy
= 2|0X %+ 4Hw (X, N)WX- N
> 2{1—ho|X|}|DX|2.

proving the statement.O

An enclosure theorem for weighted minimal surfaces

As we have seen above, the curvature relation
pl(X, N)Kl + pz(X, N)Kz =0

with p1, p2 > 0 impliesk < 0 for the Gauf curvature of a weighted minimal surface.
This already implies (see e.g. Sauvigny [141])

Theorem 11.11 Let the weighted minimal surface:)8 — R3 be given. Let fur-
thermore K C R® be the smallest closed ball containing the boundary curve
X(dB) C R3. Then it holds

X(u,v) C K, forall (u,v) € B.
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Proof. Assume that there is an interior poimg € ésucoh thalX (wp) € K;. Then due
to compactness reasons there is a second pairt B where the surface touches
a sphereSg C R® of radiusR > r. But then it holdsK (w;) > 0 contradicting the
propertyK < 0inB.

Convex-hull property for weighted minimal surfaces

FromK < 0 we also infer the much stronger

Theorem 11.12Let the weighted minimal surface:X8 — R3 be given. Then it
holds
X(B) C convX(dB)

with convX (9B) denoting the convex hull of the boundary curv@R) c R3.

Proof. Choose an unit normal vectére R3 with |Z| = 1 and a real numbére R3
such that
X(0B) C Ay = {x €R3:Z.X—h< o}.

Now define the function
®(u,v) :=Z-X(u,v)—h, (uv)eB.
Then there hold
Ay®(u,v)=0 inB, &(u,v)<0 ondB.
The maximum principle say®(u,v) < 0 in B, thusX(B) C .#Z . But note

convX(dB) = (),
Zh

and it followsX(B) C .7y, for all half spaces?z,. O

These and further maximum principles and enclosure thedfencritical points
of anisotropic and inhomogeneous variational problembesgound e.g. in Dierkes
[42], [43], or Clarenz [30].

11.9 A curvature estimate
The previous elliptic system together with Heinz’ and Sgayis methods as briefly
described in section 9.4 enable us to prove the followingature estimate.

Theorem 11.13 Let the weighted conformally parametrized immersiarBx— R3
with prescribed weighted mean curvaturg/ (X, Z) be given.
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We make the following assumptions:

(A1) Assume that X% X(u,Vv) represents a geodesic di%; (Xo) of geodesic radius
r > 0 with center X% = X(0,0).

(A2) Assume that the Dirichlet energy growths quadratica# follows
Z[X] < dor? (11.34)

with a real constant gle (0,+) independent of.r
(A3) ForrealA = A (an,rwr, wp, hor,hyr?, hor) > O there existd = (A ) such that

IX(w) —X(wy)| <A and |N(w)—N(wp)| <A forallw e Bs(wp)
for arbitrary wy € Bs(wp) and w € B with Bs(wp) CC B.
Then it holds the curvature estimate

1
K1(0,0)? + Kk2(0,0)% < 5 O(do, o, r w1, wp, hor, hyr?, hor)

+4(1+ a)®(2a0 + wh)ho

for the principal curvature; andk» of the surface X at the origif0,0) € B with
areal constan® € (0, +).

Remarks

We have already discussed various situations where sontees @afssumption from
our theorem were already realized. Others are discussbd fioltowing chapter on
the second variation. Let us make now some additional resnark

1. The structure of the right hand side in (11.34) becomesitapt for our follow-
ing Bernstein type theorems. In fact, our curvature esgmaguires only some
positive constanty > 0 bounding the Dirichlet energy [X].

2. Moduli of continuity for the surface vector can be deduitech geometric max-
imum principles as we discussed in this and previous chepldris especially
includes

(i) the convex-hull property forimmersions with non-pogtGauss curvature;
(i) the enclosure theorems for immersions with nonvamighveighted or non-
weighted mean curvature fields which are small in the sense of

ho sup |X(u,v)| < 1.

(u,v)eB

For these results we refer to the sections 9.3, 10.2 and 11.8.

3. Moduli of continuity for the spherical mapping are dissers in the following
chapter on the second variation by means of special clagsesfaces.
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An auxiliary result

For proving our curvature estimate we need the followingrfenfrom Sauvigny
[141] which characterizes the so-callpldne mappingf a weighted minimal sur-
face.

Lemma 11.8.Let the weighted conformally parametrized immersiarBX— R3 be
given. Then there exists a constantec, () € (0,1) such that the plane mapping

F(uv) = (x4(u,v),x3(u,v)), (u,v)€B,

satisfies
c.(ap)|OX (u,v)|? < |OF (u,v)|? < |OX(u,v) > inB.

We would like to remark that it holds
1
SIOX [ < |OF[? < |OX?

using conformal parameters.

Proof. Letas usuaWV (X,Z) = (wjj (X,Z))i j=1,2,3. We rewrite the weighted confor-
mality relations

3 3 3
Z Wi XX = Z Wi XX, Z Wi XX, =0 inB
k=1 k=1 k=1
into the complex form

3
ZWng\I,(VXéV:O, w=u-+iv, |w/ <1
k=1

Wi (X — iXy) () — X,)
k k g k
(Wi XX — Whe X§X) — > Z Wi XX
=1 k=1
and the right hand side vanishes identically. From the ¢andi
(1+ ) € < WigEHE' < (14 wp)|€ forall € € R
on the weight matrix we infer
Wik > (1+ap)™ ! and |wi| <ci(an), kl=1,23,

with a real constant; € [0, +).
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Now lete > 0 be given. We compute

3
(1+ o) MG 2 < (WX = ‘ Z Wy XXy — Wssxivx%‘
k7=1
< (o) (IXf? + I+ 205 + 2D D+ 23 )

< (243 ) oaten) (012 + 0317) + 2eculan) 37
Thus for arbitrary smalt > 0 we findc, = cz(ay) with the property
Pl < cal ) (1xl? + XG2)
from where we conclude
[OX[? = [OF P+ 4pQ2 < {1+ ca(wn) } IDF? in B,

The statement follows with, := (1+¢c)~1. O

Proof of the curvature estimate

Now we come to the proof of the theorem.

1. From the linear dependence of the three weighted fundiaifenms
Ny o W(X,N) Lo Ny — 2Hw X - Ny +K X oW (X,N) 0 X, =0
fori, j =1,2 from section 5.1 we infer
Nuo W (X, N) "o Ny + Ny o W(X,N) Lo Ny = 2{2HW(X,N)27 K}W
using weighted conformal parameters and making use of
—Xu-Ny—Xy-Ny = L1+ Loo = ZHWW.
With p1K1 + p2k2 = 2HW we compute
PZKE + 2p1poK1ka + P2KS = AHY
or after rearranging

Pr o, P2 > 4 - 4 0
SKE 4+ 2K = —— HYy — 2K1ko = —— Hy, — 2K.
P2 ! p1 2 pP1p2 W 12 pP1P2 w
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Now we can estimate as follows

(1+ ap)|[ONJ? > 4HZW — 2KW

= 4(1—i) H2W + (&Kﬂ&;@)w
pP1p2 P2 p1

> —4(2an+ @)W + 5 (K? -+ K3)W

(14 an)

where we make us of
1
——— < p1(X,;N),p2(X,N) <1+ ap.
Ttap = pa( ), P2 ) o
Rearranging for the principal curvatureg@10) gives
K]_(O, 0)2+ K2(Oa O>2
3 [ON(©,0)2 (11.35)

2 2\ W2
W (0.0 +4(1+ ap)“(2an + wy)hg .-

< (1+ )
Thus we must establish an upper bound for the gradieN{0,0)| and a lower

bound for the area elemewt(0, 0).

For this we essentially use the assumed moduli of continéiigt for an upper
gradient bound of the coupled mappifig= (X,N), then for a local modulus of
projection of the spherical mapping to obtain a lower bownrdlie area element.

2. The assumed moduli of continuity immediately yield geadibounds foiX and
N as follows: Let as usual

X(w) := (r1X(w),N(w)), weB,
then for givemt > 0 we findd = 6(A) such that
|X(w) —X(wyp)] <24 forallwe Bs(wp)

wherew; € Bs(wo) chosen arbitrarily within the disBs(wy) CC B with center
Wo € B1_,(0,0). The parametevy > 0 will be fixed in point 6 of the proof. The
new mapping

R(w) 1= 5 {2(w) — x(wn) b+ By(wo) — RS

thus satisfies
X(wW)| <1 and |[AZ(W)| <2AA%|0X]? in Bs(wo)

with Ax = Ax (@, rwy, wp, hor, hyr?, hor) from (11.31).
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Now choose\ = A (ap, rwr, wp, hor,hyr?, hor) such that 2Ny < % It follows
5 1 o
[AX(w)| < 5 |0X["  in Bs(wo)

with suitabled = &(wp,rwi, wy, hor, hlrz,hzr). Heinz' gradient estimates from
section 9.4 ensure the existence of a congstart(0, ) with the property

|0 (Wo)| < c1(awpo,rwr, o, hor,hyr?, hor)
. (11.36)
for all wg € B1—,,(0,0).

3. This gradient estimate allows us to linearize the sysmm X as follows
|A(r=1X) (wo)| < ca(an, ey, wp, hor, hyr? hor )| O(r=1X) (wo)|
for all wo € By, (0,0)

with the constant

C2:= 2v/2¢1(1+ @)/ 2(rn)2 + 2a8 +cq (hor) € (0, +o).

4. Secondly we arrive at the following modulus of projectifm the surface:
Choosev € (0,vp/4) such that 2c; < 1is true. Then it holds

IN(w) —N(wp)| <2vcyp <1 forall ézV(wo) and allwg € él,z\,o(o, 0).

5. Now we establish an inequality of Harnack-type for theaaiemenW : For this
we choose a fix poinip € B1_2,,(0,0). Assume furthermor& (wp) = (0,0,0)
andN(wp) = (0,0,0) which can be ensured by rotation and translation. Consider
now the plane mapping

F(w) = % (xH(wo + 2vw), X% (Wo + 2vw)) : B — R?

with the numbew > 0 from the previous point of the proof. Due to the foregoing
lemma we have

|IAF (W) < 4Vv2|A(r~1X)(wo+ 2vw)|

IN

4v2co| O(r~1X) (wo + 2vw)|

2, (11.37)

NG
=: C3(p, rwr, @y, hor, hyr?, har, vo) |OF (W)

IN

|OF (W)

for w € B with the constants := \"/—Cci
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From the fourth point of our proof we know

o

Jr(w)>0 inB

for the Jacobian of the plane mappifg= F (w). As in the proof of our curvature
estimate for immersions with prescribed mean curvaturégigbm section 10.3
we find a constants = c4( o, rw, ay, hor, har2, hor, dp) such that the following
Harnack inequality is fulfilled

IOF (W) < (JFu(w)| +|Ru(w)[)

2
< G (|Fu(0,0) +|R(0,0)[)® (11.38)
< V/2¢3|0F(0,0)[8
forallwe é% (0,0). Furthermore we obtain

16vAcic.
OF (w)|2 > —2~
OF w7 2> 2

4v2c,
r2

1002X) (Wo+ 2vw) 2

|OX (wo + 2vw) |

8v2c, W(wp+ 2vw)
1+ wp r2

and analogously

W (wp + 2vw)

4y?
|OF (w)|? < r—2||]X(Wo+2vw)|2§8v2(1+ @) =

(11.39)

Summarizing it follows

W(Wo + 2vw)

W 2
C5r72 < |DF(W)|2§06M

r2
with the constants

. 8vZ,
= Treg

Thus together with (11.38) and (11.39) we conclude

1
5

Ce := 8v2(1+ ).

5
r2 r2

o

for allw e B1(0,0).

1
2
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Rearranging yields the desired Harnack-type inequalitytfe area element

5
c; (Wr(;N)) < WE\;VO) for all w € By (w) and allwg € By_2,,(0,0) (11.40)

with the constant

1 _
c7(a, rawy, wy, hor, hir?, hor,dg) := 5% e 10,

6. Let I (B) denote the set of all continuous and piecewise differelgiabrves
y: [0,1] — B with the properties

y(0) =(0,0) and y(1) € JB.
Then it holds

inf_
yer (B) 0

%xwm)\ dt>r.

As in the proof of the curvature estimate from section 10.3cae show that
there is a poinv* € B;_,, settingvg > e 4o ¢ (0,1) such that
W(w*) 1
>
r2 = 16(1+ wp)(1— vp)?

=: cg(a,do) (11.41)

with the constants = cg(wy,dg) € (0, +).

7. Now we want to establish a lower bound for the area elenk@mtthis purpose
we choose a natural numbee N sufficiently large such that
1-2v<nv<l-—v.
We define points
wj = ri]w*, j=0,1,2,....,n, w, € él,VO(O).
Then we arrive at

|Wj|:ﬁ|W*|§|W*|S1*VO for j=0,1,2,...,n

which implies

1— _
Wips—wj| = §lw| <0 <52 <y

(11.42)
forj=0,1,2,...,n—1.
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On account of (11.40) and (11.41) it follows that

W(wo) >cr (W(Wl))s > clt5 (W(_zwz))sz > (585 (W(Wn))sn

r2 r2 7 r

5n
145+524 4501 (W(w) 1454524451 5n
— L5+t ( A > L5+ S 8

(11.43)
Together with

2 . Al4545%4 4501 BN
Co( @, Fwr, wp, hor,re, hor, do) = ¢; >+ "3

we also infer W)
W,
7 = Ca(@b, T, @z, hor, hur?, hor, o).

8. We collect (11.35), (11.36) and (11.43) to arrive at theveste
k1(0,0)? + k2(0,0)2 < riz (14 wp)® % +4(1+ an)?(2ap + wd)h3
wherewp = (0,0). If we finally set
O (o, rwr, wp, hor, hyr?, hor, do)

3 C]_(Qb, o, iy, h0r7 hlr27 hzr)
Co(h, rwr, wp, hor, hyr?, hor, do)

= (14 )

the theorem follows. O
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This chapter is devoted to extend our considerations tortAlysis of criticical points of crystalline
functionals in Euclidean spaces of higher dimensions. Weg@une important results on Plateau’s
problem for such parametric functionals together, elaioom their first variations and discuss
their relationships to our variational problems so far.

12.1 Crystalline functionals. Remarks on Plateau’s problm

In generalization of our earlier discussions from the foirg chapters we now
considerinhomogeneous and anisotropic Lagrangian densitighe form

F e C**(R"xRV\ {0},R) € CO(R" x RN, R)
and variational problems for tanctional of crystalline type

BIX] = [[ F(X, XA Xy) dudv— extr (12.1)
J

As discussed in the foregoing chapter, such Lagrandid®sX, A X,) arise from
the theory of crystall growth; see the original work of G. ¥firl [174], or the later
contributions of J.E. Taylor, e.g. [153], [154] in the caxttef geometric measure
theory.

Before we go into calculations we want to recall some histirthe so-called
Plateau problemln its original form it aks for findinga minimal surface spanning
a given curve in space which is critical for the area functibn

A|X] :.//|Xu><x\,|dudv

B

Garnier [69], Douglas [47] and Rad6 [133] independentlycaeded in the con-
struction of such surfacasinimizing the area among all admissable immersions
spanning the same boundary cur@wing to his work, Jesse Douglas was granted
with the first Fields Medal in 1936.

It was also Douglas in [48] and [49] who first succeeded orell&s problem on
multiple connected domains which particularly involvesimial surfaces spanning
more than one boundary curve.
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For Plateau’s problem in Riemannian or hyperbolic spacesvam to refer to
classical works of Lonseth [117] from 1942 and Morrey [12bhfi 1948.

The mathematician’s attention to anisotropic and inhomogs variational prob-
lems was already drawn in the early fifties, see e.g. CesdiBanskin [41], Jenk-
ins [99], or Morrey [122], [123]. Using methods from geonieteasure theory, B.
White in [170], [171] proved existence of smooth embeddisgging this “gener-
alized” Plateau problem assuming the boundary curve isagued in the boundary
of a convex body. For a good introduction into the powerfuthmes of geometric
measure theory we want to refer the reader to Almgren [2].

In a series of papers, this general Plateau problems waetehy S. Hildebrandt
and H. von der Mosel; see [86], [87], [88], [89], [90], [91]h& Douglas problem for
inhomogenous and anisotropic parametric functionaldpngdior the construction
of minimizers of higher topological type, was consideredkayzke and von der
Mosel [110].

Existence and regularity of minimizers

The following existence and regularity results for minignz of the general problem
12.1 are taken from Hildebrandt and von der Mosel [87], Theot.4 and 1.5.
Theorem 12.1.If the Lagrangian density E CO(R" x RN, R) is

¢ positive homogeneous (K,AZ) =AF(X,Z) forall A > 0;

e positive definite mZ| <F(X,Z) <mp|Z| withO<m <mp < oo;

e convex KX, AZ1+ puZs) < AF(X,Z1) 4+ uF(X,Z2)
forall A, u>0,A+u=1

forall X € R™2 and all Z Z1,Z, € RN, then there exits a minimizer: X8 — R"?
of #[X] in the following class of immersions

¢(r) = {X e HI2(BR™2) :
X|sg is @ continuous, weakly monotonic mapping fraBito I'}

which is conformally parametrized, i.e. X% (I" ) satisfies

BIX| = inf B[X]
Xe€(r)

as well as the conformality relations

Xu-Xu=Xv- Xy, Xy-X =0 almosteverywhere on.B
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Furthermore, every conformally parametrized minimizer X%X] in the class
% (I') satisfies
0 n O,Y/R TN ; m
X e C’(B,R")NC>(B,R") withy= o

as well as the Morrey growth condition
2y
2 < (" // 2
// |OX]“dudv< (R) |OX|“dudv
Br (Wo) Br(wo)

foranywye Band0<r <R<Ry:=1—|wp|.

To establishboundary regularitywe need the concept of gerfect dominance
function.For this purpose let

f(X,P):=F(X,PLAP,)

denote thessociated Lagrangiato the Lagrangia (X, P).
Definition 12.1. (Hildebrandt, von der Mosel [89], Definition 1)
() Let F(X,Z) be given with the associated LagrangidiX, P). Then a function

G: Rn+2 % RZ(H+2) SR

is said to be aominance function for K it is continous and satisfies the follow-
ing two conditions

f(X,P) <G(X,Z) forany(X,Z)e R™2x R2N+2) (D1)
as well as
f(X,P) =G(X,P) ifand onlyif |pi|? = |p2|?, p1-p2=0. (D2)
(i) A dominance functiorG of F is calledquadraticif
G(X,AP) = AG(X,P) forallA >0, (X,P) e R"2x R?™2  (D3)
and it is said to bpositive definitéf there are two numbers p; < < oo with
u1lP|2 < G(X,P) < wo|P?  forany(X,P) € R™2 x RAM2) (D4)
(iif) A function
Ge CO(RMZ « Rz(n+2)) OCZ(RMZ « R&MN+2) \ {0}

is called gperfect dominance function for it satisfies the foregoing conditions
(D1)-(DA4), and if for anyRy > 0 there is a constaniz(Ry) > 0 such that

§oGpp(X,P)o¢ < AG(R0)|E|2 for |[X| <RpandP & € RAM2), P 0.
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Before we state the boundary regularity theorem we give twamples (see
Hildebrandt and von der Mosel [89]).

1. The integrand
1 1 1
D(P):=Z P> = Z P2+ 2 |PJ?
(P):=3IPI"= 5 IP1["+ 5 [P

of the Dirichlet energy represents a perfect dominancetfomdor the area inte-
grand|PL A P,|.

2. The integrand
1
G(X,P):= 3 IPZ+Q(X)- (PLAR)
is a perfect dominance function f&(X,2) := |Z| + Q(X) - Z.

The existence of perfect dominance functions for a largesotd Lagrangians is
the contents of the next result from Hildebrandt and von des®l[89].

Theorem 12.2.Let F* € CO(R™2 x RN) NC?(R™2 x RN\ {0}) be positive homo-
geneous, positive definite with constantsand nj, and convex, and assume that

12| 0F32(X,2) 0& > Ae+(Ro)|€ — |2 2(Z- )2
with the ellipticity constant

A= inf Ap<(Rop) >0.
Ro€(0,0]

Then for
k> ko :=2[m; —min{A*, mj/2}]
the parametric Lagrangian
F(X,Z) :=kA(Z)+F*(X,2)

possesses a perfect dominance function.

Now comes Hildebrandt's and von der Mosel’s boundary raigyleesult from
[88], Theorem 1.1.

Theorem 12.3.Suppose that F is of class?@®"? x RN\ {0},R) and that it is
positive homogeneous, positive definite and convex. Sees that F possesses
a perfect dominance function,@nd that the boundary curve is of class G. Then
there is somex € (0,1) such that any conformally parametrized minimizer X of
B[X] is of class H2(B,R"2) N CL4 (B, R"?2) and satisfies

X llnz28 gn2) + [ Xllcras rez) < (T, F)

where the number(€ ,F) depends only of and F
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Further remarks on the literature

Sauvigny in [141] established curvature estimatesHaninimal surfacesvhich
may arise as critical points for the functional

FIX] = //F(Xu X Xy) dudv
B

in case of one codimension; see also Frohlich [62] for erdevelopments.

Various geometric and analytical results for critical geiaf % [X] in one codi-
mension were particularly established in Lin [115], Ra&34], Clarenz [31],
Clarenz and von der Mosel [32]. Anisotropic variationallgieams with applications
to rotationally symmetric Delaunay-type surfaces in aasel of one codimension
can be found in Koiso and Palmer [107], [108].

Moreover, Winklmann in [172], [173] established integratlgpointwise curva-
ture estimates fam-dimensional manifolds ilR™* which are critical for function-
als similar to (12.1). The methods he used there go esdgritdk to Ecker [50]
and Schoen, Simon, Yau [145].

For considerations on anisotropic mean curvature flows we tearefer to Clut-
terbuck [33], or Pozzi [132] for numerical investigations.

12.2 Parameter invariance

Before we are going to compute the first variationZfiX] we will establish a nec-
essary and a sufficient condition for the functional to beeppehdent of the choice
of the parameter system.

Proposition 12.1.2[X] is invariant w.r.t. a parameter transformations from class
B and of the chosen parameter domain if and only it holds

F(X,AZ)=AF(X,Z) forallrealA > 0. (12.2)

We omit the proof for it works exactly as our calcululationsm section 11.2.

12.3 Euler's homogeneity relations

As in the previous chapter we introduce the following natasi.



272 12 Crystalline functionals ilR"™*?
Definition 12.2. We set
Fx(X,Z) ==

Fz(X,2) :=

(Fa(X,2),....Fa(X,2)) eR",
(
Fxx(X,2):= (Faixi (X,2))i j=1...n € R™,
(
(

X

Fa(X,2),...,Fa(X,2)) RN,
Fxz(X,2):= (Fyz (X,2))i-1,..nj-1..N € RN,
Fzz(X,2):= (Fjz (X,Z))i j=1,..n € RV

with the abbreviatiom := (5).

Now the homogeneity condition (12.2) allows us to infer thikofving properties
in the same way we proceeded in the foregoing chapter.

Proposition 12.2.The vector F(X, Z) is positive-homogeneous of degfee.r.t. Z,
the matrixFzz(X,Z) is positive-homogeneous of degreé w.r.t. Z. Furthermore
their hold the homogeneity relations

F2(X,2)-Z=F(X,Z), Fzz(X,Z2)0Z=0, Fxz(X,Z)oZ=Fx(X,Z)

forall X e R", Z € R"\ {0}.

12.4 The first variation
We compute the Euler-Lagrange equations of the generahysria functional

A|X]. For this purpose it is necessary to recall the Grassmammfoymalism

XAY= "y Xyl —xly)e A

1<i<j<n
introduced in chapter 6.
Theorem 12.4.The Euler-Lagrange equations #[X] are
Fx (X, 4) - NgW + (Ng A Xy) o Fzx (X, A7) o Xy + (Xu ANg) o Fzx (X, .A4") o Xy
—(Ng AXy) o Fzz(X, A") o M= (XuANg) 0 Fzz(X, A") 0 A 123)

in B forall g =1,...,nwith the Grassmann-type vector

X AX
IXa A Xy

from (6.3).
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Proof. Consider the variation
- n
X == X + € Z ¢0'N0'
g=1
with test functionsp; € C5'(B,R) and a reak € (—&, +&p). First we calculate
- - n n
XuAXy = [ Xy+€ Z {¢G,UNU + ¢N0,u} AN X+e€ Z {¢U,VNG + ¢GNG,V}
o=1 o=1
n
= XuAXy+€ Z {¢0,uxu/\ No + ¢ vNo /\Xv}
g=1

n
+& Z {Xu/\Na,v‘f' Na,u/\Xv} ¢s+0(e).
o=1

We compute the derivative

7] i~ s o, 0 & o o 0 & o
%@[X]B//{Fx(x,quxv)-$x+Fx(x,quxv)-%(quxv)}dudv
using
2 Rloo= 3 90N
ge " le=0 £ T
as well as

n

9 -
Je (XuAX) ‘5:0 = z {¢O’,UXU/\ No + ¢oyNo /\X\,}

o=1

n
+ Y {XnANoy+NowA X} g
o=1
Taking the Euler homogeneity conditions into account weriate = 0

n .
5AX = //FX(X,XU/\X\,)~NU¢Gdudv
G:ls
£ 3 [ FeXAX) - (K0 N+ Now A X,) g dudy
U:lB

5 J[F2XXan %) (% Ny + No A X dudv
g=1%
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= % /FX(X,JV)NGW%dudv

£ 5[] dv(Fo061) - (No Ao, Fo(X,H) - (Xa A No )y

G:lB
= 5 ] {Fax(XeH) X} - (No AX) dud
021-8//{“( ) Xa} - (N A ) dudv

-2 //‘{sz(xvﬂ)-xv} - (%uANg)§g dudv
J

o=1

_ 3 Fzz(X, A7) - A5} - (Ng AXy) 9o dud
Gle//{zz< ) Aa} - (Ng A X0) g dudy

- (,iB//{FZZ(Xv”)'JVv} - (XuANg) ¢ dudv

The integral over the divergence vanishes dige= 0. This proves the theorem.O

12.5 Minimal surfaces

In the special casE (X,Z) = |Z| we have
Fx(X,Z)=0, Fxz(X,Z)=0, Fzz(X,Z)=EN
with the N-dimensional unit matriN. Thus we must evaluate the system

(Ng AXy) - A+ (XuANg) - A=0 forallo=1,...,n.

To this end we introduce conformal parameters) € B. Then

Xoo Xy }
24 YN, N
{w—v VW
as well as the set
{JV,ﬁ}//‘ll;"'?%lnv%Zlv"')%H;Jt/llv"')</1/1n;</1/237"')</1/nfl,n}
consisting of theN = (3) unit normal vectors

A X i AN i AN
XUW ., «%11=Xu\/v—vl,---,%nizxu N =N AN,

N = ,
VW

form orthornormal frames.
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The Euler-Lagrange equations (12.3) take the simpler form

3{1g~</1</7<%/20~</1{,:0 in B. (12.4)

Next we recall the Grassmann-Weingarten equations (6.4)

2 n

Ni=— L™ g
! n;lﬂzl I m

with the ¥-fundamental formZ™ = —_4(; - Zms. In terms of these coefficients,
equation (12.4) can be written as

L0 £29-0 inB

forallo=1,...,n.

We want to prove that theseequations are equivalent iy = 0 for the mean
curvatureHy, o0 =1,...,n, along the unit normal vectoid.

First, from(Ng AXy) -4 =0 and(X, ANg) - 4 = 0 there follow after differen-
tiation
(Ng AXy) - M= (Ngu A Xy + Nog AXyy) - A,

(Xu/\No—) JK/: (Xuv/\No"i’xu/\Ngyv)JV
The Weingarten equations and the Gauss equations imply

n
(No’yu/\XV)'JszLo',llJV'JVf Z TO(—Al)l%‘Zw'JszLo'lj_]_,
w=1

n
(XuANa,v)'JV: —LG,ZZJV'JV+ Z Tgfze%lw'a/’/: —LU,ZZ
w=1

as well as

(No AX) - N = — 5 T

n
Zog - N + z Lo12Z60 A =0,
w=1
Thus it follows

O: (XL]/\NU)JK/+(NU/\XV)</KJ == 7(XU/\NO',V) JV* (Ng’u/\X\/) </V
= Lg22+Lg22 = 2HsW.

Critical points of the area functional have vanishing mearvature vector.
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12.6 The problem for weighted minimal surfaces

Consider finally a critical poink : B— R™?2 of the anisotropic variational problem

//‘F(W)dudv—> extr!
J

ThenX: B — R"2 satisfies the Euler-Lagrange system
(Ng/\XV)OFzz(JV)OJl{Hr (Xu/\Ng)OFzz(JV)OJK,: 0 inB.

It remains open how we can express this system in terms of ghivaiatrix
W (X,Z) as discussed in chapter 4.
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In this chapter we compute the second variation of someteelgeometric functionals and define
stability andu-stability. We also discuss various criteria which enqu#stability. For this purpose
we recall some elementary facts on eigenvalue methods osptiere. We conclude this chapter
with considering the second variation for non-parametrabfems.

13.1 Minimal surfaces

The second variation

We start with the following

Theorem 13.1.Let N= (Ny,...,Ny) be an ONF for the conformally parametrized
minimal surface X B — R™?2. Then the second variation

2
&, [X; 9] := % FX+epN;] |

of the area functionak?[X] w.r.t. perturbations
X(U,v) = X(U,v) + £ (U, V)Ny(u, V),
where

Ny = 3 PNy, 5 Pl =1

y=(V%....¥"), ¢ €C3(B,R) and reale € (—&, &) is given by
&, [X; 9] = .//(|D¢|2+2KVW¢2)dudv
B
2

n n 2 n
. B// GZ:L <VJ‘ ! wzlw-rgl) * (V"a + wlewafiz> ¢>dudv

with the Gaussian curvatureK= KNV along N
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In particular, if the ONF N is free of torsion then

8 /[X] = //(|D¢|2+|DV]2¢2+2KVW¢2)dudv
B

n

with the setting [0y = {(VS)2+(W)2}.

o=1

Proof. From the proof of Theorem 9.1 we know
ONG11=—20Ly11, ONG12=—20Ly1n,  ONG22=—20Ly5
with the coefficientd.;; = Ny - X, We additionally infer
5@911 = 292+ 2¢2N§U, 55;,912 = 2¢udyv + 20Ny, - Ny,
O, Qo2 = 207 +20N7, .

Using conformal parameters we rewrite these identitiesksis
2 2 2 2 2 2 2 - - ’
6NVgll =295+ W ¢ {Lmﬁ' Ly,lz} +2¢ zl Yo+ leng,l ;
o= w=

2
Q\Zlvglz = 2¢upy + W $%(Ly11+ Lyao)lyao

HW§<W+iWWQ<W+iWWJ,

o=1

n

2
5@922 =22+ W $° {'—%127L Lf?,zz} +2¢? > <V‘7 +

o=1

2
n
).

w=1

Namely the Weingarten equations (2.11) imply

LAll

L1z - .
\i\/ Xty <V3+ > V“T;,{l) No .
o=1 w=1

Lya2

Ly22 A A
NV,V = _qu_ \);;/ XV+021<VVG+(H21WT£2) Ng

and therefore

L2, +12

2
n
11 12
Nﬁler+z<W+zwmQ,
w=1

n
o=1
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Lyl A 4 A
Npu-Nyy = %LVJZ"' Z o+ Z VoTor | | W+ Z YoTo2 | 5
o=1 w=1

L2, +12

2
n
y,12 y,22
G- S (v 3 )
This shows the above representations for&&y@ij. Next we compute
2 2
2N S W + 2(3n,W)
= 9115,37922 + 20n,9110N, 922+ 9225131?911 - 291255;,912 - 2(5N7912)2 ;
i.e. using conformal parameters we arrive at
1 1 1 1 1
2\ 2 52 152 4 T 2 4 2
oW = 5 0N, 911+ 5 %022+ W N, 9110N, 922 W (O, 912) W (O, W)“.
Inserting the identities fO(BNVgiJ’ andéﬁygij previously obtained, together with
NW = —2HW¢
from section 9.1, gives us
2 2 2 ¢2
6[%1)7 |D¢| —4H W¢ + o5 (L 1Jr 2|- 2Jr Lyzz) W (LV,llLf/,ZZ Lylz)
2 n n 2 n 2
+¢ z VSJFZVUTSJ + WﬂLZVng,z
o=1 w=1 w=1
But it holds
Li 22 g12T Ly22 (Lya1+Ly20)° — 2(Lgaalyoo— LV 12)
2012 2
= 4HZW* — 2KpW<.
Therefore we obtain
&{W = |09 |+ 2KWe?
2

n n 2 n
+ U; (V" + w;?“%ﬁﬁ) + (V" + w;?“’%ﬁb) ¢

for arbitrary¢ € C7'(B,R). The statement follows. O
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Invariant formulation

From the previous proof we can infer the form of the seconitian using arbitrary
parametergu,v) € B. For this purpose we need the following definition (see e.qg.
Blaschke and Leichtweiss [15]).

Definition 13.1. Let two functionsp, ¢ € C1(B,R) be given. ItsBeltrami operator
of first kind w.r.t. the metric

dSz = gj_ldUZJr 2912dudv+ gzzd\/2

is defined as

2 .
Oag(@. )= 5 9@ (13.1)
i,]=1

In particular, if(u,v) € B are conformal parameters, iggg =W = gpp andg;» =
0, then there hold

1 1
Oag(@. @) = w (@t @) = - 0e- Oy

with the Euclidean gradient operatdp = (q,, @,) etc., as well as

1
D (9,0) = i (00l

The Beltrami operator of first kind is well defined for arbiy&iemannian met-
rics do? with positive determinant.

Corollary 13.1. Using an arbitrary parameter systefn,v) € B it holds

8/ [X; 9] = // Oy (9, 0)W dudvr 2//KVW¢2dudv
B B

i,]=1o0=1

2 n 3 n n
t2 2 //9” <%i+leVwT£,i> (%j+w21V“T;,{j>w¢2dudv
B = —

Special cases

We want to exemplify the previous considerations.

Consider first the case= 1 of one codimension. Up to orientation there is only
one unit normal vectoN for the minimal immersiorX: B — RR3, and the formula
for the second variation reduces to

N [X; ] = // (|0¢? +2KW¢?) dudv
B
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Furthermore, instead of = X + 9Ny we will often consider special normal
variations of the form

X(u,v) = X(u,v) + £¢ (u,V)Ny,(u,v).
Here the unit normal vectd¥, is chosen from a given ONR = (Ny,...,Ny), i.e.
we set
lifd=w
Y=< :
0ifd#w

Then the second variations of the area functional reads

&, [X: 9] = // (I0¢1%+ 2K, W¢?) dudv

’ noo. (13.2)
# 3 {8 152 ¢ e

using conformal parameters.

The functional of the total torsion which appears here orrigigt hand side in
combination with a test functiogg € C3(B,R) can be controlled by means of our
estimates established in chapters 7 and 8 if we use norméb@buramesN of X
for the construction oX.

13.2 Immersions with a special mean curvature field
Next we want to compute the second variation of the functiona
IIX] = //I'(X)W dudv
B
which emerges from the general functional of Gulliver-type

@X] = [[ {r (X)W +Xg0 A(X) 0 X b dud
B//{ + } udv

in the special casA(X) =0.

From section 10.1 we first infer that critical points gf [X] possess the mean
curvature field F(X)-N
x(X) -Ng
Ho(X;Ng) = —F=——, 0=1,....n
U( ) U) or (X) ) 3 ;
The casd (X) = 1 corresponds to the area functional with minimal surfaces a
critical points.
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The second variation

Theorem 13.2.Using conformal parameterfu,v) € B, the second variation of
J [X] w.r.t. to perturbations

X (u,v) = X(u,v) + £¢ (U, V)Ny(u,v),

where

=}

n

NV(U,V) = VG(U,V)NG(U,V), Z V(U,V)z =1,

o=1 o=1

y=(V,....,¥"), ¢ € C3(B,R) and reale € (—&, &) is given by

&,.71X; 8] = //I'(X)|D¢|2dudv
B
+2//{HV7X(X7N)7)'NV*ZHV(Xva/)ZWLKV}F(X)thszdV
B

3 B// {6 +718,)"+ (6 +7182) " roog2auay

with the mean curvature J#= Hy(X,Ny) and the Gauss curvatureof the immer-
sion along N. In particular, if the ONF N is free of torsion then the thirdégrand
on the right hand side vanishes identically.

Proof. First we compute

0 oo o -
2 TROW = T (X)-NgWep + 1 (X) - W

= 2 (X)HS (X)W + I (X )diw
setting

sy IX(X)-Ng
Hg(X) = X

with Ny fixed. Note here that in the first identity no variatiﬁv appears. Thus we

obtain
// {2/' KW + I (X );8 }dudv

A further differentiation w.r.te at € = 0 taking account of the identities

AW = —2Hy(X, Np)W§ = —2H: (X)W ¢
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as well as

Zyw = |00 |? + 2KW¢2

n n 2 n 2
+ 3 {(VS+ > V“Ta‘f,l) + (VV“+ > WTajz) }4,2
o=1 w=1 w=1
from above yields

&, 71X 9] = 2.//{FX(X)-NVHT’j(X)—i—F(X)H;’X(X)-NV}Wszdudv
B
72//{2F(X)H§(X)2+FX(X)~N;,H§(X)}W¢2dudv
B

+//.F(X)|D¢|2dudV+2//’_(X)KVW¢2dUdV
B B

n n 2 n 2
*B// azl{ (mwzlvwml) ’ <Vv“+ leV“Tffiz> }F<><>¢2dudv

Due toH;X(X) = Hyx(X,Ny), rearranging proves the statement

Invariant formulation

Finally we want to reformulate the result of the previousotfeen in terms of ar-
bitrary parametrizations. For this purpose we use the iamaBeltrami operator
Oge(+,-) from the foregoing section.

Corollary 13.2. Using an arbitrary parameter systefn,v) € B it holds
&, #1X:9] = [[ Dug(9.6)r (W dudy
B

+//{H7,X(X,NV)-NV—2H7(X,NV)2+KV}F(X)W¢2dudV
B

i,)=1lo=

2 n iy n n
+ Y Zl .B//g" <Vui+w21V°’T£,i) (Vuj +0)le°’ng> I (X)W¢2dudv

forall ¢ € C5(B,R).
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13.3 Stability and u-stability

The most general geometric functional we have been corisg@lso far is the fol-
lowing functional of Gulliver-type

GIX] = // {r(x>w+2xqu(x) oxv}dudv
B

whose critical points possess the mean curvature field

Ho (X, No) = "iz e e (XEXNT 4+ XK +Xex\’?nk)+m
I I (XOW k£ m=1 g o v TV 2r (X) -

Non-negativity of the second variation @f{X] for critical pointsX leads us to
the concept ofweakly) stable immersiong/e will consider stable minimal surfaces
and stable immersions with a special prescribed mean ausdi{X).

More general is the concept pfstability. In this section we will verify a certain
U-stability condition for stable immersions. In the secfida follow as well as in

the next chapter we will establigin-stability conditionswithout assuming stability
of the immersions under consideration.

Stable immersions

Definition 13.2.Let X: B — R™? be critical for the functiona®[X]. We say that
the immersion is additionally stable f&f[X] if it holds

R IX:9]>0

for all ¢ € Cg(B,R) and for all unit normal vectoris;.

Examples

Let us come back to formula (13.2) for a minimal immersknB — R"2 with
ONF N. If the surface is stable then

//|D¢|2dudvz 2//(Kw)W¢2dudvilB//{( 207+ (T5,)2} $2dudv

B B

foralw=1,...,n.
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Notice that—K,, > 0. Summation implies

B//|D¢|2dudvz %B//(K)quzdudv

_% ilf/{(T£1)2+(ng)2}¢2dudv
o.w=1 g

with the Gaussian curvature

Consider now the second variation formula for the functioggX]. Evaluating
it for N, from the ONFN instead of the general fiel; gives us

//I'(X)|D¢v|2dudvz 2//{2Hw(X,Nw)27 Ko} (X)W¢2dudv
B B

-2 “Hw,x(X,Nw)-NwF(X)Wszdudv
J

n
=5 [[{agw?+ (1527 r owe?duay
0=1pg '
Summation ovew = 1,...,n shows now

//I'(X)|D¢|2dudv2 %//{ZH(X)Z—K}F(X)W(pzdudV
B B

—% il//{(Tgl)%r(ng)z}r(x)quzdudv
g,0=1 g

with the squardd (X)? of the mean curvature vector

n

H(X> = z Hw(vaw)Nw-

w=1

U-stable immersions

Motivated from these examples we introduce the followingegal concept.
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Definition 13.3. The immersionX is called u-stable with a real numbeg > O if
there is a smooth functiome C?+9(B,R) such that it holds

/'Ddsz(¢,¢)vvdudvz u//(q—K)Wszdudv
° (13.3)

; //g'JTo’giTo’sz¢2dudv

for all ¢ € C3(B,R), wherea(n) is a non-negative real number depending on the
codimensiom > 1.

Ile’

Generalized stability conditions were studied in the ¢itare. We especially want
to refer the reader to Fischer-Colbrie and Schoen [60], iBgldnd Minicizzi [36]
and Frohlich [62].

Examples

Let us first examplarily consider the stability inequality

//|D¢|2dudv2 %//(—K)chzdudv
B
f_agl/ (T52)?+ (T5,)? We?dudv

for a conformally parametrized minimal surfaxe B — R™?2. Obviously this sur-
face isu-stable with

2 1
M= and a(n):ﬁ, g=0.

The casen = 1 of one codimension leads us gpstable minimal surfaces with
u=2ie.
//|D¢|2dudv2 2//(—K)W¢2dudv
B B

for all ¢ € C7(B,R). In this situation the usual stability inequality coincideith
the p-stability with u = 2.

Secondly we consider the stability inequality we previgusérived for ¢ -
critical immersions<: B — R™2. Let again two positive real numbers

0<l<I(X)<M<w forallXecR"™?

be given.
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Assume that for alK € R™+2 the following smallness condition is satisfied
IHox (X,Ng)| < He(X,Np)? forallw=1,...,n.

Then we conclude

' 2 200 (1 2 4 2
B//|D¢| dudv> n—l_lB//{[ZH(X) K]wlew,x(x,Nw).Nw}w¢ dudv

“h il J[{7807+ (1822 we?duay
o.w=1 g

where we naturally assume the right hand side be non-nedatiall ¢ < Cy (B, R).

The following sections are devoted to the problem of esthbig u-stability
conditions from various geometric conditions. Further sidarations regarding
weighted minimal surfaces can be found in the next chapter.

13.4 u-stability due to Schwarz for minimal graphs

A classical result due to H.A. Schwarz is (see e.g. NitscR6]18104).

Given the conformally parametrized minimal immersion XRih and assume
that there is an everywhere positive solutppiof the differential equation

AX—2KWx =0 inB.

Then X is stable in the sense that

//|D¢|2dudv2 2//(—K)W¢2dudv forall ¢ €CZ(B,R).
B B

Now we will prove this result in the general case of higherigwhsionbut for
surfaces with flat normal bundle.

An auxiliary function

For this purpose we introduce the function

1,2 12
X = w with the Jacobiadr := xtx2 — x2xt (13.4)

of the plane mapping = (x},x?) for the surface vectoX = (x},x?, ... x"*2).
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It holds x > 0 if X represents a graph over thg,y]-plane.Furthermore using
conformal parameters!,v) € B we have

Ax—2KWx =0 inB

for the minimal graph if its normal bundle is flat.

The general case is contained in our next

Proposition 13.1.Let X: B — R™?2 be a conformally parametrized minimal sur-
face with an ONF N be given. Then it holds

n
Ax = 2KWy + Z S} 1o(Ngng —ngng) inB
o,0=1
with the Gaussian curvature K of the surface and the comptsr@r}j of the cur-
vature tensor of its normal bundle. '

If n=1 theny is represents the third component of the unit normal veldtof
the immersiorX : B — R3. In fact it holds

AN=2KWN inB

using conformal parameters for minimal surfaces.

An elliptic system for the vector .4

The differential equation from the previous propositiofidas at once from an
elliptic system for the unit vector

Xu A Xy
w

L/’/ =
which we introduced in chapter 6.

Theorem 13.3.Let the conformally parametrized minimal surface B— R"2 be
given. Then it holds

n
AN = 2KW. N + ; S5 10Ng ANy = 2KW.A#" + 2.9W
o, 9=1

with the Grassmann curvature vector
oot > S NG A S
A/ 0,12 No
W 1<o<d<n

of the normal bundle from chapter 6.
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Proof. Let us consider the function

Kol ~
5(,: XXy — Xux\/7 FZ:XEX\é,*Xf)Xba k¢=1,...,n+2.

We will prove the identity
AX = 2KWY + Z 1(nSnG —nbnf).
We start with computing the first and second derivative®.dfirst we have
Xu—W Z{Lall (X — nlxK) — Lo 12(nfx —nd X)}

Xv W Z {L012 ax\[/ L022( kxg_n{jxﬁ)}-

For the proof we calculate

S _Fu W 1 M
Xu= Wu_VT;J'E = V—V(X5u><€+><5xﬁv—><ﬂux\k/—><ﬂx5v)—\,733ﬁ

{11kaf/+ XXy + 5 X/X +’_12X\//X rlllxﬁxb_rlzlx\élxb_---

Wo
..—r112X5X€—r122X5X€}—WJﬁ

|~
>

(Lo 21n$X) + Lo 12053 — Lo 115X — Ly 105 xK)
1
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Analogously we continue with the derivative w.ktThere follow

)~(uu = W2 z {La 12 o')é LO’ 22 léxé - néaxﬁ)}
12 r K k 0k
V_V {LU llu - naxv) - LU,lZ,U(naxﬂ - naxu)}
g=1
13 K 0k K 0k
+ W {Lﬂyll(na,uxé - nd,uxv) - LU,lZ(na,uXﬁ - nd,uxu)
g=1

Z LG 11 Gxﬁv LU 12 axﬁu u)

W & N
= - Loa2(nf5x; — ngxX) — Lo 22(nX — noxe)
W2 azl{ o8 ” ’ }
1 d /K K 0k
Z {La 11u *naxv)*LG,lz,u(naxﬁ*naxu)}
G:l

1 n
— g7 2 Lona(loax}+Lo12ax — Loax Xy — Lo 12XX))
g=1
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+WZ

o=1

% E
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n

2T (e, Xl

o=1

1 n
W 2 SZ (Lo.11T3 1 +Lo.12T5 2) (M X, — nsXy)
=19=1

Q

1 n n
“W (Lo22Td 5+ Lo a2Td 1) (X, — ngxk)
g=19=1
122 K 0k
w2 2> (Lo22Tsy— L 12T45) (NfsX, — nxs)
o=19=1
12 < K 0k
W Z (Lo 12Tg 1 — Lﬁ,lngz)(noxfj —NgXy)
g=19=1
12 K 0k
+ W (Lo 11T 1 + Lo 12T4 5) (nfsx, — nx)
o=19=1
12 < K "
W (L5,22T15‘0,2 + L"9712T’{90:l)(n0)<{] —NgXy)
o=18=1

n n n
+ ) SZ S5 12(nmy —nGnf) 2 > (=Ko)W
g=14=1

o=1

proving the statement.O

u-stability for minimal graphs

We want to construct a real numbgr> 0 such that the followingt-stability in-
equality is true

B

//|D¢|Zdudv2 u//(fK)quzdudv

. L

for all ¢ € C3(B,R) using conformal parameters. For this purpose we recall the
Ricci integrability condition

1 1
S 1= W (Loi1—Lo22)Ls 12— W (Lo 11— Ls 22)La12

from chapter 3, formula (3.14).
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We estimate as follows

1 1 1 1
1S5 10l < W (Loar—Lo22)®+ W L2 1o+ W (Lo 11— Lo 22)? + W L5 10
1 5 2 1 2
=W (Lo11t+2Lo11bo22+ LG 20) — W (Loailo22— LG 12)

1 1
+ W (L5 11+ 2Lg 11Ls 22+ L5 29) — W (Lo a1l 22— L5 12)

leading to
|SZ—,12| < H2W — KoW + HZW — KgW = —K W — KgW
where the right hand side is non-negative duklgo=0forallo =1,...,n.

Theorem 13.4.Let X: B — R"*? be conformally reparametrization of minimal
graph inR™2 together with an ONF NAssume furtermore

132 2yl
0<Xo<X= 7X“XVWX“XV

holds true with a real numbeyy > 0 as well as
Inkn2 —nZn}| <Ny < forallg,8 =1,...,n
with real N; € [0, ) such that additionally

Xo<nN
is satisfied. Then the graph is stable in the sense of
//|D¢|dudv2 u//(fK)quzdudv
B B

for all ¢ € C5(B,R) where the stability constant is chosen such that

O<u§27ﬂ.
Xo

The following proof shows that we can replace the assumptienyp < x by
0 < x if n=1.1tis clear that in this cask; = 0.

Corollary 13.3. A minimal graph X B — R3 is u-stable withu = 2, i.e. it holds
//|D¢|2dudvz 2//(7K)W¢2dudv
B B

for all ¢ € C3(B,R) using conformal parametefs,v) € B.
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The same stability inequality holds true if the minimal grap: B — R"2 has
flat normal bundle.

Corollary 13.4. A minimal graph X B — R"*2 with flat normal bundle ig-stable
with 4 = 2, i.e. it holds

2 _ 2
B//|D¢| dudv> 28//( K)W¢2dudv

for all ¢ € C5(B,R) using conformal parametefs,v) € B.

Both these results arise from the following proof of the Titeo.
Proof of the TheoremWe know that the Weingarten equations imply
k 2 _
IONg[2=2'§ (—Ko)W = 2(—K)W
azl Z

for the Gauss curvatui€. Let ¢ € CJ(B,R) be given. We computél(¢ x ~1)|2 and
arrive at

2 2 2
9 Xu ¢Xv> ¢AX

|D¢|2x2|u<¢xl>|2+div( Ko

= xeinex i (£ 08 e

1 n

1.2 2. 1\42
- ; Sg,lZ(nanz‘? —nghg)¢
o.9=

Partial integration gives

// |D¢|2—H }dudv
> //X2|D(¢x’1)|2dudv+ (qu)//(fK)quzdudv
B B
- 3 ] 3 ISblinirt v o2duay
ov=1p
Z(ZmlB//‘( W¢2dudv—— ; // —Kg)W¢?dudv
_ (Z—N)B//(—K)quzdudv—z;—oNl B//(—K)Wd)zdudv
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Thus we are led to

// {1082~ u(-K)w }dudV>{2 “ﬂ}// K)Wg2dudv

where the right hand side is non-negative due to our assangpti O

We want to give a representation Afy for graphs with non-vanishing mean
curvature vectoH = H(X, 2).

Let againHs; = Hg(X,Ng). Then it holds
n
Ax = —22H? =KW +2 5 (Hox - Xu+Ho.z-Now) (NS — X))
g=1

n
-2 Z (Hox - Xv+Hgz- Na,v)(néxﬁ - nixﬁ)
g=1
if the normal bundle of the surface is flat. For an explicittcakation we refer to
Frohlich [64].

From this form it is finally possible to infer again a stalyilihequality of the
form

|0¢|dudv> u [[ (2H2 — K)W¢2dudv
/I A

for all ¢ € C3'(B,R) with a suitable stability factop > 0.

13.5 Eigenvalue problems on manifolds

The number “2” in the stability inequality

| 2 e 2
B//|D¢| dudv> 28//( K)W¢2dudv

for minimal surfaceX : B — RS actually represents the first eigenvalue of the spher-
ical Laplace operator on the half sphere. In fact, a minimmapp is stable and its
spherical image is contained in a half sphere. Thus the fgehgalue of this Lapla-
cian on the spherical image of the graph is greater than 2

In the following we want to develop a basic theory of such eigdue problems,
and we present some applications of this theory to problesnserning stability
andu-stability.
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The Rayleigh quotient

Let a smooth and regular mappiXg B — R"2 with a line element
dSz = gj_ldUZJr Zglzdudv+ gzzd\/2

be given. Its trace in space is a twodimensionaM&t- R"2 with smooth bound-
ary dM? c R™2 which we identify with the mappin = X(u, V).

Definition 13.4. The Laplace operatordyz on the parametrically given surface
M? c R"? is defined by

Dyop— 1 (i G220 —G12@ | O OQu — G1o@ ) (13.5)
v/ 911022 — g%z ou \/ 9110922 — g%z ov 1/ 911922 — 9%2

for smooth functiong € C?(B,R).
For realA we now consider the eigenvalue problem
Dye®+A9p=0 inB, ¢=0 indB. (13.6)

The functionp € C3(B,R) is called an eigenfunction td,,. if there is a number
A € R such that (13.6) is satisfied. In this case the numibisrcalled an eigenvalue.

Multiplication of the eigenvalue equation (13.6) wighfollowed by an integra-
tion by parts gives us

/\//¢2Wdud\ﬁf//¢Adsz¢Wdud\ﬁ//Ddsz(¢,¢)Wdudv
B B B

with the area elemeV = /g11022 — gfz and the Beltrami operator of first kind
2 ..
Ddsz((ov LIJ) = Z gIJ %i Ipuj
i,]=1

w.r.t. the line elements’ which we already met before. For such calculus rules
regarding non-Euclidean differential operators we rdferreader to Blaschke and
Leichtweiss [15].

Definition 13.5. The Rayleigh quotienis defined as

//Ddsz(tp,(p)Wdudv

B
2
B//qb W dudv

Z(¢] =
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The infimum of the Rayleigh quotient corresponds exactih#ofirst eigenvalue
of the Laplacian oM? c R"?, j.e.

A= inf #
! ¢e\|/rgB,R) [¢]

on the function space

V(B,R) :={pec H**(B,R)NC°(B,R) : 9 #0, p=00nJB}.

Existence and regularity of the first eigenfunction

First of all we recall that there exist an eigenfunctipi V (B, R) with eigenvalue
A1 > 0 at all, see e.g. Bandle [5] or Sakai [138] for the followiegult.

Proposition 13.2.The first eigenvalug; of (13.6) is positive, and it has multiplicity
1, i.e. up to sign there is exactly one eigenfunctfarfor A;. It particularly holds
$1>0 or ¢1<0 inB.

The uniqueness follows essentially from the usual maximumciple. Higher
regularity¢ € C§(B,RR) can be inferred from Weyl's lemma, see e.g. Hellwig [83]
or Jost [103].

The first eigenvalue on spherical domains

As we will see immediately the first eigenvalue and the asdedieigenfunction of
the problem (13.6) ospherical domainsan be employed successfully.

As usual we denote bg? the unit sphere. From Barbosa and do Carmo [8] we
cite the following monotonicity results.

Proposition 13.3.LetQ c > and® ¢  be two simply connected, spherical com-
pact domains with &regular boundaries.

1. If Q c ©thenit holds
A1(Q) > A1(0).

2. Let
S, :={z2es:2-(0,0,1) > cosw}

be a spherical cap on’Sand suppose thad ¢ & satisfies
Area(Q) = Area(S).

Then it holds
M(S5) < M(Q)

with equality if and only iR = S2,.
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In Sato [139] we find some numerical values of the first eigmeva, (S2) for
different angleso which illustrate some of our later results. We present thene h

in rounded form.

w 003 | 016 | 031 | 063 | 079 | 094

M(S) || 64222 | 22539 | 59.73 | 1424 | 892 | 6.20
w 110 | 1.26 | 1.41 | 157 | 161 | 1.64

M(S) || 445 | 331 | 257 | 20 | 1.90 | 1.80
w 1.68 | 172 | 1.77 | 182 | 187 | 193

M(S) || 170 | 1.60 | 1.50 | 1.40 | 1.30 | 1.20
w 1.99 | 207 | 215 | 223 | 233 | 255

M(S5) || 110 | 1.00 | 0.90 | 0.80 | 0.70 | 0.60
w 257 | 271 | 287 | 303 | 313

M(S5) || 050 | 040 | 030 | 020 | 0.10

The valuew = 1.57 represents the half sphéﬁ% c & on which; is exactly

2 (this completes our remarks on stable minimal graphs abégnning of this
section). Moreover there hold

lim A1(S3) = 4,

w—04

lim A1(S5) =0.

wW—T

From the above tables it seems evident thatlecreases monotonically as
increases. In fact, faR ¢ © ¢ S it holds the followingmonotonicity property

A(Q) > 11(0).
Furthermore, if ArefQ) = AreaS3,) then
M(Q) > Mi(S).

In other wordsSymmetrical domains minimize the first eigenvalue.

All these results can be found in more detail in the hugeditee, e.g. Bandle
[5], Barbosa and do Carmo [8] or Sakai [138]. We also want terr® the classical
work Courant and Hilbert [39].
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The first eigenvalue and the Gauss curvature

We need some further comparison results for the first eideewa on curved man-
ifolds which we also take from Barbosa and do Carmo [8].

Let M2(Ko) € R™2 denote a smooth and regular surface with constant Gauss
curvatureKo > 0, and let a further surfadd? c R™2 with variable Gauss curvature
be given.

Proposition 13.4.Let D ¢ M? be compact and simply connected, and le£Kg
be the Gaussian curvature ofith a real constant K> 0. Furthermore, let
D* C M?(Kp) be a geodesic disc such that

Area(D*) = Area(D).
Then it holds
A1(D) > A1(D*).
In other words, the first eigenvalue is minimized on congyanirved manifolds.

Proposition 13.5.Let D ¢ (M?,ds’) be compact and simply connected witf i
R™2 being a smooth, simply connected and regular surface withieres?, and let

@ be a non-negative &function on M which vanishes in at most isolated points.
Denote byA; > 0 the first eigenvalue to the problem

Ny +A¢9=0 inD, ¢=0 ondD.
Now consider on Mithe new metric & := (d<s’. Suppose that the Gauss curvature
K of (M,d&?) satisfies R
K <Kp
with a real constant K> 0. Then it holds

A1 > A1(D)

with D* € M?(Kp) being a geodesic disc with the same area as [IMnd$?).

13.6 u-stability due to Ruchert, Barbosa and do Carmo

Proving the existence of a lower bouggl> O for the Jacobian of the plane mapping
(x}(u,v),%?(u,v)) in the form

as supposed in Theorem 13.4 is a rather difficult problemagert= 1 of one codi-
mension this assumption demands that the third compad¥ieof the unit normal
vector of the minimal graph is greater thgs > 0.
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In this section we want to prove a further stability resulietihcomprises spectral
methods from Barbosa and do Carmo [8] und Ruchert [137].

Theorem 13.5.Let the conformally parametrized minimal surface X withaitan-
free ONF N be given. For a real numbgg > 0 assume that

Q:= //(Ko— K)W dudv< ap
B

with a real constantw, € (0,4m). Let §, ¢ S denote the spherical cap of spherical
anglew such that

Area() = wp,

and letu > 0 be the smallest eigenvalue of the spherical Lapladignon S, Then
the surface X igt-stable with this numbeu in the following sense

2 B 2
B//|D¢| dudv> uB//( K)W¢2dudv

for all ¢ € C5(B,R).

For the proof we recall some important facts from chaptero8:tke curvature

o 1 2 [ WaWy i
XKfoﬁAlogx, KW{T },

of the Fubini-Study metric we already have prO\IrA@e_t 1, see Theorem 6.3.

Proof of the theoremLet A denote the Laplace-Beltrami operator w.r.t. the metric
0ij = Xgij. Furthermore); means the first eigenvalue to the problem

Ap+Ap=0 inB, ¢=0 ondB,
and letA] > 0 be the first eigenvalue of
A +A"9* =0 inS,, ¢ =0 ond<s

with a spherical caf?, C & such that AreéSZ)) = Q. SinceK < 1 we inferA; <Ay,
and by our assumption it holds

// 02 dudv

Y

//(Ko —K)W¢2dudv

B

H<Af <A<

for any¢ € C3(B,R).
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It follows

2 B 5 - )
B//|D¢| dudv> uB//(Ko K)W¢*dudv> uB//( K)W¢“dudy

and the statement is provedd

We want to clarify the connection of our theorem with a theofeom Barbosa
and do Carmo [8]:

Theorem 13.6.For a real ac (0,2] assume thak < a for the Gaussian curvature
of the spherical metric from our theorem above. Then a mihsudace is stable
with y = 2 (with no curvature restrictions on the normal bundle) if

/ / (—K)W dudv< 14T"
B
In fact, Barbosa and do Carmo proved
K<2
as we already mentioned in chapteiQur result is thus a improvement under the

assumption of flat normal bundle where we get a sharper bouaril o

Further stability results for weighted minimal surface®fusing these methods
from the spectral theory of the Laplacian on manifolds aesented in chapter 15.

To conclude this section we want to refer to Spruck [150] wstaleished a sta-
bility criteria for minimal surfaces with sufficiently smaurvatura integra using a
generalized Sobolev inequality from Michael and Simon 119

13.7 Calibration forms
We briefly and incompletely discuss the method of calibrafarms for minimal

surfaces.

LetX = (x,y,{(x,y)) be a minimal graph ifR3, i.e.  satisfies the minimal sur-
face equation (see chapter 9)

0¢ A 2
v<7\/m> =0 InQcCR~.

Now IetZ be a comparison function such tffat: ¢ on the boundaryg Q. It holds

//W
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This follows after partial integration takin@?f {)|so into account. Thus we can
estimate | |2
1+1]0¢
\/1+ |02 |2dxd // dxd
// |0Z[>dxdy= T y
_// 1+0¢-0
2 V1+]0gP
g//\/1+||]2|2dxdy
Q
140708 < y/1+|022/1+|0C 2,

see Giusti [72], section 13.7.

because

But what happens in case of higher codimension?

Let us consider exemplarily the special case 2 of minimal surfaces iiR*. On
the manifoldM? c R4, regarded as the image under the mappind® — R*, we
consider a 2-formw = w(2",%/) for tangent vector fields2” and#/. Such a form
is defined as an alternating and differentiable mapping emtanifold such that

W2+, X=X, Z)+ 0¥, %),

w(f-Z.%)=1 -w(2Z,%) for differentiablef;

(2 Y)=—-w(¥,2).

Please consult the wide literature for detailed discussamdifferential forms, e.g.
Blaschke and Leichtweiss [15], Heil [78] or Cartans origimark [23].

Next, for complex valued vectorsy € C2 we define th&ahler form

2 _—
w(xy)=Im § xiyl.
2

The point is that this form satisfies

if and only if X = (@ (w),¥(w)) is conformally parametrized, i.&,/vW and
XV/\/W is an orthonormal basis of the tangent space, éndnd ¥ are holo-
morphic functions. Otherwise it holds < 1; remember particularly our example

X(w) = (w,w?)!
A differential form with these properties is called a caiibon form.

Now denoting byX*w the pull backof w (defined on the surface) onto the do-
mainB by the mapping, we compute using Stokes’ theorem and Poincare’s lemma
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(identify X: B — R* with the imbedding of the imag¥(B) into R?)
B B B 0B o8B B

under the assumption tht= X on dB.

Theorem 13.7.Let X = (@, ¥) with @ and¥ holomorphic functions in Brhen X
minimizes the area among all mappings B — R* with the property Xw) = X(w)
for allw € 0B.

These calculations are taken from Eschenburg and Jost$82]also the math-
ematics resource website Wolfram MathWorld for a good dhticdion to Kahler
forms and calibration forms.
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In this chapter we establish various estimates for the dreartaces with prescribed mean curva-
ture and for their spherical energies. We mainly consjdstable immersions and surface graphs.

14.1 Geodesic discs

We have frequently usegeodesic discsAssume the immersioX : B — R"2 (or a
part of it) represents a geodesic d8g(Xp) of geodesic radius> 0 about the center
Xo € R™2. Using geodesic polar coordinatesind¢ we get a reparametrization of
the form

X =X(p,¢): [0,r] x [0,2r] — R"+2.

For the corresponding line elemedﬁ we have

dst = Xo(p,9) dp? +2Xp(p, ) - X4 (0, @) dpdd + X4 (p, 9)* d?

(14.1)
= dp®+P(p,¢)d¢?
with a continuously differentiable functidh satisfying the properties
P(p,¢) >0 forall(p,¢) < (0,r] x[0,2m) (14.2)

as well as

plina P(p,¢)=0, % VP(p,9) =1 forall¢ €[0,2m). (14.3)

lim
p—04
For a comprehensive introduction of geodesic discs we veargfer the reader

to Klingenberg [106]. For our purposes the following rentsaske already sufficient:

1. For immersions with non-positive Gaussian curvature
K <0,

the so-calledxponential mapyhich sends tangential vectdrse Tx (w) injec-
tively onto geodesic curves on the surfaseglobally injectiveThis particularly
means, given a simply-connected and complete surface wtithmundary, we
can introduce geodesic discs fmbitrary r > 0.
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2. | some geodesic curve on a surface with positive Gaussiaaiuire
K>Kog>0
has length greater thaj% then the exponential map is not injectihus

T

/Ks

is the supremum of our geodesic radius 0.

We particularly refer Klingenberg [106], Theorems 3.4.18 8.4.16.

14.2 The area ofu-stable geodesic discs

In the following we want to establish estimates for the arfegeodesic discs which
are additionallyu-stable in the following sense

J[ P w 9w dudv
° (14.4)

Z //g'ngiT(ﬁjwwzdudv

for all € C3(B,R) and with a real numbex (n) > 0, see formula (13.3).

>y// q— K)Wy?dudv—a

IJlO’

Using geodesic polar coordinatesand it takes the form

r 2m
[ [ Cugw.4) VPlo. 91 dpdo
00
r 2m
_ PP, 0)Wp(p,9)*+ Wp(p,9)?
—0/0/ 50.3) /P(0.#)dpde
r 2m

Y

uf / (a—K)w(p.9)*V/P(p.#)dpdg
00

r
=19

The method of the proof of our first result follows essengi&@lulliver [76] and
Sauvigny [141].

T30+ (122} w(p. ¢)2dpds.

O'
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Theorem 14.1.Let the immersion X represent a geodesic di¢Xy) C R™2 of
geodesic radius r- 0. Assume that X igi-stable in the sense of (14.4) with real

1
H 5
Then it holds the area estimate
X < —2 {2nu + 2a(n)yx[N]}r2 (14.5)
“2u-—1 '

with the total torsionZ[N] of some chosen ONF,Ne. the area of the geodesic
disc growth quadratically in.r

Proof. 1. Firstwe introduce geodesic polar coordindpesp) as above. Then along
curvesp = const the integral formula of Bonnet and Gauss can be writsen

2 p 2m

[ kalp.9)v/Plo.9)dd + [ [ K(r.0)\/P(T.¢)drdp — 2m
00

0

with the geodesic curvatung along curves withp = const see e.g. Blaschke
and Leichtweiss [15]. Furthermore, from the same sourcg B we take

ke(p.9)v/P(0. ) = % VPD#). (0.9) € (0.1] x [0.27),

along such a curve, and we arrive at

2m 2m
55 | VP0.8140 = [ s(p.)\/Plp. 68
0 0

p 2
_ 2n7//K(r,¢)\/P(T,¢)drd¢
00

forall ¢ € (O,r].
2. We abbreviate the left hand side of the latter identity by

2n
Lp):= [ VP(p.$)dd, ¢ (Or)
0

For its first and second derivatives we compute

21
L'(p) = 2n—/K(T,¢)\/P(T,¢)de¢
0
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as well as

2m
L'(9) =~ [ K(p.0)V/P(p. #)dp.
0

3. Now consider the special test function

o(p):=1-2, g,

satisfying

P(p,$)Pp(9)?+ Py (p)
P(p,9)

w.r.t. the line elemends3 from (14.1). Here]d%(cb,d)) denotes the Beltrami
operator of first kind w.r.tds3. We estimate as follows

Tyg (@, @) = = @' (p)?

r 2m

[ @@L = [ [ @(p)*/Pp.¢)dpdg
0

2mn
> 1 [ [(@=K)®(p)>\/P(p,9) dpds
00

2

) il 0/ 0/ P(p,9)(T81)?+ (1)} dpdg

ou=

r
> u/L”(p)GJ p)*dp
0

r 2m

; / / P(p.§)(T 1%+ (1,)? } dpdg

due theu-stability condition. Partial integration together witt¥(3) gives

r

JL@@pRdp = Lip)op)|_ 2 / L'(p)®(p)®'(p) dp
0

= —2n-2L(p)®(p)¥(p)| ofz/L

= —27T+2/ @' (p)2dp.
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Since® € [0,1] we get

r

/ @' (p)°L(p)dp > —2mu+2u / @'(p)’L(p)dp
0

r 2m

vy [ [{Po 911257+ (122} otor s
=100

> —2nu+2u /d)’ Y2L(p)dp

r 2m

; // P(p.§)(T91)% + (T7)? } dpdg.

Rearranging thus yields

(2u— 1)/<D(p)2L
0
r 2m

< 2mu+a(n ;/ [ {Plo.9)(T802+ (127} dpds.

and the statement follows taking

LX) = [ @ (p)Lp)dp
0

into account. O

The question whether a similar estimate is true for vahues% remains open.
We refer the reader to a discussion in Fischer-Colbrie aho&t[60].

14.3 An area estimate for minimal graphs

Following Bergner and Frohlich [13] want to show how one Idoestablish area
bounds for minimal graphs independently of stability, ktdasion, or other things.

Theorem 14.2.Let B, (Xp) denote a geodesic disc of the minimal graph
X(w) = (Www?), weBr:={weC?: |w| <R},

with radius r> 0 and centered at g= X(0,0).
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Then it holds

o [Br (Xo)] < 1922 for sufficiently large > 0. (14.6)

Proof. Denote by
c(t) = (u(t),v(t)) CBr, t€[0,T],

an arc-length parametrized and smooth curve with the ptieger

(i) c(0) = (0,0) andc(T) € 9BR;
(i) |e(t)|?=1forallt € [0,T].

The set of all such curves is abbreviated withNow let c(t) be chosen front.
We will establish a lower bound for the leng#[X o c] of its image on the minimal
graph. W.l.o.g. we assume(T)| > |v(T)|. It particularly holds

R

U3

We define
R

t* = sup{t € (0,T) : |Jut) < Z}' (14.7)

Note thafT —t* > %‘ for the special arc-length parametrization. We estimate a®
follows:

Z[Xoc] =

T T
V14402 +4M2dt > /\/1+4u2dt > /\/1+4u2dt
0 tr

O~

7 R R?
> 2/|u(t)|dt > S(T-1) > —.

t

N

The casev(T)| > |u(T)| can be treated analogously. Now let

r:=min.Z[Xoc.
ce

Due to the graphical property of the minimal surface, thedgsa discB,(Xo)
projects one-to-one into the diBx. Together with (14.7) we get

2 R

o [B(%)] < [[(1+a+ 4P dudv= [ [(1+4p7)pdpdg
Br 00

= 2n(§+R4) < 3nR* < 3-8 mr? = 192mr?

for all R > 1 proving the statement.O0
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14.4 Area estimates via the curvatura integra
With the next result and its proof we follow again SauvigngIland use the in-

tegral formula of Bonnet and Gauss to infer an area estinmaterms of the total
curvature of the immersion.

Theorem 14.3.Let the immersion X represent a geodesic d&gXp) of radius
r > 0. Suppose that its Gaussian curvature K satisfies

K(p,9) <Ko forall (p,¢) € (0,r] x [0,2m)

with a real constant K< [0,+). Then it holds

e

for its area.

I\)IH

r 2m
//{KoK(P@)}\/dedqb} (14.8)
00

Proof. As in section 14.2 we consider curves= const
2n

p 2
di [ VPo.8)dp = 2n— [ [K(r.9)v/P(r.¢)drdp
0 00

P

p 2mn
<o [ [{
00
2n

/!

Integration over the radiys yields

0o—K T¢ VP(p,¢)drd¢

K
Kof «/ (1,¢)dtd¢.

I/\
O\_‘

/mdqa <p{2n+/7n Ko —K(T,$) }\/T—¢drd¢}

A final integration ovep = 0...r proves the statement.O

In particular, for minimal surfaces wity = O we infer the estimate

ro2m
MXJS”{H%//{K(p,¢>}¢P<p,¢>dpd¢}.
00

We immediately obtain an area estimate in terms of the te&atlgsic curvature
Kg of the boundary curve of the immersian
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First it holds|kg| < k for the non-negative spatial curvature of the boundary.
From the integral formula of Bonnet and Gauss we then obtain

B/J(*QW dUdW@é Kg(s)ds— ZnSdé K(s)ds— 2.

Inserting this inequality into the estimate of the previtheorem shows

2
AX] < 2+ %M{X]rzf m2+%/K(s)ds
JB

Corollary 14.1. It holds
K 2
oX] < 2 X2+ %/K(S)ds
B

with Kg € [0, 40) from Theorem 14.3.

Consider again the casg = 0 for a minimal surface. We infer

K] < ;/K(S)ds
JB

In this special context we would like to mention Fenchelsdtem (see Fenchel
[56]) which states

/ K(s)ds>2m
oB
with equality if and only if the boundary curve is a plane andwex curve.

14.5 The area of graphs with prescribed mean curvature

We continue our investigations on the Gulliver-type fuoctl

//F(x,y,i)\/H PP+ 02+ PP — (p- q)>dxdy
Q

for graphs{ = {(x,y) with the settings

Z:(Zla"'vzn)v p:ZXGanq:ZVERn-

Our aim is to establish an upper bound for the area of crifioaits of the associated
variational problem.
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From Corollary 11.1 we knwo that critical points are sologaf

2 2
divi(p‘i/’vqa) = 2Ho(X,Ng) Y21 P 1+VF\’/U+%

1 n
+Fw { [P% + 0+ PP — (p- 0]z — (papw+qaqw)sz} (14.9)

w=1

1 . (Po®—0o(p-0) - doP>— Pa(P-q)
r d|v< W r, W r

forall o0 =1,...,nwith the mean curvature field

Ho(X,Ng) = %()X;\la

The casd (X) = 1 represents the minimal surface case

- (Po,Y0) | . (PP —0o(P-Q) UoP>—Ps(P-A)\ . .
dlviw +div W , W =0 inQ (14.10)

for all o0 = 1,...,n. Moreover, the second divergence on the left hand side term

vanishes identically if = 1.

In the following we suppose that depends only ofix,y) € Q, i.e.
r=r(xy) €C'(Q,R).

Theorem 14.4.Let{ = ({1,...,{n) be a solution of (14.9) with a density function
I =r(xy)cCQ,R). Let

0<,_0§,_(Xay)§rl<+°° inQa
17 lcriq) =: 2 < oo,

and assume furthermore

Then it holds

A-[{] <[Q]+n[0Q] max [|{sllcogq)+2nho|Q| max |[{sllco(q)
o=1,...,n o=1,...,n

+v2n?|0Q| gmax 14ollcoa0) 1D ollcoran)

(14.11)
with the circumferenc@® Q| of the boundary Q c R?, the area|Q| of Q, and the
tangential derivative D¢, for 0 = 1,...,n alongd Q.
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Finally we set

hp := max max|H(x,y,
0= max maxH(x yN)|

The second row in this area estimate does not appear in case abdimension.
We would also sef\ :=1if n=1.

The special situation for minimal graphs in the content$ef t
Corollary 14.2. Let{ solve the minimal surface system (14.10). Then it holds

#[0] < Q| +n0Q] max [[{sllcoaq)
) : (14.12)
+v2n |5Q|UT1§2<”||ZG||CO(09)||D {ollcoaq) -

We want to point out the dependence of @ledata of the solution in contrast to
the casen = 1 where it holds

(L] <1Q|+¢]0Q[[¢llcoga0)

with some suitable constawt> 0. For illustration consider the minimal graph

(ww") € R*: For alln € N it holds || {s|cos) = V2 independently of the area
actually enclosed.

Now we come to the proof of our theorem.

Proof. 1. First we sum up the identities

0% G0 0GR
ZO’ - W - W ) 0= 17 . N,
to get
e ZO’DZG 1

azlzgdl — = Z div

For the area elemeW = /1 + p2+ g2+ p202 — (p- )2 we compute

1, 1-[1+ P+ P+ PP (p-9)?
W B W
_ P+ d P —(pg)?
W W

This yields

1 n . UDU -DU 22 .a\2
WV_V+szIVZ 4 3 Zod {o PO —(p-a)° (14.13)
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Now we insert the Euler-Lagrange equations from (14.9%tFiultiply all these
equations bys and sum up to get (notg, = 0)

n

n / 2 2
Z d|VD_ZU =2 z HU(X;y;NU)ZUM

o=1 w
_ S Zodiv Pod’ —Go(P-4) doP”— Po(P-Q)
G; ¢ w ’ w

2 .
_ Z {M—%\(NW LoTx(%,y) + WTW Za"y(wi} -

In the second row we take into account

2 . 2 .
div<paq do(p q)zmqap Po(p Q)ZG>

W W

2 2
5 o (PaQ —0o(P-9) GoP”— Pa(p-0Q)
= Z"d'v< W ) W
n p%qz_ Podo(P- Q)

n quz_ Pso(P- Q)
w

W )

and after summation

; Lo div Pod’ —do(P-0) doP?— Po(p-q)
azl ? w 7 W

L (Pe®—0o(P-q) , GoPp?— Po(p-q)
R

—V%{pzqz—(p-mz}-

2. Now (14.13) can be written in the form

n

Za (o pzqu(p'Q)z
z _

& W

n . 2 .
Z (paq V<\:1/( Q)quap Vsa(p q>za>
n 2
Z{paq \(N)Zal'x(xy) Qo P”— Ps(P-q)

—2el0D foryixy) .
(14.14)
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Then we can integrate as follows.

(i) We start with

1 1
— < — < 1. .
.//W dxdy< |Q| because W 1 (14.15)
Q

(i) Nextfor the second term we have

Z / d|vZG Z(’—dxd Z /|DZU V||Za|ds

(14.16)

< njoQ| max _|[sllcoaq)

.....

with the outer unit normal vectar at the boundaryg Q, taking
/1 2 2
V2P HUr g forallo=1,...,n
w
into account.

(i) The third term is non-positive and can be estimated by 0

(iv) Likewise it holds

W

n / 2 2
2 Z //Ha(xvyv NG)ZGMdXdy
o=1 (14.17)
< 2nho|Q| max HZUHCO

(v) Now we come back to the second row in (14.14). Note that

n

Pod’ —do(P-d) = Y (Pole — Pedo)de
=1
(14.18)

n

dop®— po(p-0) = QZ (GoPe — dePo) Pe -
=1

After multiplication by ps or gs and following summation we get

p’d*— (p-q)?

I\)ll—‘

n
; PsCe — Pedo)?. (14.19)
a 1
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Thus we estimate as follows:

i //div ( Po’ — do(P- Q) Z. doP?— po(p-q) Za) dxdy
=15

W W

n _ —
-3 / div((paqw Pulo)do ,  (Poto — Pule)Po Za) dxdy
o,w=1 0 W W

n —
_ Z / (PoYw V\?wQa)ZU (G —Peo) - VS
0.0=1 50

IN

V2 g /|za DT Zu|ds

0
<V2 2|09| max HZU”CO Q) |||DTZGHCO Q)

(14.20)

(vi) To estimate the last terms we come back to (14.18), @4ahd compute

Po@® —do(P-A)| _ ¢ |Pols —doPsllds|
w —; w

n 202 2

p=q*—(p-q)

< 22 vEA AP
_\/_ 2. W |q19|7

and analogously

0o P* = Pa(P- )| S\lei V PP? - (p-q)?
=1

Thus we arrive at

z //{paq — Qo ( p ) ZGFX(X,y)ﬁL%ZGFy(X y)} dxdy

y)W
1Pc%® —do(p- )| | |9oP*— Po(p-q)|
<2 = L e Tt e L
<\/§nr2 aX HZ H //\/1+ 2+ 2+ 242 ( )ded
< S max ollco P2+ 2+ P2 — (p-q y

(14.21)

For this estimate we explicitely need the assumpfios: I (x,y). Otherwise
there remain derivativgs; andqgy quadratically and we are not able to estimates
the area element.
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3. Putting (14.15), (14.16), (14.17), (14.20) and (14.2@ether we conclude

[(] = |Q[+nj0Q| max [|{s]lcoaq)+2nMo|2| max [|{slcoe)

1,..,n )

V212r,
t Gg{{}ntIZGI\com)ﬁf[Z]-

Rearranging proves the statement

14.6 The isoperimetric inequality

Following ideas of Hurwitz [98] we want to give a proof of theoperimetric in-
equality for immersion$(: B — R™?2 with prescribed mean curvature fields. We
also want to refer the reader to Blaschke and Leichtweisky Barbosa and do
Carmo [7], or Osserman’s review article [129].

Theorem 14.5 Let the immersion XB — R™?2 with prescribed mean curvature
field H(X,N) and spanning a &regular boundary curvé™ € R™?2 be given. As-
sume that
sup maxH(X,N) < hg € [0, 4).
xerm+2|N[=1

Suppose furthermore that the following smallness condlitio

is true with the mean value

with a representation Z Z(¢) for the boundary curvé& c R™? of the surface as
described in the proof below. Then it holds the isoperimeétreéquality

1 Z|r? (14.22)

X <
471(1 — nho|| X — X (B)||co(e))

with the lengthZ[I"] of I c R™+2,

Proof. Let (u,v) € B be conformal parameters. We introduce geodesic polar coor-
dinates to get the mapping

Y(r,9) = X(rcosd,rsind).
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Let A be a fixed vector. We compute

% // { |x”|2+ |Xv|2} dudv
B

%//{[(X—A)-XU}UJr [(X—A)-X\,]V}dudv—% //(X—A)-Axdudv

o [X]

2/ [(X— A) - X, (X —A) - %] vds+2 /x A)-AX dudv

< %/{Y(l,ﬁ)—A}~Yr(1,z9)d19+%//|X7A||AX|dudv
0 B

with the outer unit normal vectar = (cosd,sind). Make additionally use of
1. . 1
Xu:cosBYr—F sind Yy, X\,:s|n19Yr+F cosd Yy .

From the estimate

n

2’3 H(X,Ng)WN,

o=1

IAX| = < nho| DX |?

we infer

X 2/{Y (1.9) — A} -Y,(1,9)dd + 0 //|x Al|CX[2dudv

Now let the curved™  R™?2 presented in arc-length via
r
Z(¢p)+A: 0,2 — T, |Z(9)|= % forall ¢ € [0,2m)

where we choosé such that forZ = Z(¢) it holds a Fourier expansion in the
following form

Z(¢)= i (Accosk -+ Bysinkg)
K=1

with vectorsA andBy, k=1,2,... We arrive at

2

./{|Z'(¢>|2 12(#)] }d‘l’*"z AZ+B}) >0. (14.23)

0
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Then it follows that

21 VTN
nhpl|X — X (0B
A[X] < %/|Y(1,19)7A||Y,9(1,z9)|dz9+ ol 2( )”°°<B’//|DX|2dudv
0 B

2
17/ , o X
< E'o/ 1Z(9)11Z/(9)] d + nhol|X — X(3B) | o B//W dudv

We continue as follows:

2?4/ [X]

2n
= ZIr2-2n [ 12(9)2/(6)]¢ — 4mbo| X — X(9B |coge) [ W dudv
0 B

2

=2 [ (1Z/(9) - [2(9)/1Z(9)]) d — 4rmho] X — X(9B]lco) [ W ducv
0 B
2

”./‘ (1Z'(9)? ~12(#)?) d¢ — 4mbo|| X — X(9B)l|co(s .//w dudv
B

0

Y

v

~4mmbo|X — X(9B) |coge) [ W dudv
B

using Cauchy’s inequality and (14.23). After rearrangirgivave
Z[M? = 4n(1 - nho||X = X(9B)|lco(og)) «/ [X]
proving the statement.O

Corollary 14.3. Let the minimal immersion XB — R"2 be given, spanning the
Cl-regular boundary curvé C R2. Then it holds the isoperimetric inequality

1

A [X] < Zz[r]z (14.24)

with the lengthZ[I'] of C c R3.

Historical remarks on the isoperimetric inequality for min imal surfaces

The first successful approach in proving the isoperimetrézjuality in the plane
goes back to the Swiss mathematician Jacob Steiner (*178éndorf/Kt. Bern,
11863 Bern).
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Though Steiner’s proof is incomplete, his ingenious metbioslymmetrization en-
joys a wide range of applications, see e.g. Bandle [5].

The Swedish mathematician Tage Gills Torsten Carleman92 18 Visseltofta,
11949 in Stockholm) was the first who proved the isoperiroétequality
ZIr?
<=L 1
dX] = an

for minimal surfaces. Beckenbach and Rad6 in [9] then distad this inequality
on simply connected surfaces with non-positive Gaussiavature.

The isoperimetric inequality encodes regularity promsrtf the underlying sur-
face. Namely due to Federer and Fleming [54] and Maz'ya [1tli8]equivalent to
the Sobolev inequality

' 2 2
(B//|D¢| dudv) z4nB//¢ dudv

Finally Topping in [158] derived the isoperimetric inegitiln the plane and on
curved surfaces using results from the theory of curve shorg flow.

For further references and applications of the isoperimgtequality we want to
refer again to Osserman [129] and the references therairglse the monographs
Bandle [5] and Chavel [25].

14.7 The spherical energy ofu-stable geodesic discs

Let us finally come back to the stability condition
// Oye (W, Y)W dudv u//(q —K)Wyldudv—2a(n) %&[N]  (14.25)
B B

used already in section 14.2 above.

Following methods from Sauvigny [141] we want to show how pplg this
inequality to establish an upper bound for the sphericaiggnef a surface.

Theorem 14.6.Let the conformally parametriced immersion B — R™2 together
with an ONF N be given. Assume that X is stable in the sensedd@X)Lwith a
function g satisfying

H?—q>0 inB.



328 14 Energy estimates

Then the Dirichlet energy of N (Ng,...,Ny) can be estimated as follows

2
//|DN|2dudv§ 2//(2H27q)W dudvt % + <2+ ﬂ) ZIN] (14.26)
B H H
for all v € (0,1) with the setting
2 d 2
|[ON|= =} |ONg|<.
2,
Proof. Forv € (0,1) we take the special test functiah € Cg (B,R) such that
2
®=1 onB,, |09 < 5 onB.

From the Weingarten equations we know

Lo— 11+ La 12

L2 1o+L5 0
NG = W +‘9Z (T21)?, NZ,= % ;1('&}92)2

using conformal parameters. Then we compute
n .
s //|DN0—|2dudv
a:lév
n n
=2y [[(eHZ—Ko)W dudv+ > J[{T807+ (1827} duav
aleV g, :le
_ 2//'(2H2_q)vv dudv+2//‘(q—K)W dudv 2.9%N]
: J
< 2//(2H27q)W dudvt 2//(qu)W®2dudv+ AN
2 2 2a(n)
<2// (2H2 — W dudw = //|ch| dudvi-2(1+ =7 ) KN
< 2// (2H2— g Wdud\/+“—+2( zau(n))ﬂx[N]

prooving the statement.O0
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In this final chapter we consider general elliptic functisnand its critical points in Euclidean
spaceR®. The Lagrangian densities of these functionals depend osufiace vectoX as well as
the normal directiork, x X, .

15.1 F-minimal surfaces

This final chapter is devoted to analytical studies of aitigointsX: B — R3 of
anisotropic variational problems of the form

FX] = //F(Xu x Xy) dudv— extr!
B

Such critical points are calleld-minimal surfacesAs we have seen in chapter
11, after introducing the special weight matrix

1
v/ detFzz(2)

those immersions are revealedvesighted minimal surfaces.

w(z)t= Fz2(2)+ (Z22)i j123

15.2 The geometry of the spherical mapping

On the Hopf function

From Theorem 5.4 we immediately obtain

Theorem 15.1. Let the weighted conformally parametrized F-minimal scefa
X: B— RR3 be given. Then its Hopf function

(W) = L11(w) — Loa(w) — 2iL12(w)
satisfies the complex differential equation

Hg(w) = A(W)2 (W) + B(w).# (w) in B. (15.1)
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Here we set

A=Z(a—dtic+ib), B= %(a+d+ic—ib)

Bl

as well as
1 2 2 1 1 2 2 1
a=Qn+Q35, b=0Q5-Q;, c=Q5,+Q7, d=Q0f,—-Qj.

Thus the spherical mappingNN(u,v) of the immersion possesses at most isolated
interior branch points, or it holds k= 0 at all.

Here we recall the identity
Ny x Ny= KWN

with the Gaussian curvatuke

Analogously we would proceed in casemgscribed non-weighted mean cur-
vature. Then the Hopf function is holomorphic and solves the CauRlgmann
equation

Hu(w)=0 inB.

The spherical mappinly thus possesses at most isolated interior branch points, or
it holdsh3 — K = 0 due to|s#|? = 4(h§ — K)W2. We refer e.g. to Jost [101].

An asymptotical expansion

Our next result on the distribution of the branch points & #phercial mapping
goes back Sauvigny [141].

Theorem 15.2. Let the weighted conformally parametrized F-minimal scefa
X: B — R3 be given. Then at each poinpw B there are two linearly independent
vectors AB € R3 and a natural number & N such that the following asymptotical
expansion holds true

2 .
N(wo +w) — N(wp) = - p"(Acosng +Bsinng) +o(p") forp —0. (15.2)
Proof. From (11.33) we already know
|AN| < (14 o)|ONJ* inB.

Thus due to a theorem of Hartman and Wintner [77] (see alsteHiandt [84]) at
each poinwg € B there is a vecto€ := A—iB, C # 0, and a numben € N such
that it holds

Nu(Wo W) = 5 { Nu(Wo+w) — INy(Wo+w) b = Cw'2- o |wi"™ 1) (15.3)
forw — 0.
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The linear connection between the weighted fundamentaigdrom section 5.1
implies thatlllw (X) undlw (X) are diagonalized simultaneously. We get

0= {W*%(N)ON\N}Z - {(w%(N)oc)2+o(1)}mF“2 for w — 0.

For the non-singular matrix := W (N(wp)) this means
0= (FoC)2=|FoAP?—|FoB[?~2i(FoA)-(FoB),
and we conclude
(FoA)-(FoB)=0, |FoA|l=|FoB|>0. (15.4)

ThusA andB are linearly independent. We introduce polar coordinatediategrate
(15.3) to get

N(wp + W) — N(wo):% (CW'+CW") +o(|w|")

- % Re{(A_ iB)p"(cosng + i sinn¢)} +o(p"

= % p"(Acosng + Bsinng) +o(p"), p— 0.

The statement is proved.O

In other words:The spherical mapping is open, an open neighbourhood of a
point we B is mapped onto an open neighbourhood of its image)N: .

We sayw € B is abranch point of order n- 1 if the expansion (15.2) holds true
withne N.

The spherical mapping under the stereographic projection

Shortly we want to proveguasiconformality of the spherical mapping of weighted
minimal surfacesFor this purpose we start with some basic facts about thecster
graphic projection frong c R2 into R?.

Let an anglew € (0, ) be given, and suppose that
N(u,v)-(0,0,1) > cosw inB, we]l0,m), (15.5)
holds true for the spherical image of the surface or equiible

N(uv)e S inB
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with the spherical cap
= {ZGSZ :Z-(0,0,1) > cosm} c

The Gauss map is supposed to skip a neighborhood of the soléth p

Now we parametriz&Z, as follows

7y = sindcosp, 2z, = sindsing, z3 = cosd,
(15.6)
9 €[0,w], ¢ €[0,2m,

and b
’ Sp: S, — R?

we denote the stereographic projection with the south peleeater, analytically
given by (see e.g. Neutsch [125])

. i
Sp(z,22,23) =& +in = 17 +1 1R (21,22,3) € S(Z/.) (15.7)

Its inverse suffices

_ 28 _ 2n 23_1—52—’72
14824027 7 1+4&824n027 T 1482412

Using the spherical coordinates from (15.6) we can write

(15.8)

Sp9.¢) = (sinﬁcosqb sinSsinq&)’

1+cos? * 1+cos?
and together with (15.7) we calculate

sifdcog sifIsifp 2
(1+cosd)? + (1+cos3)2  1+cosd’

1+8%+n*=1+

In this way we are led to the so-calletbdulus of distortion

ag(8,9):= Hﬁ' (15.9)

For example, the north pole is distorted by the fat%tmvhile along the equator all
lengths remain fixed.
Quasiconformality of the spherical mapping

Our next results states quasiconformality of the sphengping under the condi-
tions previously discussed. We follow again Sauvigny [141]
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Proposition 15.1. Let the weighted conformally parametrized weighted mihima
surface X B — R® be given. Assume that its spherical mapping satisfies (15.5)
with an anglew € [0, 7). Then the associated plane mapping

®(u,v) = SpoN(U,V), (uv) €B,
is bounded and quasiconform, i.e. there hold

sinw

d(uv)| < ———
| (’)|_1+cosw

and |0®(u,v)[> < —2(14 ap)Jp(u,v) inB

with the non-positive Jacobiarpd= Jo(u,Vv) of the mappingb = ®(u,v).

Proof. The first bound follows directly from the representation.@)®f the stereo-
graphic projection in terms @ and¢. Furthermore, together with (15.9) we esti-
mate the distortiory = x(&,n) of the inverse mapping Sp, i.e.

1+cosw<x(&,n)<2 ifSp *(&,n)-(0,0,1) > cosw. (15.10)

Now we define the weight matrix

1 5 0Sp 1 (@(u,v)T oW (X,N) Lo aSpt(d(u,v))

HUY) = @)

satisfying

(1+ap) YEP < EoH(u, V)0 & < (1+ap)|é|? forall &€ e R? (u,v) €B
as well as
detH(u,v)=1 inB.
Using the linear connection between the weighted fundaahérims we infer

10
AD(u,v)T o H(u,v) 0 dd(u,v) = ~WKx? <0 1) .

Notice the diagonal form of this product. Sinke< 0 we have

—detdd = —det{quToHoadJ}% = —WKx? = %Spur{ddﬁoHoadJ}

1

pp———— | e T
- 2(1+m3)| |

This proves the statementO

Quasiconformality of the spherical mapping for immersiofthis surface class
along with curvature estimates were already establish8hion [147] in 1977, see
also our following considerations. We additionally wantréder the reader to Hoy
[95], [96] and [97] on this subject.
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An oscillation estimate for the spherical mapping

Now Theorem 12.3 from Gilbarg and Trudinger [71] (see alsod®i [147]) pro-
vides an interior Holder estimate for so-call@dk’)-quasiconformal plane map-

pings(p,q) = (P(X,y),d(x,y)) in the sense of
P2+ P2+ 0 + 02 < 2K(pxOy — PyCk) + K’

with constantsk| > 1 andk’ > 0. Together with our modulus of distortion (15.10)
we arrive at (see Sauvigny [141])

Theorem 15.3. Let the weighted conformally parametrized F-minimal scefa
X: B — R® be given. Suppose that its spherical mapping satisfied \gith
an anglew € [0,m). Let finallyA > 0 and v € (0,1) be fixed. Then there exists
0 =9d(wp,w,V;A) € (0, %v) such that for all w € Bli%v(o, 0) the following oscil-
lation estimate holds true

IN(w) —N(wy)| <A forallw € Bs(wp) (15.11)

with arbitrary wy € Bs(wp).

Application to immersion of prescribed weighted mean curvaure

Let us consider more closely the spherical mapping of iminesswith prescibed
mean curvature from the point of view of quasiconformality.

Due to the linear connection
I (X) — 2Hw (X, N)llw (X) + Klw(X) =0
between the weighted fundamental forms we compute

2Hw(X,N)L1; — KW 2Hw(X,N)L12

(detd @)? = det( ) X2 =K2W?x*

2Hw(X,N)L21  2Hw(X,N)Lo2 — KW
using weighted conformal parametéusv) € B. i.e. for the signed Jacobiat® we
infer the identity

detd @ = KWx?2.

Moreover, for its trace we have

trace(0®" oH 0 d®) = {ZHW(X, N)L11 — KW+ 2Hw (X, N)Laz — KW} X2

- Z{ZHW(X,N)ZfK}WXZ.
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Proposition 15.2.Using weighted conformal parametdig v) € B it holds
I0®P2 < —2(1+ wp) detd® + 4(1+ ) HwG(X,N)2Wx2 in B,
i.e.® = ®(u,v) is (k,k')-quasiconformal with
k=—-2(1+aw) and K=4(1+ ap)Hw(X,N)>Wx?2.
We want to apply this reslut to immersions witbunded gradientSuppose

sup W(u,v) <Wp € (0, +»). (15.12)
(uv)eB

Then we find

Theorem 15.4. Assume that the weighted conformally parametrized immersi
X: B — R3 satisfies (15.12) and that its spherical mapping fulfills .B)5with
an anglew € [0, 7). Let finallyA > 0 and v € (0,1) be fixed. Then there exist
5 = 5(wo, w,v,.Wo;A) € (0,3V) such that for all w € Blf%v(o, 0) the following
oscillation estimate holds true

IN(w) —N(wy)| <A forallw € Bs(wp) (15.13)

with arbitrary wy € Bs(wp).

This estimate can immediately be applied to conformallyapeetrized immer-
sions with prescribed non-weighted mean curvatif¥, Z) which are small in the
sense of

hoM <1 withM:= sup [X(u,v)|, hg:= sup [H(X,Z)|.
(uv)eB (X,Z)eR3xR3

This follows from Heinz’ gradient estimates from sectiod faking
|AX| < ho|OX|?> inB
into account. Thus there is a real const@aat c(hyg, M, v1) with the property
|OX(u,v)| < c(hg,M,vq) forall (u,v) € B1_,(0,0).

Then the mapping N- N(u,v) is (k,k')-quasiconformal in B_,, (0,0) with k= —2
and K = 4h3c(hg,M, v1)2.

Furthermore, the smallness condition can be replaced bfpHog/ing modulus
of continuity:

For real A > Othereis ad = 5(A) such that
IX(w) —X(wq)] <A forall we Bgs(wp) (15.14)

for arbitrary w; € Bs(wp) and wp € B with Bs(wp) CC B.
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Namely, define the mapping

o 1
R(w) == 3 {X(W) = X(w1) } : B(wo) — B2
with the properties
X(w)| <1 and [AX(w)| <Aho|OX(W)[* in Bs(wo).

Now choosel > 0 so thatA hyp < 1. This implies an inner gradient estimate for the
surface vector and therefore an oscillation estimate foespal mapping.

Finally we want to remark that an oscillation estimates fier ¢omposition
N(uV) = BoX(uv), (uv)eB,

with the Gauss mag: X(B) — S? on surface graphs of mean curvature tyipe
established in Gilbarg and Trudinger [71], section 16.6suksing a modulus of
continuity (15.14) we could then infer an oscillation estieN = N(u, v).

15.3 Stability and u-stability

The second variation

Our aim now is to compute the second variation of the pardofetnctional. 7 [X].

With a test functionp € C7'(B,R) we consider the normal variation

X(u,v) :=X(u,v) +€¢(u,v)N(u,v), (u,v) €B.
Then it follows
XaAXy = Xy AXy+ E{X ANy + Ny AX 4 {Xy AN@y +NA X Py}
+ 202Ny ANy + €2{NyAN@y +NANy@,} .

First it holds
d—zF(XUAX) —io?um?) oFzz(Xa AXy) 0 == (Xu A Xy)
g2 V=0~ de Ve—o ' % VT de Y le—0

2

92 -
+|_7(XUAXV)'W(XUAXV)
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Let (u,v) € B be weighted conformal parameters. From the propertieseofvetight
matrix W (Z) we infer

7 _ o o
552 FOAX)

£=0

— Viv{(XUAM,+NUAXV)¢+(XUAN¢V+NAXV¢U)}OFzz(N)o...
...O{(Xu/\Nv+Nu/\XV)¢+(XUAN¢V+N/\XV¢U)}

+F(N)- {ZNU/\N\,¢2+ NuAN($2)y+NA NV(¢2)U}

- @ (Xu ANGy+NAXpu) oW (N)~Fo (Xu ANy +N A Xupu)

+{ [F2N),Nu,NT 67} + {[F2(N), NN 97}
— [Fzz(N) o Ny, Nu,N] 2 — [Fzz(N) o Ny,N,N,] 2
with the usual settingX,Y, Z] := X - (Y x Z). It follows that

(Xa AN@y +NAX, @) o W(N) Lo (Xy ANy +NAX,Py)
_ {W(N)% o Xufpy -+ W(N)3 oXu¢u} o {W(N)% o Xy +W(N)3 oXud)u}

= w{pZ+ 92} = W|09I2.

For the divergence term we have

//div([E(N),N,N\,]qbz, [F2(N),Nu, N] 92) dudv=0

B
due tog = 0 ondB = 0. Finally we know
[Nu,Nv, Fzz(N) oN] =0,
so that we infer
[F22(N) o Ny, Ny, N] + [Ny, Fzz(N) o Ny, N]
= [F2z2(N) 0 Nu, Ny, N] + [Nu, F2z(N) 0 Ny, N] + [Ny, Ny, Fzz(N) o N]

= [Nu,Ny,N]traceFzz(N) = KW traceFzz(N).
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Thus we arrive at

S2.FX] = //{\/dethz(N) 009 2+ KW traceF77(N) 92 } dudv

B

forall ¢ € C3(B,R).
Using general parametefs, v) € B we have therefore proved
Theorem 15.5.The second variation of the parametric functiorid|X] reads

52/ [X] = // { VAeF22(N) Oy, (8, 9) + K traceFzz(N)¢2 } W dudv
5

forall ¢ € C5(B,R).

Stability and p-stability
Again we require

Mi|E> < EoFzz(Z)0 & <MplE? forall &= (L6283 eR®  (15.15)
and allZ € S with & - Z = 0, with positive constants & M1 < My < +o. Then we

can set
M, 1 M

1+wpy=—= resp. —— = .
VRS S A VE
Theorem 15.6.Let X: B — R3 be a stable F-minimal surface, i.e. assume that

S2.7[X] > 0.

Furthermore, suppose that (15.15) is satisfied. Let finalty O be a real number
with the propery

Then the immersion ig-stable with this numbeu, i.e. it holds

2 B 2
//DdaN(qb,qb)Wdudvz u!/( K)W¢2dudv

B
forall ¢ € C3(B,R).

Proof. Namely after rearranging it follows

M, //Dd%l(qb,qb)w dudv> 2M; //(fK)quzdudv
B B

forall ¢ € C3'(B,R).
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This implies
// Tag, (. 6)W dudv> ZM—'\": .//(fK)thzdudv
B B

and the statement follows.O

15.4 Eigenvalue problems for the spherical mapping

This section is devoted to a deeper analysigiaftable F-minimal surfaces in Eu-
clidean spac®3. Our results are partly build up on our considerations frompeh
ter 13, on the other hand we will meet new methods and respitcable for F-
minimal surfaces ifR® exclusively.

A comparison principle

The spherical mappiny: B— R3 represents a branched immersion from the closed
unit discB C R?into the unit spher&? c R3. As we have seen above, interior branch
points are isolated.

In the following sections we are concerned with the eigamvg@roblem 13.6 on
spherical domains. To establish suitable bounds for theesponding first eigen-
valueA; > 0 we need the following comparison argument.

Lemma 15.1.Let the immersion XB — R3 be given. Let
ds = gijdu'dul, d = hijdu‘duJ

its non-weighted resp. weighted line elements w.r.t. to ighwenatrix W (Z). Then
there hold

(1+ @) [[ Oge(9.9)W dudvs [[ Dyg (6.9)W dudv
B B

(15.16)
< 1+ ) [[ Do (9.0)W dudy
B

for all ¢ € C}(B,R) with the invariant Beltrami operatorS e and Oyg,-
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Proof. On the tangential plar€y of the immersion we compute

.//Ddﬁv(qs,qs)w dudv
B
_ //(¢u,¢v)o{axToW(x,N)oax}*lo(¢u,¢v)w dudv
B
_ //(¢U,¢V)o(OX)*loW(X,N)*lo(0XT)*1o(¢u,¢v)Wdudv
B

= [ {00800} oWi,N)Fo { (B0, 0) 0 (%)W dudv
B

from where we infer the estimates

[[ Pag, @)W dudv

B

< @+ a) [[ {80800 0x)7} - {(8u00) 0 (0X) 7w dudv
B

— (1+ @) [ Dae(9.¢)W dudv
B

as well as

//'Dd%(qs,qs)w dudv

B
1
1+

>

// {(¢u, dyv)o (0X)*l} ) {((pu7 v) o (OX)fl}W dudv
B

_ ﬁ B// Dy (@, )W dudv

proving the statement.O

The weighted Rayleigh quotient onS?

Let Q ¢ S be a spherical domain covered by the Gauss MapN(u,v) of the
F-minimal surfaceX: B — RS.
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To the Rayleigh quotien#|[¢] introduced in section 13.5 we define its weighted
counterpart

[ Osw(9.9)ds
g 000000

2
.Q/rpds

for funktions¢ € V(Q,R) on the function space

Hw (9] =

V(Q,R):={pecH**(Q,R)NC*(B,R) : 90, p=00ndQ}

with the weighted Beltrami operatais y on S c R®and its area elemendtS

To Q c S we associate the first eigenvalue of this weighted operat& o

i P, =A Q).
¢€\Y/Tg'gm w(o] = Aw(Q)

From the previous comparison result we conclude

1
l+w

Mw(Q) < M1(Q) < (1+ @)aw(Q). (15.17)

U-stability due to Schwarz

The following result characterizes the size of the sphéfiimage of u-stable F-
minimal surfaces, see Frohlich [62].

Theorem 15.7.Let the weighted conformally parametrized gndtable F-minimal
surface X B — R3 with u > 0 be given. LetQ’ cc Q ¢ & denote the domain
which is covered by the spherical mappingsNon an open dis®& cc B. Fur-
thermore assume that(8B') = dQ’. Then for the first eigenvalug, (Q’) of the
spherical Laplacian o2’ ¢ S it holds

M) > —H 15.18
(@)= (15.18)

Proof. For A1 w/(Q') we choose an eigenfunctign Q” — R such that
Do wd+Aw(Q)9 =0 inQ’,
¢ =0 aufoQ’,
>0 inQ'.

The finitely many branch points of the Gauss map on the close®'sc B are
denoted by{ws, ... ,WN}_With N € N. Now for sufficiently smalls > 0 we consider
closed discK(w) C B’ (eventually together with their intersection wiBf) of
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common radiug > 0 around these branch points. The pull-bajgku,v) := ¢ o
N(u,v), (u,v) € B, then satisfies the eigenvalue problem
N
Aggh —Mw(Q)KY =0 inB =B\ [ JKe(wh),
t=1
¢y =0 ondB,
>0 inB.

Considering the vanishing boundary datalofve evaluate thg-stability condition
as follows

//|Dlll|2dudv+u//w KW dudv
//QUAQUdUdVvLH//l.UZKWdude / WOy (N, N?)ds

= Daw(@ u}//w Wdudwzl / wOw- (NL,N?)ds
OKe (wh)

with the outer unit normal vectofN*,N?) at the boundary curvéKe(w), t =
1,...,N, and its line elemerds Sincey € H2(B’ R) NCO(B/,R) we infer

I|m //(,U K)W dudv= //(,U K)W dudy

lim Z / wOw- (NL,N?)ds=0.
IKe(

£—0
W)
Thus if Ayw(Q') — u < 0 then it follows necessarily

//|Dt,u|2dudv+ u//szw dudv< 0
B B’

contradicting theu-stability. O

Spherical oscillation of u-stable F-minimal surfaces

This result, the ideas of which go already back to H.A. Sclawleads us to our next
oscillation estimate for the spherical mapping, see keti62].
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Theorem 15.8.Let the weighted conformally parametrized gndtable F-minimal
surface X B — R3 with u > 0 be given. Then for each= £(w, 1) > O satisfying
(15.20) there i = &(wo, U, v; (1)) € (0,(1—v)?) with the property

~osc N(w):= sup  |N(wp) — N(w2)| < 2e(am, 1) (15.19)

Bsp (Wo) Wi Wo€B5,(Wo)

on each open disép(wo) C B1-y(0,0) with fixedv € (0,1) and |wp| < 1—v.

Proof. Consider the open diép(wo) C B1-4(0,0) with p € (0,1— v — |wp|) and
|wo| <1—v, v e (0,1). Due to the estimate

// |ON[2dudv< %‘;‘“’)
|w|<1l-v H

we can apply the Courant-Lebesgue lemma from Heinz [80],rharb4, to find for
givene > 0 areald = 6(w, i, v; €) € (0,(1-v)?) andd* € [8,v/8] such that

8r%(1+ ) .
[ 1N <2 g <2

9Bsxp (Wo)
see the proof of our curvature estimate from chapter 10. feigns in other words
N(9Bsp(Wo)) C Ke(N(wo+5°p))

with the settingK¢ (Z) := {X € R3: [X—Z| < €}. Now let Qs:, C S? be covered by
the restrictiorf\||§6*p<W0). Then it holds with a uniquely determined angbe= w(¢)

N(9Bs+p(Wo)) C Siy(e) (Wo) := S NKe (N(Wo +3°p)).

We choose = &(an, 1) sufficiently small with the property

M(S\ e (W0)) < 1 fwo . (15.20)

But then it mus be satisfied
Qgep C Sy (Wo).
Otherwise there is a poimt; € Bs-,(Wo) With
N(wr) € S\ Sy (o).
Note thatN = N(u, V) is an open mapping as we showed above. Continuation along

paths we arrive at .
S\ Sy (Wo) € Q-
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To A1 (S*\ S, (Wo)) we now choose an eigenfunctign S\ S, (wo) — R such
that there hold

Az ¢ JF/\l(SZ\Si)(g)(WO))‘p =0 in 82\85)(5)(W0)7
=0 ond(S\ S, W),
¢ >0 InS\ S, (W),

which we pull back by means @f(u,v) := ¢ oN(u,v), (u,v) € Bs:,. But now the
eigenvalue bound (15.20) contradicts our previous resi8tbwarz. O

A theorem of Barbosa and do Carmo type

With our next result from Frohlich [62] we present some sditverse of Schwarz’
theorem oru-stable F-minimal surfaces. Origininally it was proved iarBosa and
do Carmo [6] for minimal surfaces.

Theorem 15.9. Let the weighted conformally parametrized F-minimal scefa
X: B— R be given. LeB’ cc B denote an open disc, and wi@ ¢ S we mean
the spherical domain which is convered by the restrictigg NFor givenay > 0
we choose an angle = w(wy) € (0, ) such that for the spherical cag,S- S it
holds

Area(Q') < Area(S), M (S) = u(1+ wp) (15.21)

with a real numbeu > 0. Then >q§ is u-stabil with thisu > 0.

Proof. 1. Assume thaX: B — RR3 is notu-stable. Then on a simply connected and
open domair* C B' there is a functiony € C?(B*,R) satisfying

AP(uv) +p(—K)We(u,v) =0 inB",
Y(u,v) >0 inB, (15.22)
Y(u,v) =0 ondB*.

Let Q* C Q' be that domain which is covered by restricted orB* C B'. We
construct a functiog € ¥ (Q* R) with the property

[ 1%swolwds< u [ ¢?ds (15.23)

Then our comparison principle yields

[ 10sp3dS< p(1+ ) [ 97ds
Q* Q*

implying A1(Q) < p(1+ ay).
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Now let S2. C S? be a spherical cap with the same areaxsc S?. Together
with (15.21) as well as Proposition 13.4 and 13.3 from chall3eve infer

H(1+a) = A1(Sh) < A(Shy) < M(QF) < p(1+ ).

Thus we arrive at a contradiction to thestability assumption. It remains to
constructp € V(Q*,R).

2. For some arbitrary poirt<c Q* we find preimages
N~(a)NB* = {wa,...,Wn,} C B

with multiplicitiesa(w) > 1,i =1,...,nq. We set

Nq
Bla):= 3 alw)y(w). (15.24)
i=
This function is positive o2* and vanishes on the boundat@* (recall that
the spherical mapping is open by Theorem 15.2). Followimgatgumentation
from Barbosa and do Carmo [6], Lemma 3.6, which we skip hbesfunction is
also continuous on the closure @f ¢ S°. We are left to prove (15.23).

3. Let{qy,...,an} C Q*, N € N, the set of images of branch points®i C B'.
Chooses > 0 sufficiently small. InQ* C Q' we consider closed geodesic discs
Re(g), i1 =1,...,N, of common radiug > 0 and centers aj; fori =1,...,N.
Define

N
Te 1= 0%\ {dQ* U Uﬁg(qt)} :
t=1

Following Barbosa and do Carmo [6], Lemma 3.8, there exispli connected,
open and disjoint set® jx C T¢ with the following properties:

a) For any poingg € R, the preimage seil~1(g) N B* consists of exactlyj
elements;
b) it holds B .
Te = JRik; (15.25)
ik
¢) there exist simply connected, open and disjoint é%sc B* such that

j
N"*(Ri) = UBju:
=1

thus the spherical mapping restricted on sucﬁj*kac B is diffeomorphic
ontoRjk C Te.
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4. LetNjg = N|éTk|' Then the spherical mapping is locally invertible with the in

verse mappings .
Nj: R — By, 1=1,....]. (15.26)

Furthermore, the functiof: Q* — R from (15.24) satisfies

i
Ols, = I;won;ll. (15.27)

It is continuously differentiable i@jk sinceﬁjk is free of branch points.

5. We are going to prove the inequality

o 2 ; 2
lim [ |0sg8|2g8S< lim p [ %ds (15.28)
Te Te

The right hand side here is bounded due to the continuity:aR* — R, and so
is ¢ €V(Q* R), and in the limit we obtain

[ IDswélZwds< u [ ¢2ds
ol ol

Taking account of (15.25) and (15.27) we compute

[ 105wt Buds=5 [ [Cswoldwds
T 19

_ ;mj/k

!
=5 | 3 10sweNdlwas+ s
1K g, 1=

j
l; Dsw(yoN)||  dS (15.29)

2
SW

with the setting

Jy = 2 S (Osw(WoNpd),Osw(WoN;)swdS  (15.30)

L 1<r <<

where(-,-) denotes the inner product & w.r.t. the weighted metri¢hi; )i j1.2.
Fom the linear connection of the weighted fundamental fotogether with
(15.26) we conclude (using weighted conformal parameters)
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P, j
|Osw(WoN)|[EwdS=

'Zgé./k , ikl /llsw |;_
: M (15.31)

_ Ii // Tag, (. @)W dudv
4

ikl

// Ddf’vzv(q"v L/-’)devzv dudv

B

If we set

N
Bi:=N1 (U Rg(qt)> with B\ B; = | Bjq

t=1 ik

it follows together with (15.29) and (15.31)
// Oag, (W, W)W dudvi 7y

J 105w Buds=y
K ixig
€ ki
j (15.32)

_ // Tag, (W, Y)W dudv 3y,

B*\B:

Consider the right hand side of (15.28):

j 2 j
T‘{(pzds ;%4 (lzq,onkll) dsS= ;|Z\(%J/_k‘(lpONjkll)2dS+J2

due to (15.27) and with the setting

2=y /2 T WoNH(WoN b ds (15.33)
I, R 1<r<s<j

Using weighted conformal parameters this means

/¢2dS= Z //wz(—K)w dudvt J,

= e (15.34)
= 2(—K)W dudwtJ;.
B*.\/B/z (1] uaw-Jp
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6. From (15.32), (15.34) and (15.22) we infer

[1swolBwds—u [ ¢?ds

‘Ig ‘IS
_ //|Dw|2dudvfu// W2(—K)W dudvt 3y — 3
B*\B; B*\B:

_ // 0w dudv+ // wAWdudv+ 1 — s

B*\B; B*\B;
— [ WOy)- (NLN?)ds+ 31 - 3

B

with the outer unit normal vector fieldN*,N?) at the boundargB; and its line
elements The functiony is continuously differentiable iB* C B’ and vanishes
outside of this set such that

im / (wOW) - (N1, N?)ds=0.
£—0 .

9B
Thus it remains to show

lim (31— u3,) < O. (15.35)

£—0

7. Now let o
X[Z:L[_IonT(llZ R — R, (=1...]

Dueto (15.27) we hav¢fa|§jk = X1+ ...+ X;. Furthermore, there hold
AS,WX/+HX/:0 in SY{jk7 Ele"aja
in view of (15.22). We compute
ASW(XrXs) = XrAswXs+ XsAsgXr + 2<DSWXr; DSWXS>Sg

= —2uxrXs+2(0swXr, OswXs)sw -
Together with (15.30) and (15.33) it therefore follows

J1—HI2 = z > / {2<Dswxr, Osw Xs)sw — 2uxrxs} ds
I, 1§r<s§jmjk

=5 3 [ asabxxds
I, l§r<s§jmjk

:Z > /<DSW(XrXs)am>SWdUS
IR ngSde%jk
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with the unit normal vectdit at the positively oriented boundary curd® x and
its line elementas. Now if x; xs = 0 along an ary C Rk, ¥ ¢ dRe(q) for
t€{1,...,N}, then the inner product in the integral is nonositive dugg > 0
in Rijk. In casex; xs # 0 alongy C R andy ¢ dR:(q) fort € {1,...,N}, this
arc is boundary of two such domains, and we integrate in dfgpdgections
respectively. Now leyjx C dR¢(qr) fort € {1,...,N}. We must show

imy Y /<DSW(XrXS),W)SWdas§ 0.

£0 f SEESI
Due to the boundness ¢f = ((u,v) onB* C B’ it follows
‘ /(DS,W(XrXs),JWsdes‘ = ‘ /<XrDswxs+XsDSWXr,</V>sdes
Yik ij

— [ 1xell{Oswxs. 4 )swldas+ [ 1xsll(Cswxe, A )sw dos
Yik Yik

= const/{|<DSWxs,W)gw| + |<Dswxr,w>sw|}dos.
Yik

Anarcf = ij(rl(yjk) in B c R2 degeneratesto a poiétfor £ — 0. We get
/<Dswxr,m>sdeS: /<DS,W(WONJT(})7</V>SWdO—S: /DL‘U-(Nl,NZ)dt
Yik ij B

where we note

1= (N, MNggp = (KW, 9= (N},N?)

as well as

dos=+v—KWdt

We finally proceed as in point 6 of the proof to show (15.35)e Btatement
follows. O

15.5 A curvature estimate

Application of the previous general curvature estimate

With the considerations so far we are able to realize thenagBans we made for
our curvature estimate from section 11.9 in case of F-mihgudaces with at least
special weightsV =W (Z).
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Theorem 15.10. Let the weighted conformally parametrized gmdtable F-mini-
mal surface X B — R3 be given. Suppose that

1+wo

H>—.

Let furthermore the surface represent a geodesic 2igXp) of radius r> 0 with
center X := X(0,0). Then there is a constaft = O (wy, wp, 1) € [0, +) such that
it holds the curvature estimate

1
k1(0,0)2 4 k2(0,0)% < = 0w, i, )

with the principal curvatureg; andk; of the surface.

Proof. We only give a sketch of the proof.

1. From chapter 11, formula (11.33) we first recall
[A(rX)] < 2(1+ an) wp|O(r = X)[|ON],
[AN| < (1+ wp)|ONJ?

in B. Note that this system is not coupled!

2. From Theorem 15.8 we infer an oscillation estimate forsihigerical mappingy
such that we can proceed as in the proof of the curvature astiffheorem 11.13
to obtain a gradient bound of the following form

|EN(Wo)| < k3(aw, wp, ) for all wo € B1—y,(0,0).

Inserting this into the differential inequality for the ace vector linearized the
system.

3. The constardy € (0,+) for the Dirichlet growth estimate
@[X] < dor2

follows immediately from the previous lemma. Finally, thedulus of continuity
for the surface vectoK follows from a convex-hull property Theorem 11.12
taking account oK < 0 for the Gaussian curvatuke

A curvature estimate due to Hoy

Following the considerations in Hoy [97] we prove a furthenature estimate for
U-stable W-minimal surfaces assuming a growth conditiotfercurvature integra
which thus replaces the above smallness condition for #iglgy constanu > 0.
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Theorem 15.11 Let the u-stable F-minimal surface XB — R3 with y > 0 be
given. Assume that it represents a geodesi 8s$¢Xp) of radius r> 0 with cen-
ter Xo = X(0,0). Then it holds the integral curvature estimate

o2 r 2m
— [ [Kip.8)\/P(p.8)dpds < ﬂn‘*f {2n_ /] K(p,¢>\/P<p,¢>dpd¢}
00 g 00

forall0O<o<r.

Proof. For positiveo € (0,r] we consider the non-negative test function

r
dt

L(t)ECOER forall0<p<o
g

P(p)=1 ,
/ﬁ foro<p<r
J L) -

with the function
2n
= / VP(p,#)dgp, O<p<r
0
satisfying

p2m
L(p) = 2n— [ [K(r.)V/P(T.8)drap.
00

2
L'(p) = ~ [ Kip.#)v/P(p.$)d¢.
0

see section 14.2. Note that dueko< 0 the derivatived’(p) andL”(p) are also
non-negative for alp € [0, r]. Together with the estimate

/L” )2dp < “‘b/d)' )2L(p)dp

(compare with the derivation of a similar inequality in sent14.2) we compute

o o r

& [L'(p)dp = [L"(p)@(p)?dp < [L"(p)(p)?dp
0 0 0

1JFTO‘)O/fb’(p)zL(p)dp <.

IN
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_ 1“"% 7 ! 2 1+0~b / 2
T b/qJ(p) L(p)dp+—“ U/cb(p) L(p)dp
_ltw [ 1 _liay [ 1 (15.36)
u C/L(p)ZL(p)dp u U/L(p) de
_ A+ w)c
u

Comparing the graphical shape of the functigp) with a usual theorem of inter-
secting lines in plane Euclidean geometry we see

p r

L(p) ~ L)

for all p € [g,r]. Thus we obtain

r r
dp r
= —> _— —_
@ / (p) _/L r)lna’
g g

and the previous estimate yields

o
/L,,(p)dpS 1+a _ (A+alr)
HCo pring

On the other hand, integrating(p) overp = 0...r gives (notice that (0) = 0 and
K <0)

r 2m
L) 27'[7./‘/K(r,¢)\/P(T,¢)drd¢,
00

such that we infer

g T

, 1+ rz
/L (p)dp < {27‘[ O/O/Krtp\/r—qbdrdqb}

In*
0 HING

This proves the statementO

Remarks

We want to conclude this section with the following remarks.

1. Under the Osserman condition

N(u,v)-(0,0,1) > cosw forall (u,v) €B
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with an anglew € (0, 1) as well as the smallness condition

—//.KWdudv§e1< +o00
B

Sauvigny in [141], Corollary 1, proves a curvature estinfateF-minimal sur-
facesX: B — RS.

2. Hoy in [97] proves a curvature estimate for immersionshvgtiasiconformal
spherical image, so-call&uasi-minimal surfacesinder an Osserman condition
of the above form. The important integral inequality

r

L' (0)@(p)2dp < const [ @/(p)?L(p)dp
0 0

(and therefore (15.36)) is essentially obtained from thastponformality.

15.6 Theorems of Bernstein type

We conclude our considerations with presenting variousrras of Bernstein type
for surfaces of minimal surface type with prescibed spae@ghtsw =W (Z). For
the following results we refer the reader to Frohlich [64].

Complete and u-stable F-minimal surfaces

First we clarify the terminology-stability for complete surfaces.

Definition 15.1. The complete immersiod: R? — R3 is calledu-stable with a real
numberpu > 0 if its restriction to an arbitrary compact domahc R? is p-stable
with this number.

Now from Theorem 15.10 we immediately infer

Theorem 15.12Let X: R? — R3 be a complete angi-stable F-minimal surface
with u > ”T“’O. Then this surface represents a plane.

Proof. Due toK < 0 we can introduce geodesic dis®s(Xp) for arbitraryr > 0.
Using conformal parameters we infer the curvature estimate

1
K1(&,n)*+kKa(E,n)% < 5 O, @y, ).
The statement follows from— . 0O

Let us focus on some special cases.
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Stable F-minimal surfaces

Let X: B — RS2 be a stable and critical point of the parametric functiofdK]. As
we have seen in section 15.3, the surface is plstable withy < 2M;M,*. The
conditiony > ”T‘*’O thus leads to

2M; > M,. (15.37)

Corollary 15.1. Let X: B — R® be a conformally parametrized angt-stable F-
minimal surface representing a geodesic di¢(Xp) of radius r> 0 and with
center % € X(0,0). Suppose (15.37) holds true. Then there is a constrat
O(n, wp, M) € [0,+0) such that

1
r2

K1(0,0)%+K2(0,0)? < = O (e, w2, ).

If additionally X: R? — R3 is complete then it is affine-linear.

Surfaces with prescribed spherical image

Let Q' C Q ¢ & be covered by the restrictiov|s;. Forawy > 0 let a spherical angle
w = w(wy) € (0,+71) be chosen such that for the spherical 83 S there hold

Area(Q) < Area(S), A1(S) = u(1+ ) (15.38)

with a real numbept > 0. By the generalized theorem of Barbosa and do Carmo the
F-minimal surfaceX |5 is thenp-stable with this number, i.e. we have

//|D¢|2dudv2 u//¢2(—K)W dudv forall ¢ € CZ(B,R).
B B

Now this inequality is true for all se® cc B, and in each such set there are at
most finitely man branch points of the spherical mapping. I@ndther hand, note
that each admissable test function has compact suppon.Waeonclude

//|D¢|2dUdVZ H.//¢2(—K)W dudv forall ¢ € CJ(B,R).

B B

Corollary 15.2. Let X: B— R3 be a weighted conformally parametrized F-minimal
surface representing a geodesic diBe(Xp). Let furthermore § ¢ S be a spher-
ical cap satisfying (15.38). Then with a real constént O (wy, wy, i) € [0,+),
wherep ;= (1+ wp)~*A1(S3), it holds the curvature estimate

1
K1(0,0)? + k2(0,0)2 < 73 O(a, o, ).
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If the immersion is additionally defined on the whole pl&feand complete then it
represents a plane.

Graphs of minimal surface type

Consider immersions of minimal surface type which can beasgnted as graphs
over the[x,y]-plane. Introduce weighted conformal parameters) € B. We thus
get a mapping with the property

Area(Q) < 2m
for its spherical image. Recallinﬁ(sﬁ/z) = 2 for the first eigenvalue of the spher-

ical Laplacian on the half sphere(see section 13.5)) we set

2
H= 1+’

Moreover,u > 22 must be fulfilled.

Corollary 15.3. Let X: B — R® be a weighted minimal surface which can be repre-

sented as a graph over tifte y|-plane and which represents a geodesic @%¢Xo).

Suppose thdl < ap < 1. Then there is a real constaBt = O (wy, wy, ) € [0, +0),

U :=2(1+ wp)~ L, such that

1
2

K1(0,0)%+K2(0,0)? < = O (e, w2, ).

If the graph is complete then it represents a plane.

Graphs with prescribed growth for the curvatura integra

Let us return to Hoy’s curvature estimate.

Corollary 15.4. Let the complete and-stable F-minimal surface XR? — R3 be
given. Assume that

r—o0 lnE

r 2m
im = [ [K(p.9)v/P(p.8)dpds =0
00

for all o > 0. Then the surface represents a plane.
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Final remarks
1. Our version of this Bernstein-type theorem is somewhatkeethan Hoy’s ver-
sion from [97]. There the reader finds the assumption
r2m

// (b, #)/P(p,$)dpd =0

m
r—oo In

for arbitrarya € (0, 40).
2. Following [97], a growth condition of the form

r

[Lip)dp < dor?, doe (0, +)
0
with the above functioh = L(p) already implies the condition

r 2m

r*?OO |r| 1+I’ //K(pa¢)\/wdpd¢:0
00

Since due to the monotonicity &f=L(p) we know

2r 2r
Lo < [Lip)dp < [Lip)dp < 4dyr?,
J J

and thereforé.(r) < 4dor. Analogously we infer

2r
L(nr < [U(p)dp < [L(p)dp=L(2) ~L(0) = L(2r) < 8dor
T 0
which leads us td/(r) < 8dy. Summarizing we get the statement with

JOLE
0 _ U(r)-L'(0) _ 8do—2m
IN%(1+r)  In%(1+r) ~ In%(L1+r)’

Within our framework such dp is realizable by a a lower bound> ”T“’O.
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Riesz-Fourier transform definition,
149
tempered distribution definition, 149
Harnack inequality, 201, 260
Hartman-Wintner theorem, 332
helicoid, 14, 212
Henneberg surface, 7, 212
Hilbert selection theorem, 153
Hildebrandt functional, 190, 193, 213,
225
holomorphic function, 9
bounded and complete, 172
Hopf conjecture, 36
Hopf function, 78, 331
Hopf vector, 81

immersion, 6

complete, 171
integrability conditions, 39
isoperimetric inequality, 324, 326
isotropic vector, 95

Jacobian
estimate, 169
Jacobian matrix, 6

Kahler form, 307
Kronecker symbol, 8
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Lagrange identity, 136

Laplace operator, 301
Green function, 113, 140, 143
on the sphere, 300
weighted, 65

length of curves, 12

Liouville theorem, 172

Lorentz space, 150

maximum principle, 195

mean curvature, 24, 190
weighted, 220, 226

mean curvature flow, 120

mean curvature graph
curvature estimate, 196

mean curvature system, 26, 64, 225
inhomogeneous, 134
weighted, 65, 235, 237

mean curvature vector, 24, 92
parallel, 125

mean curvatures system
weighted, 220, 227

Minding formula, 76

minimal graph, 6, 173
u-stable, 298, 299
area estimate, 316, 320
Bernstein type theorem, 172, 181,

207

boundary gradient estimate, 182
curvature estimate, 170
global gradient estimate, 184

minimal surface, 7, 24, 26, 72, 161,

211, 224, 251, 306

u-stable, 288
algebraic, 213
convex hull property, 167
curvature estimate, 173
embedding in subspace, 166
isoperimetric inequality, 326
stable, 286, 289
weighted, 65, 72, 79, 82

minimal surface system, 240
nonparametric, 166, 231, 233
weighted, 240

moving frame, 9

INDEX

Neil parabola, 7
Neumann boundary value problem,
110, 130
nonlinear elliptic system, 135
nonparametric divergence equation, 234
nonparametric functional, 231
normal Coulomb frame, 110, 124, 130,
137,138, 144
classical, 157
evolution, 125
weak, 151
normal curvature, 228
normal Gauss curvature matrix, 29
normal mean curvature matrix, 29, 48
normal space, 6, 46
normal vector, 7

orthogonal mapping, 10
rotation, 10
orthonormal normal frame, 8
Osserman curvature estimate, 173, 197,
208

parallel in the normal bundle, 34
parallel mean curvature vector, 125
parallel ONF, 108
parallel surface, 50
parameter transformation, 15
parametric functional, 211

first variation, 217

second variation, 338
Pascali system, 81
perfect dominance function, 269
plane mapping, 169
plane normal section, 228
Plateau problem, 267
Poincare inequality, 143
Poincare lemma, 112, 132, 154, 307
Poisson equation, 133
Poisson representation formula, 113,

140, 142

principal curvature, 32, 227-229
principal curvature direction, 228
pseudoholomorphic function, 83, 331

guasi-minimal surface, 355



INDEX

quasilinear elliptic equation, 235
quasilinear elliptic system, 168

Rado theorem, 185

Rayleigh quotient, 301
weighted, 343

Rellich embedding theorem, 153

Ricci curvature tensor, 43

Ricci equations, 40, 45, 46

Ricci scalar curvature, 43

Riemann mapping theorem, 5

Riemann tensor, 43

Riemann-Christoffel tensor, 43

Riemann-Hilbert problem, 114

Riemannian metric, 13

Rodrigues equations, 229

rotation inR?, 10

rotation inR®, 10

rotation inR", 129

saddle surface, 185
Schauder estimate, 148,171, 204, 207
Scherk surface, 212
Schwarz lemma, 176
Schwarz theorem, 344
Sobolev embedding theorem, 148, 158
Sobolev inequality, 143, 306, 327
spherical map, 72, 333
asymptical expansion, 332
energy, 74
oscillation estimate, 336, 337
guasiconformality, 333
spherical mapping system, 241, 244
spherical surface, 49
stable, 286
Steiner symmetrization, 327
stereographic projection, 195, 333
Stokes theorem, 307
surface graph, 6
holomorphic, 119
surface with constant mean curvature,
79
surface with prescribed mean curva-
ture, 251

tangent Coulomb frame, 151
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tangential space, 6
tangential vector, 6, 18
tensor
contravariant, 16
covariant, 16
theorem of Bonnet and Gauss, 76,
313,318
theorema egregium, 39, 44
three-point condition, 185
Tomi regularity result, 158
torsion
complex-valued, 114
torsion coefficients, 30
evolution, 123
torsion matrix, 92
torsion of an ONF, 73, 107
total torsion of an ONF, 75, 107, 129,
313

umbilical point, 79, 229
unit disc, 5

vector field, 18
vector product, 88

weight matrix, 59, 61, 220, 235, 331
weighted conformal parameters, 64
weighted fundamental forms
linear dependence, 71
weighted mean curvature, 220, 226
weighted mean curvature system, 220,
227,235, 237
curvature estimate, 255
weighted metric, 60, 222
weighted minimal surface, 65, 72, 79,
82
weighted minimal surface system, 240
weigthed mean curvature system, 65
Weingarten equations, 30, 155, 158,
275, 280, 299
weighted conformal form, 83
weighted form, 64, 242
Weingarten form, 32
WenteL”-estimate, 148
Wente result, 136, 157
Weyl lemma, 302
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Wirtinger symbols, 78
Wulff surface, 214
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