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4 1 Immersions inRn+2



This first chapter introduces the reader into basic important concepts of differential geometry of

twodimensional immersions inRn+2, particularly including tangential and normal spaces along
with the concept of orthonormal normal frames and orthogonal transformations between them.

Furthermore we introduce the concept of conformal parameters which provide a surface represen-

tation most suitable for our purposes. Next we define the three fundamental forms, and a discussion
about geometrical nature tensors and its transformation behaviour concludes this first chapter.

1.1 Regular surfaces

The objects of all our present investigations aretwodimensional immersions of disc-
type in parametric formwith trace in Euclidean spacesR

n+2 with a natural number
n≥ 1. More precisely, we considertwo-dimensional vector-valued mappings

X = X(u,v) =
(
x1(u,v), . . . ,xn+2(u,v)

)
∈C4(B,Rn+2) ,

defined on theclosed unit disc

B :=
{
(u,v) ∈ R

2 : u2 +v2 ≤ 1
}
∈ R

2 .

Additionally we set
B̊ :=

{
(u,v) ∈ R

2 : u2 +v2 < 1
}

for theopen unit disc,i.e. B̊ denotes theinterior of B, and we write

∂B :=
{
(u,v) ∈ R

2 : u2 +v2 = 1
}

for its boundary. Many of our following considerations requiresimply connected and
smoothly bounded domains of definition.On the other hand, restricting to surfaces
defined only on the closed unit discB can justified on account of Riemann’s mapping
theorem.1

1 If Ω ⊂R is a simply connected and open domain which is not all ofC then there exists a bijective
and holomorphic mapping fromΩ onto the open unit disc.



6 1 Immersions inRn+2

Furthermore we assume that all these mappingsX areregular in the differential
geometric sense,i.e. we require they representimmersionsin the following sense

rankDX ≡ rank




x1
u x1

v

...
...

xn+2
u xn+2

v


= 2 in B (1.1)

for the rank of theJacobian matrix DX∈ Rn+2,2, where the lower indicesu and
v denote the partial derivatives w.r.t. to the respective parameters. This condition
ensures that at each pointw ∈ B there exist two linearly independenttangential
vectors Xu andXv of the mappingX (simultaneously its partial derivatives w.r.t.u
andv) spanning thetwodimensional tangential spaceat this pointw∈ B, i.e.

TX(w) := Span
{

Xu(w),Xv(w)
} ∼= R

2 , w∈ B. (1.2)

In particular, this leads us to the decomposition

R
n = TX(w)⊕NX(w)

with then-dimensionalnormal space

NX(w) :=
{

Z ∈ R
n+2 : Z ·Xu(w) = Z ·Xv(w) = 0

}
(1.3)

at each pointw∈ B, where

X ·Y =
n+2

∑
i=1

xiyi

denotes the inner product between two vectorsX andY.

Finally, the regularity condition (1.1) ensures that at each pointw ∈ B thearea
element Wof the surface is positive, i.e. it holds

W :=
√

(Xu ·Xu)(Xv ·Xv)− (Xu ·Xv)2 > 0 in B. (1.4)

Example 1.1.The twodimensional mapping

X(u,v) = (u,v,u2−v2,2uv) : B−→ R
4

represents an immersion since the tangential vectors

Xu = (1,0,2u,2v), Xv = (0,1,−2v,2u)

are always non-parallel and non-vanishing. In particular,it represents asurface
graph defined over the[x,y]-plane with coordinatesx = u andy = v. As we will
see later,X is also aminimal graph,and it will serve as a typical example in various
situations of our analysis.
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1.2 Remarks on branch points

We want to excludeirregular points w∈ B where the regularity condition (1.1) is
violated. An example of such anon-immersedsurface is given by thecomplexified
Neil’s parabola

X(w) = (w2,w3), w = u+ iv ∈ C,

representing aminimal surfacewith a so-calledbranch pointat w = 0 where2

Xu(0,0) = 0 = Xv(0,0).

Using a calibration argument we will show in chapter 12 thatX has smallest
area compared with all surfaces spanning the same boundary as X. In contrast
to this example, aminimizing surface in three-dimensional Euclidean spaceR

3 is
indeed immersed(see e.g. Osserman’s monograph [128]), at least in the interior,
which shows that the geometry of surfaces inRn+2 with arbitrary dimension turns
out to be more intricate than the classical differential geometry.

One word about Neil’s parabola

c(t) = (t2,t3)

found by William Neil (1637-1670) in 1657: It represents that curve along which
a particle, descending under gravity, describes equal vertical spacings within equal
times (see e.g. Eric Weinstein’s resourcehttp://mathworld.wolfram.com[163]).

Finally, theHenneberg surface,parametrically given by

x1(u,v)=2sinhucosv− 2
3

sinh(3u)cos(3v),

x2(u,v)=2sinhusinv− 2
3

sinh(3u)sin(3v),

x3(u,v)=2cosh(2u)cos(2v),

is an example of a non-immersed minimal surface inR3 with a branch point at the
origin (u,v) = (0,0).

1.3 Orthonormal normal frames

Our regularity assumptions ensure also that for anyw∈ B we can choosen linearly
independent, orthogonal unit normal vectorsNσ , σ = 1, . . . ,n, spanning the normal
spaceNX(w) at w∈ B.

2 Identifying R
2 with C, we will eventually writeX(w) instead ofX(u,v) etc.
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Due to the contractibility of the domain of definitionB we can extend this set to
aC3-regularorthonormal normal frame

N(w) =
(
N1(w), . . . ,Nn(w)

)
∈ R

n×(n+2)

moving smoothly along the whole surface and satisfying

Nσ (w) ·Xu(w) = 0 = Nσ (w) ·Xv(w) ,

Nσ (w) ·Nϑ (w) = δσϑ :=

{
1, if σ = ϑ
0, if σ 6= ϑ

for all w∈ B
(1.5)

with the Kronecker symbolδσϑ .

Definition 1.1. A matrix N ∈ Rn×(n+2) with these properties is called anorthonor-
mal normal frameof X, shortly:ONF.

Example 1.2.The unit normal vectorN for an immersionX : B→ R
3 is defined as

N(w) :=
Xu(w)×Xv(w)

|Xu(w)×Xv(w)| , w∈ B,

with the usual vector product× in threedimensional Euclidean space. In this case
we simply identify the ONF with the vectorN(w).

Example 1.3.TheEuler unit normal vectors

N̂1 :=
1√

1+ |∇ϕ |2
(−ϕx,−ϕy,1,0),

N̂2 :=
1√

1+ |∇ψ |2
(−ψx,−ψy,0,1)

(1.6)

are orthogonal to thesurface graph

X(x,y) =
(
x,y,ϕ(x,y),ψ(x,y)

)
∈ R

4 , (x,y) ∈ Ω ⊂ R
2 ,

with two smooth functionsϕ andψ . Namely, forσ = 1,2 we immediately compute

N̂σ ·Xx = N̂σ · (1,0,ϕx,ψx) = 0,

N̂σ ·Xy = N̂σ · (0,1,ϕy,ψy) = 0.

But note thatin generalN̂1 andN̂2 are not orthogonal to each other:

N̂1 · N̂2 =
∇ϕ ·∇ψ√

(1+ |∇ϕ |2)(1+ |∇ψ |2)
6= 0.
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Thus we define new unit vectors

Ñ1 := N̂1 , Ñ2 :=
N̂2− (N̂1 · N̂2)N̂1

|N̂2− (N̂1 · N̂2)N̂1|

taking into account that

|N̂2− (N̂1 · N̂2)N̂1|2 = 1− (∇ϕ ·∇ψ)2

(1+ |∇ϕ |2)(1+ |∇ψ |2) > 0.

This new system(Ñ1,Ñ2) now forms an ONF for the graphX.

Example 1.4.Let
Φ(u,v) := ϕ(u,v)+ iψ(u,v) ∈ C

be a holomorphic function satisfying Cauchy-Riemann equations

ϕx = ψy , ϕy = −ψx in Ω ⊂ R
2 .

Then the surface graph
(
x,y,ϕ(x,y),ψ(x,y)

)
fulfills

X2
x = 1+ ϕ2

x + ψ2
x = 1+ ψ2

y + ϕ2
y = X2

y ,

Xx ·Xy = ϕxϕy + ψxψy = 0.

We sayX is a conformally parametrized surface;see section 1.6 below for an exact
definition of conformality. Furthermore, we compute

∇ϕ ·∇ψ = ϕxψx + ϕyψy = −ϕxϕy + ϕyϕx = 0,

where∇ϕ = (ϕx,ϕy) denotes the Euclidean gradient ofϕ . We conclude that the
Euler normalŝN1 andN̂2 from (1.6) form an orthonormal normal frame.

1.4 Rotation of normal frames

Quantities representing inner geometric properties of a surface do not depend on
the choice of an ONF.Rather we can say an ONF is just a mathematical tool to
describe the behaviour of a surface in terms of dynamical quantities. Hence we may
refer to it as amoving frame.

Thus in a concrete situation we are supposed to proveindependence of the ge-
ometric quantities from the special choice of an ONF.In particular, this concerns
all curvature quantities describing the inner geometry of asurface as well as its
embedding into the space.

For this purpose we now present a simple algorithm to transform any given ONF
N into a new ONFÑ conserving the orientation.
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Namely, let us consider matrix-valued orthogonal mappings

R = (rσω )σ ,ω=1,...,n ∈C3(B,SOn)

satisfying the properties

n

∑
σ=1

rσω(w)2 = 1,
n

∑
σ=1

rωσ (w)2 = 1 for ω = 1, . . . ,n,

n

∑
σ=1

rσω(w)rσω ′(w) = 0,
n

∑
σ=1

rωσ (w)rω ′σ (w) = 0 for ω 6= ω ′

as well as
detR(w) = 1 for all w∈ B.

This latter property characterizes the conservation of orientation. For simplicity,
we will only focus onrotations as transformation mappings.Now the promised
transformation between the two ONF is given by

Ñσ (w) =
n

∑
ω=1

rσω(w)Nω (w) , σ = 1, . . . ,n. (1.7)

Note that there hold

|Ñσ |2 =
n

∑
ω=1

r2
σω = 1

as well as

Ñσ · Ñϑ =
n

∑
ω,ω ′=1

rσω rϑω ′δωω ′ =
n

∑
ω=1

rσω rϑω = δσϑ

in B for all σ ,ϑ = 1, . . . ,n.

Example 1.5.In casen = 2, i.e. if X is immersed intoR4, we choose the orthogonal
mapping

R :=

(
cosϕ sinϕ
−sinϕ cosϕ

)
(1.8)

with a rotation angleϕ ∈ R. In particular, we have

Ñ1 = cosϕ N1 +sinϕ N2 ,

Ñ2 = − sinϕ N1 +cosϕ N2 .

Example 1.6.In casen = 3 we may introduce theEuler rotationsgenerated by the
three matrices

R1 :=




cosϕ sinϕ 0

−sinϕ cosϕ 0

0 0 1


 , R2 :=




1 0 0

0 cosψ sinψ
0 −sinψ cosψ



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as well as

R3 :=




cosϑ sinϑ 0

−sinϑ cosϑ 0

0 0 1


 .

The transformation works as follows: First we rotate byϕ about thez-axis, then by
ψ about thex-axis, and, finally, byϑ about thez-axis again. The effective rotation
is then described by (see e.g. Funk [68])

R = R3◦R2◦R1 . (1.9)

1.5 The fundamental forms

Differential geometry is essentially built up on the three fundamental forms. Already
Gauss [70] was aware of its special importance.

Let us start with the

Definition 1.2. Thefirst fundamental form I(X) ∈ R2×2 of X is defined by

I(X) = (gi j )i, j=1,2 , gi j := Xui ·Xu j (1.10)

settingu1 := u andu2 := v.

Note that the definition of this quadratic form does not depend on the codimen-
sion.Rather it is simply induced by the Euclidean metric of the embedding space
Rn+2. To clarify, let us denote by

ds2 = dx2
1 + . . .+dx2

n+2 (1.11)

the standard line element of the spaceRn+2 with x1, . . . ,xn+2 being its Euclidean co-
ordinates. Embedding the surfaceX = X(u,v) into the Euclidean spaceRn+2 means,
from that formal point of view,

ds2 = (x1,udu+x1,vdv)2 + . . .+(xn+2,udu+xn+2,vdv)2

= (Xu ·Xu)du2 +2(Xu ·Xv)dudv+(Xv ·Xv)dv2

= g11du2 +2g12dudv+g22dv2 =
2

∑
i, j=1

gi j duiduj .

Obviously it holds

W =
√

g11g22−g2
12 =

√
detI(X)

for the area elementW.



12 1 Immersions inRn+2

Definition 1.3. The secondand thethird fundamental formw.r.t. any unit normal
vectorN : B→ Rn+2 are

IIN(X) = (LN,i j )i, j=1,2 , LN,i j := −Xui ·Nu j = Xuiu j ·N ,

III N(X) = (eN,i j )i, j=1,2 , eN,i j := Nui ·Nu j .
(1.12)

Note that these forms now depend on the chosen unit normal vector N.

The first and the second fundamental form for surfaces inR3 were already in-
troduced by Gauss [70]. In this special case of one codimension, the coefficients of
the second fundamental form are also denoted byL, M andN, a terminology which
goes back to Reinhold Hoppe (compare Strubecker [152]).

The geometric meaning of the first fundamental form is contained in the follow-
ing result from elementary differential geometry which we do not prove here.

Theorem 1.1.The knowledge of the coefficients gi j , i, j = 1,2,3, enables us to an-
swer all questions about the metrical properties of a surface, in particular problems
concerning length of and angles between curves on it, or areaof pieces of it.

Example 1.7.Consider a curvec: I ⊂ R → B and its spatial imageX ◦c(t) ∈ R3 on
the surfaceX. Let c(t) = (u1(t),u2(t)). Then its length is given by the integral

L (ci) =

∫

I

√√√√
2

∑
k,ℓ=1

gkℓ
duk

i

dt

duℓ
i

dt
dt .

Furthermore, the angleα between two curvesX ◦ c1 andX ◦ c2 with c1 = (u1,v1)
andc2 = (u2,v2), and which intersect atc1(t) = c2(t) = w∈ B, is

cosα =
c′1 ·c′2
|c′1||c′2|

=
g11u̇1u̇2 +g12{u̇1v̇2 + u̇2v̇1}+g22v̇1v̇2√

g11u̇2
1 +2g12u̇1v̇1 +g22v̇2

1

√
g11u̇2

2 +2g12u̇2v̇2 +g22v̇2
2

.

1.6 Parameter systems

In this section we want to present so-called conformal parameter systems and
geodesic polar coordinates. Other possible parametrization are discussed in later
chapters.
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Conformal parameters

Definition 1.4. The immersionX : B→Rn+2 is said to beconformally parametrized
if the conformality relations

Xu ·Xu = W = Xv ·Xv , Xu ·Xv = 0 in B (1.13)

with the area elementW from (1.4) as conformal factor are satisfied.

The special meaning of these coordinates is that theydiagonalize the Riemannian
line elementsuch that we get

ds2 := X2
u du2 +2Xu ·Xt

v dudv+X2
v du2 = W(du2 +dv2)

on the whole disc B. Here we sayds2 is of Riemannian typeif it holds

X2
uX2

v − (Xu ·Xv)
2 > 0 in B.

This is always true in view of our regularity assumptions.

Introducting conformal parameters into a Riemannian metric is justified by the
following results.

Proposition 1.1.(Sauvigny [142], 1999)
Assume that the coefficients a, b and c of the Riemannian metric

ds2 = adu2 +2bdudv+cdv2

are of class C1+α(B,R) with α ∈ (0,1). Then there is a conformal parameter system
(u,v) ∈ B.

The regularity condition required here is satisfied in our situation because we
supposegi j ∈C3(B,R). While Sauvigny’s result holdsin the large,i.e. on the whole
closed discB, further stronger results holdin the small.One example is the follow-
ing.

Proposition 1.2.(Chern [28], 1955)
Assume that the coefficients of the Riemannian metric

ds2 = adu2 +2bdudv+cdv2

are Hölder continuous in B. Then for every point w∈ B̊ there exists an open neigh-
borhood over which the surface can be pararmetrized conformally.

Example 1.8.As we already know, the mapping

X(w) = (w,w2) ∈ R
4

fulfills the conformality relations.
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Example 1.9.The catenoidis a rotationally minimal surface which can be repre-
sented using conformal parameters as

X(u,v) = (coshucosv,coshusinv,u) ∈ R
3 .

Theconformally parametrized minimal helicoid

X̃(u,v) = (−sinhusinv,sinhucosv,−v) ∈ R
3

is closely related to this catenoid: Namley, letλ ∈ [0, π
2 ] be a real parameter, then

catenoid and helicoid can be transformed isometrically into each other by means of
the mapping

Xλ (u,v) := X(u,v)cosλ + X̃(u,v)sinλ .

In particular,X0 represents the catenoid, whileXπ
2

equals the helicoid. This isometry
is a special case of a general theorem due to Bour on the isometrically deforming a
rotationally symmetric surface into a ruled surface (see e.g. Strubecker [152]).

Remark 1.1.Note that if onlyX ∈C1(B,Rn+2) it is in general not truethatX can be
parametrized conformally, see e.g. Chern, Hartman and Wintner [29] for a detailed
discussion along with various counterexamples.

Geodesic polar coordinates

For a detailed introduction of the so-calledexponential map, geodesic discsand
geodesic polar coordinateswe refer the reader to elementary textbooks on differen-
tial geometry, e.g. Blaschke and Leichtweiss [15], Klingenberg [106], or Laugwitz
[111]. Here we just want to provide some important identities needed laters.

Assume that the immersionX : B→ Rn+2 (or a part of it) is given as ageodesic
disc Br(X0) of geodesic radiusr > 0 and with centerX0 ∈ Rn+2. Using geodesic
polar coordinates(ρ ,ϕ) ∈ [0, r]× [0,2π ] we can rewrite the mappingX = X(u,v)
into the new form

Z = Z(ρ ,ϕ) : [0, r]× [0,2π ]−→ R
n+2 .

Following e.g. Blaschke and Leichtweiss [15], §79, the new line elementds2
P reads

ds2
P = Z2

ρ dρ2 +2Zρ ·Zϕ dρdϕ +Z2
ϕ dϕ2 = dρ2+P(ρ ,ϕ)dϕ2 .

with a functionP∈C1((0, r]× [0,2π),R) satisfying

P(ρ ,ϕ) > 0 for all (ρ ,ϕ) ∈ (0, r]× [0,2π)

as well as

lim
ρ→0+

P(ρ ,ϕ) = 0, lim
ρ→0+

∂
∂ρ
√

P(ρ ,ϕ) = 1 for all ϕ ∈ [0,2π).
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1.7 Parameter transformations. Tensors

We want to restrict our investigations to the following special class of parameter
transformations.

Definition 1.5. TheC4-regular parameter transformation

vα 7→ ui(vα), i = 1,2, α = 1,2,

is calledof regularity classP, shortly:ui(vα ) ∈ P, if it is positively oriented, i.e.

∂ (u1,u2)

∂ (v1,v2)
> 0

for its Jacobian, and if it does not effect the orientation ofthe unit normal vectors of
the ONFN.

We compute the transformed derivatives of the surface vector

Xui =
2

∑
λ=1

Xvλ vλ
ui =

2

∑
λ=1

Λ λ
i Xvλ settingΛ λ

i := vλ
ui

for i = 1,2. The tangential vectorsXui of the surfaceX areinner geometrical objects.
From our point of view, they are parametrized vector-valuedmappings. Thus it is
important to compare the transformation behaviour of any ofour quantities with that
of theXui what finally leads us to the concept oftensors.

Let us start with the transformation behaviour of thegi j :

gi j = Xui ·Xu j =
2

∑
κ ,λ=1

Λ κ
i Λ λ

j Xvκ ·Xvλ =
2

∑
κ ,λ=1

Λ κ
i Λ λ

j gκλ

Next letΛ̄ i
κ denote the coefficients of the inverse transformation satisfying

2

∑
κ=1

Λ κ
i Λ̄ j

κ = δ j
i ,

2

∑
i=1

Λ κ
i Λ̄ i

λ = δ κ
λ

with the Kronecker symbolsδ j
i andδ κ

λ . It follows the inverse transformation rule

2

∑
i, j=1

gi j Λ̄ i
µΛ̄ j

ν =
2

∑
i, j=1

2

∑
κ ,λ=1

(Λ κ
i Λ̄ i

µ)(Λ λ
j Λ̄ j

ν)gκλ

=
2

∑
κ ,λ=1

δ κ
µ δ λ

ν gκλ = gµκ .

As an immediate consequence we obtain the
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Corollary 1.1. Let vα 7→ ui(vα) be a parameter transformation from classP, and
denote by W(u1,u2) and W(v1,v2) the area elements of the surface X: B → Rn+2

w.r.t. ui resp. vα . Then it holds

W(u1,u2) = (Λ1
1Λ2

2 −Λ2
1Λ1

2 )W(v1,v2).

Proof. This follows from evaluating the expression

W(u1,u2)2 =

(
2

∑
κ ,λ=1

Λ κ
1 Λ λ

1 gκλ

)(
2

∑
µ=1

Λ µ
2 Λ ν

2 gµν

)

−
(

2

∑
κ ,λ=1

Λ κ
1 Λ λ

2 gκλ

)(
2

∑
µ,ν=1

Λ µ
1 Λ ν

2 gµν

)

which proves the statement.⊓⊔

There will also appear tensors of higher rank, for example the curvature tensors
of surfaces.

Definition 1.6. Let r ∈ N, r ≥ 1. The functionai1...ir is called acovariant tensor of
rank r, or shortly ar-covariant tensorif and only if it transforms in the way

ai1...ir =
2

∑
µ1,...,µr=1

Λ µ1
i1

· . . . ·Λ µr
ir

aµ1...µr .

Beside these covariant components we needcontravariant tensors.These forms
are defined in terms of the inverse first fundamental form, i.e. in terms of the coeffi-
cientsgi j defined by

2

∑
j=1

gi j g
jk = δ k

i

with the Kronecker symbolδ k
i .

Definition 1.7. Let r ∈ N, r ≥ 1. The contravariant componentsof the covariant
tensorai1...is are defined as

ai1...ir :=
2

∑
j1,..., jr=1

gi1 j1 · . . . ·gir jr a j1... jr .

To compute the transformation behaviour of the coefficientsgkℓ we first notice

gkℓ =
2

∑
i, j=1

gi j g
ikg jℓ .
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Then we calculate

gkℓ =
2

∑
i, j=1

gi j g
ikg jℓ =

2

∑
i, j=1

2

∑
κ ,λ=1

(Λ κ
i Λ λ

j gκλ )gikg jℓ

=
2

∑
i, j=1

2

∑
κ ,λ=1

(Λ κ
i gik)(Λ λ

j g jℓ)gκλ

=
2

∑
i, j=1

2

∑
κ ,λ=1

2

∑
µ,ν=1

(Λ κ
i gik)(Λ λ

j g jℓ)gκµgλ νgµν

=

(
2

∑
i=1

2

∑
κ=1

Λ κ
i gikgκµ

)(
2

∑
j=1

2

∑
λ=1

Λ λ
j g jℓgλ ν

)
gµν =

2

∑
µ,ν=1

Λ̄k
µΛ̄ ℓ

νgµν

where we take

2

∑
i=1

2

∑
κ=1

Λ κ
i gikgκµ =

2

∑
i=1

2

∑
κ=1

Λ κ
i gik

(
2

∑
m,n=1

gmnΛ̄m
κ Λ̄n

µ

)

=
2

∑
i=1

2

∑
m,n=1

2

∑
κ=1

Λ κ
i Λ̄m

κ Λ̄n
µgikgmn

=
2

∑
i=1

2

∑
m,n=1

δ m
i Λ̄n

µgikgmn =
2

∑
m,n=1

Λ̄n
µgmkgmn =

2

∑
n=1

Λ̄n
µδ k

n = Λ̄k
µ

etc. into account. This gives rise to our next

Definition 1.8. Let s∈ N, s≥ 1. The functionai1...is is called acontravariant tensor
of rank s, or shortly as-contravariant tensorif and only if it transforms as

ai1...ir =
2

∑
µ1,...,µr=1

Λ̄ i1
µ1 · . . . · Λ̄ ir

µs
aµ1...µs . (1.14)

Finally, we need covariantandcontraviant tensor components.

Definition 1.9. Let r,s∈ N, r,s≥ 1. The functiona j1... js
i1...ir

is called a(r,s)-tensorif
and only if it transforms as

a j1... js
i1...ir

=
2

∑
µ1,...,µr=1

2

∑
ν1,...,νs=1

Λ µ1
i1

· . . . ·Λ µr
ir

· Λ̄ j1
ν1
· . . .Λ̄ js

νsa
ν1...νs
µ1...µr . (1.15)

For detailed treatises we refer the reader to textbooks on differential geometry,
e.g. Bär [4], do Carmo [21], [22], Kühnel [109], or Raschewski [135].
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1.8 Vector fields

Geometric quantities can also be expressed usingcoordinate-independent vector
fields.Although we will mainly use special coordinate systems matching our spe-
cial problems, we eventually formulate results also using geometric vector fields to
emphasize their geometric importance.

In particular, covariant tensors are sort ofmulti-valued linear mappings on the
tangential space.Let us consider the following example for illustration: Thecoef-
ficientsgi j of the first fundamental form can be considered as the components of a
bi-linear mapping

g: TX(w)×TX(w) −→ R

defined as
Xui ,Xu j 7−→ gi j := g(Xui ,Xu j ) ∈ R.

The advantage of this approach is thatwe can define a metric g without referring
to a special parametrization.Namely, let〈·, ·〉 be a positive definite quadratic form
onTX(w)×TX(w). Then we simply set

g(X ,Y )(w) := 〈X ,Y 〉(w)

for two tangential vectorsX ,Y ∈ TX(w). The form〈, ·, ·〉 could result from pro-
jecting the metric of the embedding space to the tangential space of the surface,
the former represented by the Euclidean inner product. Theng generates our first
fundamental formI(X) from above.

Differential geometry can be formulated completely using this coordinate-free
vector field technique, and such an approach takes real account of thegeometrical
natureinherent in our surfaces and manifolds. But eventually it conceals subtle ana-
lytical structures of the differential equations underlying the geometric phenomena
what would not be detected until we introduce suitable parameter systems.
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In this second chapter we introduce various curvature quantities of surfaces and discuss their geo-

metric invariances. We derive the differential equations of Gauss and Weingarten which will lead
us to the mean-curvature-system. Furthermore we introducea concept of torsions as connection

coefficients in the normal space. This is exactly what distinguishes the differential geometry inR3

from the theory in spaces of higher dimensions.

2.1 The Gauss equations

The connection coefficients of the metric(gi j )i, j=1,2 are the Christoffel symbols.1

Definition 2.1. TheChristoffel symbolsof the immersionX : B→ R
n+2 are

Γ k
i j :=

1
2

2

∑
k=1

gkℓ(g jℓ,ui +gℓi,u j −gi j ,uℓ) (2.1)

for i, j,k = 1,2, where the lower indexu j denotes the partial derivative w.r.t. the
parameteru j .

Their conformal representations can be found in (2.6) below. For the moment
we admit arbitrary parametrizations and derive our first setof partial differential
equations describing the dynamical behaviour of an immersion in terms of an ac-
companying frame {

Xu,Xv,N1, . . . ,Nn
}

with a chosen ONFN = {N1, . . . ,Nn}. These equations are named after the German
mathematician Carl Friedrich Gauss (*1777 in Braunschweig; †1855 in Göttingen).

Theorem 2.1.(Gauss equations)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then there hold

Xuiu j =
2

∑
k=1

Γ k
i j Xuk +

n

∑
ϑ=1

Lϑ ,i j Nϑ (2.2)

for i = 1,2.

1 The name “connection coefficients” has its origin in the factthat theΓ k
i j determine how to displace

parallely a vector on the surface, and thus how some vector ofX is related orconnectedto another
vector in its neighbourhood; see e.g. Weyl [169], chapter II.
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Here we use the abbreviation

Lω,i j := LNω ,i j

for the coefficients of the second fundamental form w.r.t. the unit normal vectorNω .

Proof. We evaluate the ansatz

Xuiu j =
2

∑
k=1

ak
i j Xuk +

n

∑
ϑ=1

bϑ ,i j Nϑ

with unknown functionsak
i j andbϑ ,i j . A first multiplication byNω yields the coeffi-

cientsbϑ ,i j in the form

Lω,i j = −Xui ·Nω,u j = Xuiu j ·Nω =
n

∑
ϑ=1

bϑ ,i j Nϑ ·Nω = bω,i j .

To compute theak
i j we multiply byXuℓ and arrive at

Xuiu j ·Xuℓ =
2

∑
k=1

ak
i j Xuk ·Xuℓ =

2

∑
k=1

ak
i j gkℓ =: aiℓ j . (2.3)

Note thataiℓ j = a jℓi due toXuiu j = Xu j ui . We calculate

aiℓ j = (Xui ·Xuℓ)u j −Xui ·Xuℓu j = giℓ,u j −aℓi j ,

and therefore it holdsgiℓ,u j = aiℓ j +aℓi j . It follows that

g jℓ,ui +gℓi,u j −gi j ,uℓ = a jℓi +aℓ ji +aℓi j +aiℓ j −ai j ℓ−a jiℓ = 2aiℓ j ,

and together with (2.3) we arrive at

2

∑
k=1

ak
i j gkℓ =

1
2

(g jℓ,ui +gℓi,u j −gi j ,uℓ).

Rearranging gives

am
i j =

1
2

2

∑
ℓ=1

gmℓ(g jℓ,ui +gℓi,u j −gi j ,uℓ)

which already proves the statement.⊓⊔

With the proof of the Gauss equations we followed the lines ofBlaschke and
Leichtweiss [15].

Note that the vectorXuiu j has no geometric meaningsince the Christoffel symbols
Γ k

i j do not transformlike a (2,1)-tensor as the following result shows.
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Lemma 2.1.Let ui(vα) ∈ P. Then there hold

Γ k
i j =

2

∑
α ,β ,γ=1

Γ γ
αβ Λ̄k

γ Λ α
i Λ β

j +
2

∑
α=1

Λ̄k
αΛ α

i,u j

for i, j,k = 1,2 with the coefficientsΛ α
i andΛ̄ i

α from section 1.7.

Proof. Recall the transformation formula forgi j andgkℓ from section 1.7. It follows

gi j ,uk =
2

∑
α ,β ,γ=1

Λ α
i Λ β

j Λ γ
k gαβ ,vγ +

2

∑
α ,β=1

Λ α
i,ukΛ

β
j gαβ +

2

∑
α ,β=1

Λ α
i Λ β

j ,ukgαβ .

We compute

Γ k
i j =

1
2

2

∑
ℓ=1

2

∑
α ,β ,γ,δ ,ε=1

Λ̄k
αΛ̄ ℓ

β gαβ · . . .

. . . ·
{

Λ γ
ℓ Λ δ

i Λ ε
j gγδ ,uε +Λ γ

j Λ δ
ℓ Λ ε

i gγδ ,uε −Λ γ
i Λ δ

j Λ ε
ℓ gγδ ,uε

}

+
1
2

2

∑
ℓ=1

2

∑
α ,β ,γ,δ=1

Λ̄k
αΛ̄ ℓ

β gαβ
{

Λ γ
ℓ,u j Λ δ

i +Λ γ
j ,uiΛ δ

ℓ −Λ γ
i,uℓΛ δ

j

}
gγδ

+
1
2

2

∑
ℓ=1

2

∑
α ,β ,γ,δ=1

Λ̄k
αΛ̄ ℓ

β gαβ
{

Λ γ
ℓ Λ δ

i,u j +Λ γ
j Λ δ

ℓ,ui −Λ γ
i Λ δ

j ,uℓ

}
gγδ .

The first row can be rearranged into the form

1
2

2

∑
α ,β ,δ ,ε=1

gαβ
{

gβ δ ,uε +gεβ ,uγ −gγε,uδ

}
Λ δ

i Λ ε
j Λ̄k

α =
2

∑
α ,δ ,ε=1

Γ α
δεΛ δ

i Λ ε
j Λ̄k

α .

For the second and the third line it follows

1
2

2

∑
α ,β ,γ,δ=1

Λ̄k
αΛ̄ ℓ

β gαβ · . . .

. . . ·
{

Λ γ
ℓ,u j Λ δ

i +Λ γ
i,u j Λ δ

ℓ −Λ γ
i,uℓΛ δ

j +Λ γ
i,u j Λ δ

ℓ +Λ γ
i,uℓΛ δ

j −Λ γ
ℓ,u j Λ δ

i

}
gγδ

=
1
2

2

∑
α ,β ,γ,δ=1

Λ̄k
αΛ̄ ℓ

β gαβ
{

Λ γ
i,u j Λ δ

ℓ +Λ γ
i,u j Λ δ

ℓ

}
gγδ =

2

∑
α ,β ,γ=1

Λ̄k
αΛ γ

i,u j g
αβ gγβ

=
2

∑
α=1

Λ̄k
αΛ α

i,u j ,

which proves the statement.⊓⊔
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2.2 The mean curvature vector

In the next section we will derive the mean curvature system from the Gauss equa-
tions which will be of central interest in later considerations. In preparation for this
we start with introducing a normal-dependent mean curvature quantity. Its geomet-
ric meaning will be discussed shortly.

Definition 2.2. The mean curvature HN of an immersionX : B → Rn+2 w.r.t. the
unit normal vector N∈ Rn+2 is defined as

HN :=
1
2

2

∑
i, j=1

gi j LN,i j =
LN,11g22−2LN,12g12+LN,22g11

2W2 . (2.4)

Consider now an ONFN = (N1, . . . ,Nn), and setHσ := HNσ .

Definition 2.3. Let the immersionX : B→ Rn+2 together with an ONFN be given.
Then itsmean curvature vector H∈ Rn is defined as

H :=
n

∑
σ=1

Hσ Nσ . (2.5)

Surfaces inR3 possess, up to orientation, exactly one mean curvature and there-
fore exactly one mean curvature vector. Its orientations agrees with the orientation
of the unit normal vectorN ∈ R3. In this situation we will emphasize the special
nature of the reell numberH and the vectorN ∈ R3.

For the present,H represents vector inRn andN a matrix inRn×(n+2).

As we will elaborate later, the mean curvature vectorH vanishes identically for
so-calledminimal surfaces.Thus the vectorH for immersions inRn+2 hardly takes
on the role the unit normal vectorN ∈ R3 claims in case of one codimension. That
is one reason whywe rather work with orthonormal normal frames instead of with
the mean curvature vector.

Nevertheless, the vectorH possesses interesting analytical and geometric fea-
tures.

Proposition 2.1.The curvatures HN and H are invariant w.r.t. parameter tranfor-
mations of classP. Furthermore the mean curvature vector H does not depend on
the choice of the ONF N.

Proof. Let N ∈ Rn+2 be a unit normal vector. We compute

2

∑
i, j=1

gi j LN,i j =
2

∑
i, j=1

2

∑
α ,β ,µ,ν=1

(gαβ Λ̄ i
αΛ̄ j

β )(LN,µνΛ µ
i Λ ν

j )

=
2

∑
i, j=1

2

∑
α ,β ,µ,ν=1

gαβ LN,µν δ µ
α δ ν

β =
2

∑
µ,ν=1

gµνLN,µν

from where we already infer the parameter invariance forHN andH.
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Thus we are allowed to introduce conformal parameters. Then, for a frameÑ, gen-
erated by a rotation mappingR = (rσω )σ ,ω=1,...,n as described in the first chapter,
we have

n

∑
σ=1

H̃σ Ñσ =
1

2W

n

∑
σ=1

(Xuu · Ñσ +Xvv · Ñσ )Ñσ

=
1

2W

n

∑
σ=1

(
n

∑
ω=1

{
Xuu · (rσωNω )+Xvv· (rσω Nω)

})( n

∑
ω ′=1

rσω ′Nω ′

)

=
1

2W

n

∑
ω,ω ′=1
ω 6=ω ′

(
n

∑
σ=1

rσω rσω ′

)
(Xuu ·Nω +Xvv ·Nω)Nω ′

+
1

2W

n

∑
ω=1

(
n

∑
σ=1

rσω rσω

)
(Xuu ·Nω +Xvv ·Nω)Nω

=
1

2W

n

∑
ω=1

(Xuu ·Nω +Xvv ·Nω)Nω =
n

∑
ω=1

HωNω .

All statements are proved.⊓⊔
Let us come back to the normal-dependent curvaturesHσ ≡ HNσ . Using the fore-

going result we can prove they are uniquely defined at one fixedpoint w∈ B if any
normal frameN is fixed there.

Proposition 2.2.Let the immersion X: B→ Rn+2 together with two ONF N and̃N
be given. Assume that

Nσ (w0) = Ñσ (w0) for all σ = 1, . . . ,n

at some point w0 ∈ B. Then there hold

Hσ (w0) = H̃σ (w0) for all σ = 1, . . . ,n.

Proof. Due to the preceding proposition it holds

H(w0) =
n

∑
σ=1

Hσ (w0)Nσ (w0) =
n

∑
σ=1

H̃σ (w0)Ñσ (w0) =
n

∑
σ=1

H̃σ (w0)Nσ (w0).

Comparing the components of the basis vectorsNσ (w0) proves the statement.⊓⊔

2.3 The mean curvature system

From the Gauss equations (2.2) we want to derive an elliptic system for conformally
parametrized immersions with prescribed mean curvature vectorH.
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For this purpose we must rewrite the Christoffel symbols from (2.1) in these
special coordinates (the proof is again left to the reader):

Γ 1
11 =

Wu

2W
, Γ 1

12 = Γ 1
21 =

Wv

2W
, Γ 1

22 = − Wu

2W
,

Γ 2
11 = − Wv

2W
, Γ 2

12 = Γ 2
21 =

Wu

2W
, Γ 2

22 =
Wv

2W
.

(2.6)

Theorem 2.2.(Mean curvature system)
Let the conformally parametrized immersion X: B → Rn+2 with mean curvature
vector H be given. Then it holds

∆X := Xuu+Xvv = 2
n

∑
ϑ=1

HϑWNϑ = 2HW in B. (2.7)

Proof. From the Gauss equations (2.2) we infer

∆X = (Γ 1
11+Γ 1

22)Xu +(Γ 2
11+Γ 2

22)Xv +
n

∑
ϑ=1

(Lϑ ,11+Lϑ ,22)Nϑ .

Note thatΓ 1
11+Γ 1

22 = 0, Γ 2
11+Γ 2

22 = 0 as well asLϑ ,11+Lϑ ,22 = 2HϑW. The state-
ment follows. ⊓⊔

This system (2.7) generalizes the classical mean curvaturesystem

∆X = 2HWN in B (2.8)

from Hopf [94] valid casen = 1 of one codimension with the scalar mean curvature
H ∈ R and the unit normal vectorN ∈ R3 of an immersionX : B→ R3.

Definition 2.4. A surfaces is called aminimal surfaceif and only if it holdsH ≡ 0.

Minimal surfaces are the topic of a countless literature: Courant [38], Nitsche
[126], Lawson [112], Giusti [72], Osserman [130], Dierkes et al. [44], Colding and
Minicozzi [35], Eschenburg and Jost [52] to enumerate only some few significant
distributions and to illustrate the importance of this special surface class in the field
of geometric analysis and differential geometry.

2.4 The Gauss curvature

To introduce the Gaussian curvature of an immersionX, we start with the following
curvature quantitiesKNσ along unit normal vectorsNσ of a given ONFN.

Definition 2.5. TheGaussian curvature Kof an immersionX : B→ Rn+2 is

K :=
n

∑
σ=1

KNσ , KNσ :=
LNσ ,11LNσ ,22−L2

Nσ ,12

g11g22−g2
12

. (2.9)
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Note that due to its dependence on a unit normal vectorN, the quantityKN has
no intrinsic nature in contrast to Gaussian curvatureK.

Proposition 2.3.The Gaussian curvature K is invariant w.r.t. parameter transfor-
mations of classP, and it does not depend on the choice of the ONF N.

Proof. First letN be some unit normal vector. Then the parameter invariance follows
from the identities

(Nu1 ·Xu1)(Nu2 ·Xu2)− (Nu1 ·Xu2)2

=
{
(Nv1 ·Xv1)(Nv2 ·Xv2)− (Nv1 ·Xv2)2

}{
Λ1

1Λ2
2 −Λ2

1Λ1
2

}2
,

(Xu1 ·Xu1)(Xu2 ·Xu2)− (Xu1 ·Xu2)2

=
{
(Xv1 ·Xv1)(Xv2 ·Xv2)− (Xv1 ·Xv2)2

}{
Λ1

1Λ2
2 −Λ2

1Λ1
2

}2
.

To complete this first part of the proof, the reader should check a analogous transfor-
mation formula for the determinantg11g22−g2

12! Let us now come to the invariance
w.r.t. to orthonormal normal frames. We have

K̃σW2 = L̃σ ,11L̃σ ,22− L̃2
σ ,12 = (Xuu · Ñσ )(Xvv · Ñσ )− (Xuv· Ñσ )2 ,

and the right hand side of this equation can be written in the following form

(
n

∑
ω=1

rσωLω,11

)(
n

∑
ω ′=1

rσω ′Lω ′,22

)
−
(

n

∑
ω=1

rσωLω,12

)2

=
n

∑
ω,ω ′=1

rσω rσω ′
(
Lω,11Lω ′,22−Lω,12Lω ′ ,12

)

=
n

∑
ω=1

r2
σω
(
Lω,11Lω,22−Lω,12Lω,12

)

+
n

∑
ω,ω ′=1
ω 6=ω ′

rσω rσω ′
(
Lω,11Lω ′,22−Lω,12Lω ′,12

)
.

Taking the results of section 1.4 into account we have

n

∑
σ=1

n

∑
ω=1

r2
σω
(
Lω,11Lω,22−L2

ω,12

)
=

n

∑
ω=1

(
n

∑
σ=1

r2
σω

)
(
Lω,11Lω,22−L2

ω,12

)

=
n

∑
ω=1

(
Lω,11Lω,22−L2

ω,12

)
.
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Analogously it follows

n

∑
σ=1

n

∑
ω,ω ′=1
ω 6=ω ′

rσω rσω ′
(
Lω,11Lω ′ ,22−Lω,12Lω ′,12

)
= 0.

Thus we conclude

K̃W2 =
n

∑
σ=1

K̃σW2 =
n

∑
ω=1

(
Lω,11Lω,22−L2

ω,12

)
=

n

∑
ω=1

KωW2 = KW2

proving the proposition. ⊓⊔
The Gaussian curvature K belongs to the inner geometry of an immersion and

neither depends on the parametrization nor its embedding inspace.

In the next chapter we will prove thatK can be expressed using the surface’s
first fundamental form and its first and second derivatives exclusively. This is the
contents of the well-knowntheorema egregium.

No matter the geometric meaning of the normal-dependent curvaturesKσ actu-
ally is, we next want to show

Proposition 2.4.Given the immersion X: B→ R
n+2 together with two ONF N and

Ñ. Suppose that
Nσ (w0) = Ñσ (w0) for all σ = 1, . . . ,n

at some fixed point w0 ∈ B̊. Then there hold

Kσ (w0) = K̃σ (w0) for all σ = 1, . . . ,n.

Proof. We calculate

Lσ ,11(w0)Lσ ,22(w0)−Lσ ,12(w0)
2

=
[
Xuu ·Nσ (w0)

][
Xvv ·Nσ (w0)

]
−
[
Xuv ·Nσ (w0)

]2

=
[
Xuu · Ñσ (w0)

][
Xvv · Ñσ (w0)

]
−
[
Xuv · Ñσ (w0)

]2

= L̃σ ,11(w0)L̃σ ,22(w0)− L̃σ ,12(w0)
2 .

The statement is proved.⊓⊔

2.5 The normal mean and the normal Gauss curvature

Beside the three fundamental forms introduced in section 1.5 there is a varity of
further quadratic forms reflecting the geometry of higher-codimensional surfaces
and leading to new curvature concepts.
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Conveniently one defines the following quantities.

Definition 2.6. Let the immersionX : B→ R
n+2 be given together with an ONFN.

Let furthermore

Lσϑ ,11 :=
2
W

∣∣∣∣∣
Lσ ,11 Lσ ,12

Lϑ ,11 Lϑ ,12

∣∣∣∣∣ , Lσϑ ,22 :=
2
W

∣∣∣∣∣
Lσ ,12 Lσ ,22

Lϑ ,12 Lϑ ,22

∣∣∣∣∣ ,

Lσϑ ,12 :=
1
W

∣∣∣∣∣
Lσ ,11 Lσ ,22

Lϑ ,11 Lϑ ,22

∣∣∣∣∣

for σ ,ϑ = 1, . . . ,n. Then thenormal mean curvature matrixand thenormal Gaus-
sian curvature matrixof X w.r.t. N are defined as

H := (Hσϑ )σ ,ϑ=1,...,n with Hσϑ :=
2

∑
i, j=1

gi j Lσϑ ,i j ,

K := (Kσϑ )σ ,ϑ=1,...,n with Kσϑ :=
Lσϑ ,11Lσϑ ,22−L2

σϑ ,12

W2

for σ ,ϑ = 1, . . . ,n.

The curvaturesHσϑ andKσϑ aresectional curvaturesin the following sense.

Proposition 2.5.For all σ ,ϑ = 1, . . . ,n there hold the following statements.

1. The curvatures Hσϑ and Kσϑ are invariant w.r.t. parameter transformations of
classP.

2. The quadratic forms Lσϑ ,i j , i, j = 1,2, and therefore the curvatures Hσϑ and
Kσϑ do not depend on the choice of an orthonormal basis ofSpan{Nσ ,Nϑ}.

In other words,H andK are geometric quantities.

Proof. The parameter invariance can be proved using the methods from our proof of
Proposition 2.3. Thus we only consider the second statement. Let us start with two
unit normal vectorsNσ andNϑ with σ 6= ϑ , taken from some ONFN, and evaluate
theSO(2)-action on this frame, i.e. let

Ñσ := cosϕ Nσ +sinϕ Nϑ , Ñϑ := −sinϕ Nσ +cosϕ Nϑ

be another orthonormal basis of Span{Nσ ,Nϑ}.
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Then we exemplarily calculate

W
2

L̃σϑ ,11 = L̃σ ,11L̃ϑ ,12− L̃σ ,12L̃ϑ ,11

= − sinϕ cosϕ Lσ ,11Lσ ,12+cos2 ϕ Lσ ,11Lϑ ,12+sin2 ϕ Lσ ,12Lϑ ,11

+ sinϕ cosϕ Lϑ ,11Lϑ ,12+sinϕ cosϕ Lσ ,11Lσ ,12−cos2 ϕ Lσ ,12Lϑ ,11

+ sin2 ϕ Lσ ,12Lϑ ,12−sinϕ cosϕ Lϑ ,11Lϑ ,12

= Lσ ,11Lϑ ,12−Lσ ,12Lϑ ,11 =
W
2

Lσϑ ,11.

Analogously we prove the invariance ofLσϑ ,12 andLσϑ ,22. ⊓⊔
We will come back the curvatures quantitiesHσϑ in section 3.7 again.

2.6 The Weingarten equations

New aspects in the analysis of surfaces in spaces of higher codimensions are mainly
manifested in theconnection coefficients of the normal spaceor, as we prefer to say,
in the torsion coefficients.

Definition 2.7. Thetorsion coefficientsof an ONFN are defined as

Tϑ
σ ,i := Nσ ,ui ·Nϑ , Tϑ

σ ,i = −Tσ
ϑ ,i , (2.10)

for i = 1,2 andσ ,ϑ = 1, . . . ,n.

Most of our definitions and identities can be found in varioustextbooks on dif-
ferential geometry, for example Chen [27], Brauner [18], ordo Carmo [22]. The ter-
minology “torsion” even essentially goes back to Weyl [168]: Aus einem normalen
Vektorn in P entsteht ein Vektorn′+dt (n′ normal, dt tangential). Die infinitesimale
lineare Abbildungn → n′ vonNP aufNP′ ist die Torsion.2

In chapters 7 and 8 we will elaborately study special normal frames with spe-
cial torsions. For the moment we concentrate on the basic differential equations of
surface theory.

Theorem 2.3.(Weingarten equations)
Let the immersion X: B→ Rn+2 with an ONF N be given. Then there hold

Nσ ,ui = −
2

∑
j ,k=1

Lσ ,i j g
jkXuk +

n

∑
ϑ=1

Tϑ
σ ,iNϑ (2.11)

for i = 1,2 andσ = 1, . . . ,n.

2 From a normal vectorn in P there arises a vectorn′ +dt (n′ normal,dt tangential). The infinites-
imal linear mappingn → n′ of NP to NP′ is the torsion.



2.6 The Weingarten equations 31

Proof. With unknown functionsaσ ,i andbϑ
σ ,i we evaluate the ansatz

Nσ ,ui =
2

∑
k=1

ak
σ ,iXuk +

n

∑
ϑ=1

bϑ
σ ,iNϑ .

Multiplication byXuℓ gives

−Lσ ,iℓ = Nσ ,ui ·Xuℓ =
2

∑
k=1

ak
σ ,i Xuk ·Xuℓ =

2

∑
k=1

ak
σ ,igkℓ ,

and rearranging yields

am
σ ,i = −

2

∑
ℓ=1

Lσ ,iℓg
ℓm.

A further multiplication byNω shows

Tω
σ ,i = Nσ ,ui ·Nω =

n

∑
ϑ=1

bϑ
σ ,iNϑ ·Nω =

n

∑
ϑ=1

bϑ
σ ,iδϑω = bω

σ ,i ,

which proves the statement.⊓⊔

The system (2.11) generalizes the classical Weingarten equations

Nui = −
2

∑
j ,k=1

Li j g
jkXuk , i = 1,2,

for the unit normal vectorN of a surfaceX : B → Rn+2 in the case of one codi-
mensionn = 1, found by the German mathematician Julius Weingarten (*1836in
Berlin; †1910 in Freiburg). All torsion coefficients vanishidentically here.

There are also immersions living in higher dimensional spaces and admitting
orthonormal normal frames which areglobally free of torsion.We will discuss their
properties extensively in later sections.

Finally we want to mention that theTϑ
σ ,i transform like a(1,0)-tensor. The proof

is left to the reader.

Proposition 2.6.Let ui(vα) ∈ P. Then there hold

Tϑ
σ ,i =

2

∑
µ=1

Tϑ
σ ,µΛ µ

i

for i = 1,2 andσ ,ϑ = 1, . . . ,n.
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2.7 Weingarten forms. Principal curvatures

In this section we want to introduce the so-called Weingarten forms to define alge-
braically the principal curvatures of an immersion.

Definition 2.8. TheWeingarten forms(Lk
N,i)i,k=1,2 of an immersionX : B → Rn+2

w.r.t. some unit normal vectorN ∈ Rn+2 are defined by

Lk
N,i := LN,i j g

jk for i,k = 1,2.

Note that due to the definition of the curvature quantitiesHN from (2.4) and the
Gauss curvaturesKN from (2.9) along the unit normal vectorN we infer

L1
N,1 +L2

N,2 =
2

∑
j=1

LN,1 j g
j1+

2

∑
j=1

LN,2 jg
j2

=
2

∑
i, j=1

LN,i j g
ji = 2HN

as well as

L1
N,1L2

N,2− (L2
N,1) =

2

∑
i, j=1

LN,1iLN,2 j g
i1g j2−

2

∑
i, j=1

LN,1ig
i2LN,2 jg

j1

= (LN,11LN,22−L2
N,12)(g

11g22−g12g21) = KN .

The principal curvatures are now defined for each particularunit normal vector
N as follows.

Definition 2.9. The principal curvaturesκN,1 andκN,2 of an immersionX : B →
Rn+2 w.r.t. the unit normal vectorN ∈ Rn+2 are defined as the roots of the quadratic
eigenvalue equation

det(L j
N,i −λNδ j

i )i, j=1,2 = 0.

Note thatH2
N −KN ≥ 0 such that the corresponding eigenvalues follow from

κN,1 = HN −
√

H2
N −KN , κN,2 = HN +

√
H2

N −KN ,

or equivalently

HN =
κN,1 + κN,2

2
, KN = κN,1κN,2 .

Thus all the classical methods from the theory of surfaces inR3 apply for each
singleHN andKN.
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2.8 Application I: Geometry of the Gaussian curvature

Gauss himself approached to the curvature quantityK for surfaces inR3 from a
purely geometrical point of view (we quote from Gauss [70], pp. 10–11):

. . . to each part of a curved surface inclosed within definite limits we assign atotalor integral
curvature,which is represented by the area of the figure on the sphere corresponding to it.
From this integral curvature must be distinguished the somewhat more specific curvature
which we shall call themeasure of curvature.The latter refers to apoint of the surface and
shall denote the quotient obtained when the integral curvature of the surface element about
a point is divided by the area of the element itself; and henceit denotes the ratio of the
infinitely small areas which correspond to one another on thecurved surface and on the
sphere.

Or using modern mathematical notation:

K =
|Nu×Nv|
|Xu×Xv|

∈ S2 :=
{

Z ∈ R
3 : |Z| = 1

}
⊂ R

3

with the unit normal vectorN ⊂ R
3 of the immersionX : B→ R

3 which maps into
the sphereS2 ⊂ R3.

Let us now consider again the general situation of immersions X : B → Rn+2.
Suppose the surface admits an ONFN which isfree of torsion,i.e.

Tϑ
σ ,i ≡ 0 for all i = 1,2, σ ,ϑ = 1, . . . ,n.

Existence of torsion free orthonormal normal framesN is strongly coupled with
a quantity representing thecurvature of the normal bundle.We will introduce this
curvature tensor in the next chapter, and in chapters 8 and 9 we will attack the
problem of constructing smooth torsion free ONF.

Let (u,v) ∈ B be conformal parameters. Thearea of the spherical imageof some
unit normal vectorNσ can be computed from

Area(Nσ )2 = N2
σ ,uN2

σ ,v− (Nσ ,u ·Nσ ,v)
2 .

Inserting the Weingarten equations with zero torsion coefficients yields

Area(Nσ )2 =
1

W2 (L2
σ ,11+L2

σ ,12)(L
2
σ ,12+L2

σ ,22)−
1

W2 (Lσ ,11Lσ ,12+Lσ ,12Lσ ,22)
2

=
1

W2 (L2
σ ,11L

2
σ ,22+L4

σ ,12−2Lσ ,11Lσ ,22L
2
σ ,12)

=
1

W2 (Lσ ,11Lσ ,22−L2
σ ,12)

2 .
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Proposition 2.7.Let the immersion X: B→Rn+2 together with an ONF N be given.
Suppose that N is free of torsion. Then it holds

Area(Nσ ) = |KNσ |W2

for each Nσ ∈ N.

Of course, this is also true for immersionsX : B→ R3, but in general it fails in
case of higher codimensions.

2.9 Application II: Surfaces with parallel mean curvature vector

Using (2.11) together with the skew-symmetry of the torsioncoefficients we want
to compute the normal components of the derivative of the mean curvature vector
(denoted by the superscrip⊥):

H⊥
u =

n

∑
σ=1

(Hσ ,uNσ +HσNσ ,u)
⊥ =

n

∑
σ=1

Hσ ,uNσ +
n

∑
σ ,ϑ=1

Hσ Tϑ
σ ,1Nϑ

=
n

∑
σ=1

{
Hσ ,u−

n

∑
ϑ=1

Hϑ Tϑ
σ ,1

}
Nσ

and analogously

H⊥
v =

n

∑
σ=1

{
Hσ ,v−

n

∑
ϑ=1

Hϑ Tϑ
σ ,2

}
Nσ .

Definition 2.10.The mean curvature vectorH is calledparallel in the normal bun-
dle if and only if

H⊥
u ≡ 0 and H⊥

v ≡ 0,

or equivalently

Hσ ,ui =
n

∑
ϑ=1

Hϑ Tϑ
σ ,i for all i = 1,2, σ = 1, . . . ,n,

with respect to an arbitrary ONFN.

From this definition we immediately read elementary examples for surfaces with
mean curvature vector parallel in the normal bundle: Namely,

• minimal surfaces with the propertyH ≡ 0;
• surfaces which admit a torsion free ONFN satisfyingTϑ

σ ,i ≡ 0.

Let nowHσ 6= 0, and suppose that the mean curvature vectorH is parallel in the
normal bundle.
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Multiplication of the first order differential equations from the foregoing definition
by Hσ gives

Hσ Hσ ,ui −
n

∑
ϑ=1

Hσ Hϑ Tϑ
σ ,i = 0

for all σ = 1, . . . ,n. Summation overσ shows

1
2

∂
∂ui |H|2 =

n

∑
σ=1

Hσ Hσ ,ui =
n

∑
σ=1

n

∑
ϑ=1

Hσ Hϑ Tϑ
σ ,i = 0

where the right hand side vanishes automatically due to the skew-symmetry of the
torsion coefficients.Thus we conclude

|H|2 = H2
1 +H2

2 + . . .+H2
n = const

if and only if H is parallel in the normal bundle.

In fact, skipping geometrical details, we have proved the following classification
result due to Chen from [26].

Theorem 2.4.If H 6= 0 is parallel in the normal bundle, then either the immersion
is a minimal surface of a hypersphere ofRn+2, or it has flat normal bundle.

As it turns out in the course of our following considerations, flat normal bundleis
just equivalent to the existence of a torsion free ONFN. But it is common practise
in differential geometry to speak of a flat normal bundle as a geometric property
invariantly linked with the surface instead of stressing special properties of moving
normal frames.

Further Remarks

Surfaces with mean curvature vector parallel in the normal bundle inRn+2 can be
compared with surface of constant mean curvature inR3. Since the theory of this
class of immersions has its own very interesting history, wewant to refer some
cornerstones of this branch of differential geometry.

We abbreviatorily denote byM ⊂R3 a twodimensional surface as a set in space.3

Then we start with two results which go already back to Heinrich Liebmann (*1874
in Straßburg; †1939 in München) from 1899, see Liebmann [113], [114].

Theorem 2.5.1. LetM ⊂ R3 be given with constant Gauss curvature K> 0. Then
it holds K> 0, and the surface is a round sphere of radius1√

K
.

2. LetM ⊂ R3 be given with Gauss curvature K> 0 and constant scalar mean
curvature H. Then the surface is a round sphere of radius1

|H| .

3 In fact, this point of view requires sometheory of manifoldswhich we do not discuss here.
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Heinz Hopf (*1894 near Breslau; †1971 in Zollikon) in [94] succeededwithout
assuming the convexity K> 0.

Theorem 2.6.Let the surfaceM ⊂ R3 be given with constant scalar mean curva-
ture. ThenM is a sphere.

The question arose whether beside the sphere there is a further compact immer-
sion without boundary with constant mean curvature inR3. This problem is subject
to the so-calledHopf conjecture.In 1986, the American mathematician Henry Wente
in [167] proved the existence of such a constant mean curvature immersion, now of
the type of the torus.

Theorem 2.7.There is a conformal immersion ofR2 into R3 with constant scalar
mean curvature H6= 0 which is doubly-periodic with respect to a rectangle inR2.

A simplified but detailed proof of Wente’s result can be foundin Abresch [1]. We
also want to refer to Glaeser and Polthier [73] for excellentnumerical presentations
of compact constant mean curvature surfaces as well as references to mathematical
literature on this subject before Wente, see e.g. Dobriner [45].

There is an endless list of contemporary studies on constantmean curvature sur-
faces. The reader finds various excellent contributions in the works of U. Abresch, B.
Ammann, C. Gerhardt, K. Grosse-Brauckmann, F. Helein, J. Isenberg, H. Karcher,
M. Kilian, K. Kenmotsu, N. Kapouleas, R. Lopez, R. Kusner, F.Martin, W.H.
Meeks, F. Pedit, K. Polthier, N. Schmidt, J. Sullivan, M. Weber, H. Wente etc.

In 1972, David Hoffman in [92] considered the embedding problem for compact
surfaces with parallel mean curvature vector in four-dimensional Euclidean space.

Theorem 2.8.1. LetM ⊂R4 be given, and suppose that its mean curvature vector
H ∈ R4 is parallel in the normal bundle. Then the surface is a round sphere of
radius 1

|H| .

2. Let M ⊂ R4 be given, and suppose that its Gaussian curvature K does not
change sign, and that its mean curvature vector H∈ R4 is parallel in the nor-
mal bundle. ThenM is a minimal surface, i.e. H≡ 0, a sphere, a right circular
cylinder, or a product of circles S1(r)×S1(ρ), where|H| = 1

2 ( 1
r2 + 1

ρ2 )
1
2 .

3. A piece of an immersed surfaceM ⊂ R4, satisfying the conditions of point 2 as
well as H 6= 0, is either a piece of the round sphere, or it is flat with K= 0 for its
Gaussian curvature.

Finally we want to quote the following generalization of Liebmann’s theorem to
the case of arbitrary codimension from 1985 due to Enmoto [51].

Theorem 2.9.LetM ⊂ R
n+2 be a regular, closed, simply connected, and compact

surface with Gauss curvature K> 0. Suppose that|H| = const, and that its normal
bundle is flat. Then the surface is a round sphere in a three-dimensional affine space
R3 ⊂ Rn+2.
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In this third chapter we derive the integrability conditions of Codazzi-Mainardi, Ricci and the

theorema egregium from the equations of Gauss and Weingarten. In particular, we introduce the
Riemannian curvature tensor and the curvature tensor of thenormal bundle. We conclude this

chapter with a general version of the fundamental theorem ofsurface theory.

3.1 Integrability conditions

To emphasize the special role certain partial derivative eventually are playing in our
analysis, we introduce the notation

∂ui X := Xui , i = 1,2,

denoting the partial differentiation ofX w.r.t. ui .

Then in view of the regularity assumptionsX ∈ C4(B,Rn) andNσ ∈ C3(B,Rn)
there hold necessarily

∂uvXui − ∂vuXui ≡ 0, ∂uvNσ − ∂vuNσ ≡ 0 (3.1)

for all i = 1,2 and allσ = 1, . . . ,n due to an elementary theorem of H.A. Schwarz.

Evaluating these identities, taking the equations of Gauss(2.2) and Weingarten
(2.11) into account, gives the following threeintegrability conditions.

• Integrability conditions w.r.t. the derivatives of the surface vectorX

∂uvXui − ∂vuXui ≡ 0

(∂uvXui − ∂vuXui )norm≡ 0 (∂uvXui − ∂vuXui )tang≡ 0

Codazzi-Mainardi equations

(Section 3.2)

theorema egregium

(Sections 3.3, 3.5)
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To be precise, the Gauss equations (2.2) can be written in theform

∂uXui = Γ 1
i1Xu +Γ 2

i1Xv +
n

∑
σ=1

Lσ ,i1Nσ , ∂vXui = Γ 1
i2Xu +Γ 2

i2Xv +
n

∑
σ=1

Lσ ,i2Nσ

for i = 1,2. Differentiation, while taking the Weingarten equations and the Gauss
equations into account, yields

∂uvXui =

{
Γ 1

i1,v +Γ 1
i1Γ 1

12+Γ 2
i1Γ 1

22−
n

∑
ω=1

Lω,i1Lω,2ℓg
ℓ1

}
Xu

+

{
Γ 2

i1,v +Γ 1
i1Γ 2

12+Γ 2
i1Γ 2

22−
n

∑
ω=1

Lω,i1Lω,2ℓg
ℓ2

}
Xv

+
n

∑
σ=1

{
Lσ ,i1,v +Γ 1

i1Lσ ,12+Γ 2
i1Lσ ,22+

n

∑
ω=1

Lω,i1Tσ
ω,2

}
Nσ ,

(3.2)

as well as

∂vuXui =

{
Γ 1

i2,u +Γ 1
i2Γ 1

11+Γ 2
i2Γ 1

12−
n

∑
ω=1

Lω,i2Lω,1ℓg
ℓ1

}
Xu

+

{
Γ 2

i2,u+Γ 1
i2Γ 2

11+Γ 2
i2Γ 2

12−
n

∑
ω=1

Lω,i2Lω,1ℓg
ℓ2

}
Xv

+
n

∑
σ=1

{
Lσ ,i2,u +Γ 1

i2Lσ ,11+Γ 2
i2Lσ ,12+

n

∑
ω=1

Lω,i2Tσ
ω,1

}
Nσ .

(3.3)

From these identities we will derive theCodazzi-Mainardi equationsand the
theorema egregium.

• Integrability conditions w.r.t. the derivatives of unit normal vectorsNσ ∈ Rn+2

∂uvNσ − ∂vuNσ ≡ 0

(∂uvNσ − ∂vuNσ )tang≡ 0 (∂uvNσ − ∂vuNσ )norm≡ 0

Codazzi-Mainardi equations

(Section 3.2)

Ricci equations

(Sections 3.6, 3.7)
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Now we evaluate the integrability conditions for the unit normal vectors. To this
end, we first compute

∂uvNσ = −
2

∑
j ,k=1

Lσ ,1 j ,vg
jkXuk −

2

∑
j ,k=1

Lσ ,1 jg
jk
,vXuk −

2

∑
j ,k=1

Lσ ,1 jg
jkXukv

+
n

∑
ω=1

Tω
σ ,1,vNω +

n

∑
ω=1

Tω
σ ,1Nω,v

= −
2

∑
k=1

{
2

∑
j=1

Lσ ,1 j ,vg
jk +

2

∑
j=1

Lσ ,1 jg
jk
,v +

2

∑
j ,m=1

Lσ ,1 jg
jmΓ k

m2 + . . .

. . .+
2

∑
j=1

n

∑
ϑ=1

Tϑ
σ ,1Lϑ ,2 jg

jk

}
Xuk

−
n

∑
ω=1

{
2

∑
j ,k=1

Lσ ,1 jg
jkLω,k2−Tω

σ ,1,v−
n

∑
ϑ=1

Tϑ
σ ,1Tω

ϑ ,2

}
Nω

(3.4)

and analogously

∂vuNσ = −
2

∑
k=1

{
2

∑
j=1

Lσ ,2 j ,ug jk +Lσ ,2 jg
jk
,u +

2

∑
j=1

2

∑
j ,m=1

Lσ ,2 jg
jmΓ k

m1 + . . .

. . .+
2

∑
j=1

n

∑
ϑ=1

Tϑ
σ ,2Lϑ ,1 jg

jk

}
Xuk

−
n

∑
ω=1

{
2

∑
j ,k=1

Lσ ,2 jg
jkLω,k1−Tω

σ ,2,u−
n

∑
ϑ=1

Tϑ
σ ,2Tω

ϑ ,1

}
Nω

(3.5)

using the Gauss and the Weingarten equations.

Comparing tangential and normal parts of these identities yields the so-called
Codazzi-Mainardi equationsresp.Ricci equations.

3.2 The Codazzi-Mainardi equations

From (3.2) and (3.3) we immediately obtain the

Theorem 3.1.(Codazzi-Mainardi integrability conditions)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then the inte-
grability conditions

(∂uvXui − ∂vuXui )norm≡ 0
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are the Codazzi-Mainardi equations

∂vLσ ,i1 +Γ 1
i1Lσ ,12+Γ 2

i1Lσ ,22+
n

∑
ω=1

Lω,i1Tσ
ω,2

= ∂uLσ ,i2 +Γ 1
i2Lσ ,11+Γ 2

i2Lσ ,12+
n

∑
ω=1

Lω,i2Tσ
ω,1

(3.6)

for i = 1,2 andσ = 1,2, . . . ,n.

The special casen = 1 of one codimension follows immediately withTϑ
σ ,i ≡ 0 :

∂vLi1 +Γ 1
i1L12+Γ 2

i1L22 = ∂uLi2 +Γ 1
i2L11+Γ 2

i2L12 for i = 1,2.

These equations are named after the Italian mathematiciansGaspare Mainardi
(*1800 in Milano; †1879 in Lecco) and Delfino Codazzi (*1824 in Lodi; †1873 in
Pavia) who found them independently.

3.3 Gauss integrability conditions

Next, the equations (3.2) and (3.3) imply also the

Theorem 3.2.(Gauss integrability conditions)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then the inte-
grability conditions

(∂uvXui − ∂vuXui )tang≡ 0

are the Gauss integrability equations

Γ ℓ
i1,v−Γ ℓ

i2,u+
2

∑
m=1

(Γ m
i1 Γ ℓ

m2−Γ m
i2 Γ ℓ

m1) =
2

∑
ℓ,m=1

n

∑
σ=1

(Lσ ,i1Lσ ,2m−Lσ ,i2Lσ ,1m)gmℓ (3.7)

for i, ℓ = 1,2.

Note that these conditionsdo not involve the torsion coefficients.We say they are
related to theinner geometry of a surfacewhile the torsions are quantities arising
from theembeddingof an immersion in space, i.e. they depend on the behaviour of
its normal components.

Thus the Gauss integrability conditions in casen = 1 of one codimension read
simply

Γ ℓ
i1,v−Γ ℓ

i2,u+
2

∑
m=1

(Γ m
i1 Γ ℓ

m2−Γ m
i2 Γ ℓ

m1) =
2

∑
ℓ,m=1

(Li1L2m−Li2L1m)gmℓ .

A good reference is Blaschke and Leichtweiss [15].
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3.4 The curvature tensor

Now the left hand side of (3.7) gives rise to the following definition.

Definition 3.1. Thecurvature tensor Rℓi jk of the immersionX is defined by

Rℓ
i jk := ∂ukΓ ℓ

i j − ∂u j Γ ℓ
ik +

2

∑
m=1

(Γ m
i j Γ ℓ

mk−Γ m
ik Γ ℓ

m j) (3.8)

for i, j,k, ℓ = 1,2. It is also calledRiemann tensoror Riemann-Christoffel tensor.

Then (3.7) can be written in the form

Rℓ
i12 = ∑

ℓ,m=1

n

∑
σ=1

(Lσ ,i1Lσ ,2m−Lσ ,i2Lσ ,1m)gmℓ .

Thecovariant componentsof Rℓ
i jk are defined as

Rni jk =
2

∑
ℓ=1

Rℓ
i jkgℓn . (3.9)

Note finally that (for twodimensional surfaces) the componentsRni jk reduce es-
sentially to the one single quantity R2112. We particularly compute

R1111= 0, R2222= 0, R1222= 0, R2111= 0, R2221= 0, R1112= 0,

R1122= 0, R2211= 0, R1121= 0, R1211= 0, R2212= 0, R2122= 0,

R2112= R1221= −R2121= −R1212.

As we will see shortly, this componentR2112 represents exactly the Gauss curvature
K (modulo the area element). This is the contents of the theorema egregium.

Regarding higher dimensional manifolds we would eventually face a fully occu-
pied curvature tensor, and commonly one defines various traces ofRℓ

i jk , for example
theRicci curvature tensor

Ri j :=
2

∑
m=1

Rm
im j

and theRicci scalar curvature

R :=
2

∑
m,n=1

gmnRmn.

The German mathematician Bernhard Riemann (*1826 in Breselenz; †1866 in
Verbania) was the first who introduced a conclusive concept of curvatures forgeo-
metric manifolds of arbitrary dimension without referringto their embedding in any
surrounding space.



44 3 Integrability conditions

3.5 theorema egregium

Consider the Riemannian curvature tensor with the special indicesn = 2, i = 1,
j = 1, k= 2. Then from (3.7) and (3.9) we deduce the following fundamental result.

Theorem 3.3.(theorema egregium)

Let the immersion X: B→ Rn+2 be given. Then it holds

R2112= KW2 (3.10)

with the Gaussian curvature K of the immersion X and its area element W.

Proof. We compute

R2112 =
2

∑
ℓ=1

Rℓ
112gℓ2 =

2

∑
ℓ,m=1

n

∑
σ=1

(Lσ ,11Lσ ,2m−Lσ ,12Lσ ,1m)gmℓgℓ2

=
2

∑
ℓ=1

n

∑
σ=1

(Lσ ,11Lσ ,22−Lσ ,12Lσ ,12)g
2ℓgℓ2 =

n

∑
σ=1

KσW2 = KW2 ,

and the statement follows.⊓⊔

This theorema egregium(“wonderful theorem”) states that the Gauss curvature
K can be expressed in terms of the coefficientsgi j of the surface’s first fundamental
form and its first and second derivatives, encoded by the Christoffel symbols.

Thus K does not depend on the embedding of X in space.

Compare this result with the definition of the Gauss curvature from section 2.4
using normal frames which actually represent the way of the surface’s embedding
in the surrounding Euclidean space!

In later applications we will use the following conformal representation ofK.

Corollary 3.1. Using conformal parameters(u,v) ∈ B, the Gaussian curvature K
takes the form

K = − 1
W

∆ log
√

W (3.11)

with the area element W and the Euclidean Laplacian∆ .

Proof. Using (3.8) and (3.10) we compute

KW2 = R2112 =
2

∑
ℓ=1

Rℓ
112gℓ2 = R2

112W

=

{
Γ 2

11,v−Γ 2
12,u+

2

∑
m=1

Γ m
11Γ 2

m2−
2

∑
m=1

Γ m
12Γ 2

m1

}
W.



3.7 The curvature tensor of the normal bundle 45

Thus together with the representations from (2.6) we arriveat

KW2 = −W
2

{(
Wu

W

)

u
+

(
Wv

W

)

v

}

proving the statement.⊓⊔

3.6 The Ricci equations

In case of one codimension, the normal components in (3.4) and (3.5), i.e.

2

∑
j ,k=1

L1 jLk2g jk =
2

∑
j ,k=1

L2 jLk1g jk ,

are trivially satisfied taking the symmetry of the coefficientsgi j into account. But in
case of higher codimension we obtain the following new information.

Theorem 3.4.(Ricci integrability conditions)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then the inte-
grability conditions

(∂uvNσ − ∂vuNσ )norm≡ 0

are the Ricci equations

Tω
σ ,2,u−Tω

σ ,1,v+
n

∑
ϑ=1

Tϑ
σ ,2Tω

ϑ ,1−
n

∑
ϑ=1

Tϑ
σ ,1Tω

ϑ ,2 =
2

∑
j ,k=1

(Lσ ,2 jLω,k1−Lσ ,1 jLω,k2)g
jk

(3.12)
for σ ,ω = 1, . . . ,n.

We immediately verify that the right hand side of this identity vanishes identically
in casen = 1, i.e.

2

∑
j ,k=1

(L2 jLk1−L1 jLk2)g
jk =

2

∑
j ,k=1

(L2 jL j1−L1 jLk2)g
jk = 0.

3.7 The curvature tensor of the normal bundle

The left hand side in (3.12) invites us to define a curvature ofthe normal bundle
analogously to our definition of the Riemannian curvature tensor in terms of the
Christoffel symbols

Rℓ
i jk = ∂ukΓ ℓ

i j − ∂u j Γ ℓ
ik +

2

∑
m=1

(Γ m
i j Γ ℓ

mk−Γ m
ik Γ ℓ

m j).
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The normal space of a surface atw∈ B was introduced as

NX(w) =
{

Z ∈ R
n+2 : Z ·Xu(w) = Z ·Xv(w) = 0

}
.

Definition 3.2. Thecurvature tensor Sϑσ ,i j of the normal bundle

NX :=
⋃

w∈B

NX(w)

of the immersionX : B→ Rn+2 is defined as (notice the change of the signs)

Sω
σ ,i j := ∂u j Tω

σ ,i − ∂ui Tω
σ , j +

n

∑
ϑ=1

(Tϑ
σ ,iT

ω
ϑ , j −Tϑ

σ , jT
ω

ϑ ,i)

=
2

∑
m,n=1

(Lσ ,imLω, jn −Lσ , jmLω,in)g
mn

(3.13)

for i, j = 1,2 andσ ,ω = 1, . . . ,n.

The second identity in (3.13) is due to the Ricci equations.

We want to draw the reader’s attention to the skew-symmetry of the coefficients
Sω

σ ,i j w.r.t. interchangingi and j, i.e.

Sω
σ ,12 = −Sω

σ ,21

which enables us to concentrate on the components Sω
σ ,12, and secondly to the skew-

symmetry w.r.t. interchanging the indicesσ andω

Sω
σ ,12 = −Sσ

ω,12.

It follows immediately thatin case n= 2 of two codimensions there is just one
essential component, say S2

1,12. We faced a similar situation when we introduced the
Gaussian curvature as the only essential component of the Riemannian curvature
tensor. A detailled discussion of this fact follows in laterchapters.

For the moment we want to present some elementary propertiesof the curvature
tensor of the normal bundle. We already know the

Corollary 3.2. The Ricci integrability conditions (3.12) from the last section can be
rewritten in the form

Sω
σ ,12 =

2

∑
m,n=1

(Lσ ,1mLω,n2−Lσ ,2mLω,n1)g
mn (3.14)

for σ ,ω = 1, . . . ,n.
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We want to prove the tensorial transformation behaviour of the componentsSϑ
σ ,12.

Proposition 3.1.Let ui(vα) ∈ P. Then there hold

Sω
σ ,kℓ =

2

∑
κ ,λ=1

Sω
σ ,κλ Λ κ

k Λ λ
ℓ

for all k, ℓ = 1,2 andσ ,ω = 1, . . . ,n.

Proof. We calculate

Sω
σ ,kℓ =

2

∑
m,n=1

(Lσ ,kmLω,ℓn−Lσ ,ℓmLω,kn)g
mn

=
2

∑
m,n=1

2

∑
κ ,λ ,µ,ν=1

(Lσ ,κµLω,λ ν −Lσ ,λ µLω,κν)gµ ′ν ′
Λ κ

k Λ λ
ℓ Λ µ

mΛ ν
n Λ̄m

µ ′uΛ̄n
ν ′

=
2

∑
κ ,λ ,µ,ν=1

(Lσ ,κµLω,λ ν −Lσ ,λ µLω,κν )gµν Λ κ
k Λ λ

ℓ ,

which proves the statement.⊓⊔

Althoughthe components Sω
σ ,12 are not invariant w.r.t. SO(n)-actionsthey can be

considered assectional curvaturesin the following sense.

Proposition 3.2.Let σ 6= ω . The curvature components Sω
σ ,12 do not depend on the

choice of an orthonormal basis of the sectional planeSpan{Nσ ,Nω}.

We particularly inferif Sω
σ ,12≡ 0 holds for one chosen ONF N then it is also true

for all ONF. This leads us to a central notion of our investigations.

Definition 3.3. The normal bundleNX is calledflat if and only there hold

Sω
σ ,12≡ 0 for all σ ,ω = 1, . . . ,n

w.r.t. to some ONFN.

Now we come to the proof of the foregoing proposition.

Proof. We introduce conformal parameter(u,v) ∈ B. Let again

Ñσ = cosϕ Nσ +sinϕ Nω , Ñω = −sinϕ Nσ +cosϕ Nω ,

and insert it into the representation ofSω
σ ,12 using Ricci’s integrability conditions.
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Then we compute

WS̃ω
σ ,12 = (L̃σ ,11L̃ω,12− L̃σ ,21L̃ω,11)+ (L̃σ ,12L̃ω,22− L̃σ ,22L̃ω,21)

= (cosϕ Lσ ,11+sinϕ Lω,11)(−sinϕ Lσ ,12+cosϕ Lω,12)

−(cosϕ Lσ ,21+sinϕ Lω,21)(−sinϕ Lσ ,11+cosϕ Lω,11)

+(cosϕ Lσ ,12+sinϕ Lω,12)(−sinϕ Lσ ,22+cosϕ Lω,22)

−(cosϕ Lσ ,22+sinϕ Lω,22)(−sinϕ Lσ ,21+cosϕ Lω,21)

= (Lσ ,11−Lσ ,22)Lω,12− (Lω,11−Lω,22)Lσ ,12 = WSω
σ ,12,

which proves the statement.⊓⊔
The next result reveals an interesting connection between the curvature compo-

nentsSϑ
σ ,12 and normal mean curvature quantitiesHσϑ introduced in section 2.5 of

the previous chapter.

Theorem 3.5.There hold

Sϑ
σ ,12≡

1
2

HσϑW (3.15)

for σ ,ϑ = 1, . . . ,n.

Proof. Recall the definition of the coefficientsLσϑ ,i j from Definition 2.6. Using
conformal parameters we calculate

Hσϑ =
1

W2 (Lσϑ ,11+Lσϑ ,22)

=
2

W2 (Lσ ,11Lϑ ,12−Lσ ,12Lϑ ,11+Lσ ,12Lϑ ,22−Lσ ,22Lϑ ,12) =
2
W

Sϑ
σ ,12

proving the identity. ⊓⊔

3.8 The curvature of the normal bundle

Let ui = ui(vα) ∈ P. Then Proposition 3.1 yields

Sϑ
σ ,12(u

1,u2) = Sϑ
σ ,12(v

1,v2)(Λ1
1Λ2

2 −Λ2
1Λ1

2 ).

Thus taking account of transformation behaviour of the areaelementW(u1,u2) from
Corollary 1.1 we concludethat the quantities

1
W(u1,u2)

Sϑ
σ ,12(u

1,u2)

are independent of the chosen parametrization.
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This leads us to our next

Definition 3.4. Let the immersionX : B→ R4 be given. Thenthe scalar curvature
of its normal bundleis defined as

S:=
1
W

S2
1,12.

Note, as mentioned above, thatS2
1,12 is the only essential component of the cur-

vature tensor ifn = 2. In casen > 2 of higher codimensions we would like to work
with a curvature vector instead of a single curvature scalar.

Definition 3.5. Let the immersionX : B→Rn+2 be given. Thenthe curvature vector
of its normal bundleis

S=
1
W

(S2
1,12,S

3
1,12, . . . ,S

n
1,12,S

3
2,12, . . . ,S

n
n−1,12) ∈ R

N

with N =
(n

2

)
.

Let us conclude this section with two remarks.

1. Although all informations of the curvature tensor of the normal bundle are al-
ready decoded in the normal mean curvature matrixH, we find it more natural to
work with the vectorS∈ RN.

2. Worthwile for the future but omitted here is an elaborative investigation ofim-
mersions with prescribed curvature vector of the normal bundle.

3.9 Examples

We want to consider some interesting examples of surfaces with flat and with non-
vanishing normal bundles.

Spherical surfaces inS3

Suppose|X(u,v)| ≡ 1 for all (u,v) ∈ B. We immediately compute

Xu ·X = 0, Xv ·X = 0,

i.e. the surface vectorX itself serves as a unit normal vector, sayN1 := X. Choose
thenN2 to complete the system{Xu,Xv,N1} to a basis of the embedding spaceR4.
We immediately verify that the surface has flat normal bundlesince

T2
1,1 = N1,u ·N2 = Xu ·N2 = 0, T2

1,2 = N1,v ·N2 = Xv ·N2 = 0.
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The Clifford torus

This is the surface

X =
1√
2

(cosu,sinu,cosv,sinv)

resemblingS1×S1. We assign the moving 4-frame{Xu,Xv,N1,N2} consisting of the
tangential vectors

Xu =
1√
2

(−sinu,cosu,0,0), Xv =
1√
2

(0,0,−sinv,cosv)

as well as two unit normal vectors

N1 :=
1√
2

(cosu,sinu,cosv,sinv), N2 :=
1√
2

(−cosu,−sinu,cosv,sinv).

Obviously the torsion coefficients of this ONF vanish identically, thus the normal
bundle of this immersion is flat; see e.g. do Carmo [22] for this example.

For explicit constructions of surfaces with flat normal bundles we want to refer
the reader to Ferapontov [57].

Parallel type surfaces

Consider now the normal transport

R(u,v) = X(u,v)+ f (u,v)N1(u,v)+g(u,v)N2(u,v).

If the functions f andg are constant then we sayR is the parallel surface of X
and vice versa, at least if the surfaces are immersed inR3. Parallelity in higher
codimensional space depends on the curvatureSof the normal bundle.

Proposition 3.3.The normal transport R of an immersion X: B → R4 is parallel,
i.e. there holds

Rui ·Nσ = 0 for i = 1,2, σ = 1,2,

if and only if it holds S≡ 0 for the scalar curvature S of the normal bundle.

Proof. For the proof we use the Weingarten equations and compute thenormal parts
R⊥

u andR⊥
v of the tangential vectorsRu resp.Rv,

R⊥
u = fuN1 +guN2 + f N⊥

1,u +gN⊥
2,u = ( fu−gT2

1,1

)
N1 +

(
gu + f T2

1,1

)
N2 ,

R⊥
v = fvN1 +gvN2 + f N⊥

1,v +gN⊥
2,v =

(
fv−gT2

1,2

)
N1 +

(
gv + f T2

1,2

)
N2 .

The condition of parallelity leads us to the first order system

fu−gT2
1,1 = 0, fv−gT2

1,2 = 0, gu + f T2
1,1 = 0, gv + f T2

1,2 = 0.
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Differenting the first two equations and making use of the other two conditions
shows us

0= fuv−gvT
2
1,1−gT2

1,1,v = fuv+ f T2
1,1T2

1,2−gT2
1,1,v ,

0= fvu−guT2
1,2−gT2

1,2,u = fvu+ f T2
1,1T2

1,2−gT2
1,2,u ,

thus a comparison of the right hand sides brings

0 = −gT2
1,1,v +gT2

1,2,u = −g ·SW.

Similarly we find 0= f ·SW, which proves the statement.⊓⊔

Parallel type surface are widely used in geometry and mathematical physics. We
want to refer the reader to da Costa [37] for an application inquantum mechanics in
curved spaces.

3.10 The fundamental theorem

We want to reconstruct an immersionX from given first and second fundamental
forms, given torsion coefficients, and a given(n+ 2)-frame attached at some point
of the surface, say at(0,0) ∈ B. The latter assumption is needed to construct an
initial (n+2)-frame at an arbitrary point of the surface.

In particular, it is needed in the second point of our proof below: Assume we
know that the tangential planes at a certain pointw∈ B of two solutionsX andX̃
coincide, and therefore the normal spaces are the same. Ifn= 1, we are then allowed
to infer that the unit normal vectors also coincide (up to orientation).

But the situation is more involved in general: Even if the normal spaces ofX and
X̃ agree at some point, we have no further information about thebehaviour of the
respective normal frames. We will fix this problem under thisspecial assumption.

Theorem 3.6.(Fundamental theorem of surface theory)

Assumptions: Let us given

1. a quadratic, symmetric, and positive definite formĝi j ∈C3(B,R), such that

ĝi j = ĝ ji , det(ĝi j )i, j=1,2 > 0; (3.16)

2. n symmetric and quadratic formŝLσ ,i j ∈C2(B,R), such that

L̂σ ,i j = L̂σ , ji (3.17)

for i, j = 1,2 andσ = 1, . . . ,n;
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3. and
(n

2

)
formsT̂ϑ

σ ,i ∈C2(B,R) such that

T̂ϑ
σ ,i = −T̂ϑ

σ ,i (3.18)

for i = 1,2 andσ ,ϑ = 1, . . . ,n.

Assume that these forms satisfy the integrability conditions (3.6), (3.7), and (3.12).

4. Finally, let n+2 vectorsZ̊(1), Z̊(2), andN̊1, . . . ,N̊n be given with the properties

Z̊(i) · Z̊( j) = ĝi j (0,0), Z̊(i) · N̊σ = 0, N̊σ · N̊ϑ = δσϑ (3.19)

for i = 1,2 andσ ,ϑ = 1, . . . ,n.

Statement: Then there is a unique immersion X∈C3(B,Rn+2) with an unique ONF
N = (N1, . . . ,Nn) such that

X(0,0) = X̊, Xui (0,0) = Z̊(i) , Nσ (0,0) = N̊σ .

The gi j ≡ ĝi j agrees with the first fundamental form of the surface X, the Lσ ,i j ≡ L̂σ ,i j

are the coefficients of its second fundamental forms w.r.t. to the ONF N, and the
Tϑ

σ ,i ≡ T̂ϑ
σ ,i represent the respective torsion coefficients.

Our proof of this theorem follows the lines of Blaschke and Leichtweiss [15].
Preceded is the following lemma (see also ibidem, § 60).

Lemma 3.1.Consider the initial value problem

∂zk

∂ui =
m

∑
ℓ=1

aℓ
kizℓ , zk(u0,v0) = z̊k , i = 1,2, k = 1, . . . ,m, (3.20)

with m≥ 1 linear partial differential equations for the unknowns zℓ on a right-
angled domain G: |ui −ui

0|< bi , i = 1,2. Assume that aℓki ∈C2(G,R) for all i = 1,2
and k, ℓ = 1, . . . ,m. Then the following hold true:

1. There is at most one solution vector(z1, . . . ,zm) ∈C3(G,Rm) of the initial value
problem (3.20).

2. The system of the linear equations is solvable if and only if the integrability
conditions

∂ 2zk

∂ui∂u j −
∂ 2zk

∂u j∂ui ≡ 0

are satisfied for all k= 1, . . . ,m.
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We particularly compute

0≡ ∂
∂u j

m

∑
ℓ=1

a j
kizℓ−

∂
∂ui

m

∑
ℓ=1

aℓ
k jzℓ =

m

∑
ℓ=1

{
∂aℓ

ki

∂u j −
∂aℓ

k j

∂ui +
m

∑
s=1

as
kia

ℓ
s j−

m

∑
s=1

as
k ja

ℓ
si

}
zℓ .

Thus the system is solvable if there hold the integrability conditions

∂aℓ
ki

∂u j +
m

∑
s=1

as
kia

ℓ
s j =

∂aℓ
k j

∂ui +
m

∑
s=1

as
k ja

ℓ
si for all k, ℓ = 1, . . . ,m.

Proof of the theorem.1. Rewriting the differential equations (2.2) and (2.11) of
Gauss and Weingarten we arrive at the linear system

Xui = Z(i) ,

Z(i),u j =
2

∑
k=1

Γ k
i j Z(k) +

n

∑
ϑ=1

Lϑ ,i j Nϑ ,

Nσ ,ui = −
2

∑
j ,k=1

Lσ ,i j g
jkZ(k) +

n

∑
ϑ=1

Tϑ
σ ,iNϑ

(3.21)

for the unknown vector functionsX, Z(1), Z(2), N1, N2, . . . ,Nn.

2. Assume that there are two immersed solutionsX andX̃. At (0,0) ∈ B there hold

X̃ui (0,0) · X̃u j (0,0) = gi j (0,0) = Xui (0,0) ·Xu j (0,0) for i, j = 1,2.

After a suitable translation and rotation ofX̃ we can arrange the geometry so that

X̃(0,0) = X(0,0), X̃ui (0,0) = Xui (0,0) for i = 1,2.

Together with (3.19) we conclude that in(0,0) the tangential vectors, the ONFN
and ONFÑ as well as their orientations agree. Lemma 3.1 proves the uniqueness.

3. To prove that a solutionX of (3.21) is indeed immersed with the prescribed forms
(3.16), (3.17), (3.18) and the given(n+ 2)-frame (3.19) in(0,0) ∈ B, we will
show that the following functions vanish identically inB (by assumption they
vanish at(0,0) ∈ B)

f (1)
i j :=Z(i) ·Z( j)− ĝi j for i, j = 1,2,

f (2)
iσ :=Z(i) ·Nσ for i = 1,2, σ = 1, . . . ,n,

f (3)
σ :=N2

σ −1 for σ = 1, . . . ,n,

f (4)
σϑ :=Nσ ·Nϑ for σ ,ϑ = 1, . . . ,n, σ 6= ϑ .
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4. For this purpose we establish a linear system for all thesefunctions. First, (3.21)
yields

{
Z(i) ·Z( j)− ĝi j

}
uk = Z(i),uk ·Z( j) +Z( j),uk ·Z(i)− ĝi j ,uk

=
2

∑
m=1

Γ̂ m
ik Z(m) ·Z( j) +

2

∑
m=1

Γ̂ m
jk Z(m) ·Z(i)− ĝi j ,uk

+
n

∑
ϑ=1

L̂ϑ ,ik
{

Nϑ ·Z( j)

}
+

n

∑
ϑ=1

L̂ϑ , jk
{

Nϑ ·Z(i)

}

=
2

∑
m=1

Γ̂ m
ik

{
Z(m) ·Z( j)− ĝm j

}
+

2

∑
m=1

Γ̂ m
jk

{
Z(m) ·Z(i)− ĝmi

}

+
n

∑
ϑ=1

L̂ϑ ,ik
{

Z( j) ·Nϑ
}

+
n

∑
ϑ=1

L̂ϑ , jk
{

Z(i) ·Nϑ
}

(3.22)

taking

2

∑
m=1

Γ̂ m
ik ĝm j +

2

∑
m=1

Γ̂ m
jk ĝmi =

1
2

2

∑
m,n=1

ĝmn(ĝni,uk + ĝkn,ui − ĝik,un)ĝm j

+
1
2

2

∑
m,n=1

ĝmn(ĝn j,uk + ĝkn,u j − ĝ jk,un)ĝmi

=
1
2

(ĝi j ,uk + ĝk j,ui − ĝik,u j )+
1
2

(ĝi j ,uk + ĝki,u j − ĝ jk,ui)

= ĝi j ,uk

into account. The functionsZ(i) ·Nσ satisfy

{
Z(i) ·Nσ

}
uk = Z(i),uk ·Nσ +Z(i) ·Nσ ,uk

= Γ̂ m
ik

{
Z(m) ·Nσ

}
+ L̂σ ,ikN2

σ − L̂σ ,kmĝmn{Z(i) ·Z(n)

}

+
n

∑
ϑ=1
σ 6=ϑ

L̂ϑ ,ik
{

Nσ ·Nϑ
}

+
n

∑
ϑ=1

T̂ϑ
σ ,k

{
Z(i) ·Nϑ

}

= Γ̂ m
ik

{
Z(m) ·Nσ

}
+ L̂σ ,ik

{
N2

σ −1
}
− L̂σ ,kmĝmn{Z(i) ·Z(n)− ĝin

}

+
n

∑
ϑ=1
σ 6=ϑ

L̂ϑ ,ik
{

Nσ ·Nϑ
}

+
n

∑
ϑ=1

T̂ϑ
σ ,k

{
Z(i) ·Nϑ

}

(3.23)
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due to the property

2

∑
m,n=1

L̂σ ,kmĝmnĝni =
2

∑
m=1

L̂σ ,kmδ m
i = L̂σ ,ki .

Next we have
{

N2
σ −1

}
uk = 2Nσ ·Nσ ,uk

= −2
2

∑
m,n=1

L̂σ ,kmĝmn{Z(n) ·Nσ
}

+2
n

∑
ϑ=1

T̂ϑ
σ ,k

{
Nσ ·Nϑ

}
.

(3.24)

Finally we calculate
{

Nσ ·Nϑ
}

uk = Nσ ,uk ·Nϑ +Nσ ·Nϑ ,uk

= −
2

∑
m,n=1

L̂σ ,kmĝmn{Z(n) ·Nϑ
}
−

2

∑
m,n=1

L̂ϑ ,kmĝmn{Z(n) ·Nσ
}

+
n

∑
ω=1

T̂ω
σ ,k

{
Nω ·Nϑ

}
+

n

∑
ω=1

T̂ω
ϑ ,k

{
Nω ·Nσ

}
.

(3.25)

6. Summarizing (3.22), (3.23), (3.24), (3.25) we arrive at the linear system

f (1)

i j ,uk =
2

∑
m=1

Γ̂ m
ik f (1)

m j +
2

∑
m=1

Γ̂ m
jk f (1)

mi +
n

∑
ϑ=1

L̂ϑ ,ik f (2)
jϑ +

n

∑
ϑ=1

L̂ϑ , jk f (2)
iϑ ,

f (2)

iσ ,uk =
2

∑
m=1

Γ̂ m
ik f (2)

mσ + L̂σ ,ik f (3)
σ −

2

∑
m,n=1

L̂σ ,kmĝmnf (1)
in +

n

∑
ϑ=1
σ 6=ϑ

L̂ϑ ,ik f (4)
σϑ

+
n

∑
ϑ=1

T̂ϑ
σ ,k f (2)

iϑ ,

f (3)

σ ,uk = −2
2

∑
m,n=1

L̂σ ,kmĝmnf (2)
nσ +

n

∑
ϑ=1
σ 6=ϑ

T̂ϑ
σ ,k f (4)

σϑ ,

f (4)

σϑ ,uk = −
2

∑
m,n=1

L̂σ ,kmĝmnf (2)
nϑ −

2

∑
m,n=1

L̂ϑ ,kmĝmnf (2)
nσ +

n

∑
ω=1
ω 6=ϑ

T̂ω
σ ,k f (4)

ωϑ

+
n

∑
ω=1
ω 6=ϑ

T̂ω
ϑ ,k f (4)

ωσ

with the same initial conditions as the trivial solution 0, . . . ,0. Thus the unique-

ness stated in Lemma 3.1 proves that all the functionsf (1)
i j , f (2)

iσ , f (3)
σ and f (4)

σϑ
vanish identically inB.
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7. We complete our proof of the fundamental theorem as follows:

• Due to (3.21), (3.22) and the property

2

∑
i=1

α iXui = 0 implies α1 = α2 = 0

for arbitrary functionsα1, α2 since
(

2

∑
i=1

α iXui

)
·
(

2

∑
j=1

α j Xu j

)
=

2

∑
i, j=1

α iα jgi j = 0,

the mappingX ∈ C3(B,Rn+2) represents a two-dimensional immersion in
Rn+2 with first fundamental formgi j ≡ ĝi j .

• Following (3.23), (3.24), (3.25), the moving frameN forms an orthonormal
normal frame which is orthogonal to the span ofXu andXv.

• Therefore,Xuiu j ·Nσ = L̂ϑ ,i j for all i, j = 1,2 and allσ = 1, . . . ,n, and thêLσ ,i j

are detected as the coefficients of the second fundamental forms w.r.t.N.

• Analogously we prove that thêTϑ
σ ,i agree with the torsion coefficients w.r.t.

the ONFN.

The proof is complete. ⊓⊔

This result was already proved in Weyl [168]. We want to referthe reader also to
Brauner [18].
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In this chapter we extend the previous investigations and consider weighted fundamental forms of
Finslerian type, the natural differential geometric setupfor the calculus of variations.

4.1 Introduction

Consider an immersionX : B→ R3 in three-dimensional Euclidean space with unit
normal vectorN ∈ R3. We suppose that its first fundamental form, now denoted by

(hi j )i, j=1,2 ∈ R
2×2

to distinguish it from our investigations so far,results from the action of a symmetric
and positive definite matrix

W(X,Z) =
(
wi j (X,Z)

)
i, j=1,2,3 : R

3×R
3\ {0} −→ R

3×3

in the following way:

hi j := Xui ◦W(X,N)◦Xu j , i, j = 1,2.

In particular, ifW(X,Z) ≡ E3 with the three-dimensional unit matrixE3, then
hi j = gi j with the coefficients

gi j = Xui ·Xu j , i, j = 1,2

of the classical first fundamental from the previous chapters.

So far as we know,weighted fundamental forms hi j of this special kind where first
introduced by Sauvigny [141] for analytical studies of critical pointsX : B→ R3 for
two-dimensional parametric and anisotropic variational problems

F [X] :=
∫∫

B

F(Xu×Xv)dudv−→ min!

Critical points ofF [X] are calledF-minimal surfaces.In many respects they
behave like ordinary minimal surfaces if certain classicalgeometric quantities are
replaced by theirweighted counterpartsas demonstrated in chapter 11.
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As we expound later, such weighted geometric quantities, like the quadratic
form (hi j )i, j=1,2 and various curvatures derived from it, furnish the naturalsetup
for anisotropic variational problems.

There is a strong coincidence with the so-called Finsler spaces from the cal-
culus of variations, named after the Swiss mathematician Paul Finsler (*1894 in
Heilbronn; †1970 in Zürich). Excellent introductions to this matter can be found in
Finsler’s thesis [59], or in the textbook of Funk [68].

In this chapter we want to develop an approach toa weighted differential geom-
etry for surfaces immersed inR3 andRn+2. For illustration consider the weighted
line element of the form

ds2
W :=

3

∑
i, j=1

wi j (X,Z)dxidxj .

If the wi j depend only on the space pointX then the inhomogeneous metric
ds2

W is called ofRiemannian type.More generally, ifds2
W is inhomogeneous and

anisotropic,i.e. thewi j (X,Z) depend additionally on a direction vectorZ attached
at the pointX, we sayds2

W is of Finslerian type.

Consider now the spaceR3 equipped with such an inhomogeneous and aniso-
tropic metric. Inserting the surface’s representationX = X(u,v) and its unit normal
vectorN = N(u,v) into the formds2

W yields

ds2
W =

2

∑
i, j=1

wi j (X,N)dxidxj =
2

∑
i, j=1

2

∑
k,ℓ=1

wi j (X,N)xi
ukx

j
uℓ dukduℓ

=
2

∑
k,ℓ=1

hkℓ dukduℓ

setting

hkℓ :=
2

∑
i, j=1

Xui ◦W(X,N)◦Xu j , k, ℓ = 1,2,

and W(X,Z) = (wi j (X,Z))i, j=1,2,3 .

But thesehi j are exactly the coefficients of the weighted first fundamental form
from the beginning of this introduction!

It remains to remark that in the special caseW(X,Z) ≡E3 we obviously retrieve
the classical metrical form(gi j )i, j=1,2.
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4.2 The weighted fundamental forms

Consider an immersionX : B→ Rn+2 with ONF N. We introduce a symmetric and
positive definite matrix

W(X,Z) = (wi, j)i, j=1,...,n+2

of class C3(Rn+2×Rn+2\ {0}× . . .×Rn+2\ {0},Rn+2×Rn+2)
(4.1)

satisfying the properties:

LetZ = (Z1, . . . ,Zn) andZ̃ = (Z̃1, . . . , Z̃) be some orthogonal frames in the normal
space ofX, not necessarily consisting of unit vectors, then suppose

(W1) W(X,Z) is invariant w.r.t. the choise of the normal frame, i.e. it holds

W(X,Z) = W(X, Z̃) for all ONFZ andZ̃;

(W2) W(X,Z) acts non-trivially only on the tangent space, i.e. there hold

W(X,Z)
∣∣
TX(w)

: TX(w) −→ TX(w), in particular,

rankW(X,Z)
∣∣
TX(w)

= 2

as well as
W(X,Z)◦Zσ = Zσ for all σ = 1,2, . . . ,n;

(W3) W(X,Z) is positive definite, i.e. with a real constantω0 ∈ [0,+∞) it holds

(1+ ω0)
−1|ξ |2 ≤ ξ ◦W(X,Z)◦ ξ ≤ (1+ ω0)|ξ |2 for all ξ ∈ R

n+2 ;

(W4) W(X,Z) is normalized in the following sense

W(X,Z) = 1 for all X,Z.

Weight matrices were first introduced in Sauvigny [141] for anew representation
of critical points for anisotropic variational problems inR3 in parametric form.

Sauvigny’s methods were further developed and applied e.g.in Bergner und Dit-
trich [12], Clarenz [30], [31], Clarenz and von der Mosel [32], Fröhlich [62], [64],
and Winklmann [172], [173] to inhomogeneous and anisotropic variational prob-
lems. In chapter 11 we will present some of those results.

Definition 4.1. A matrix W(X,Z) with the properties (W1) to (W4) is called a
weight matrix.

By means of such a weight matrix we are able to create a differential geometry
of Finslerian type. For this purpose we start with the
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Definition 4.2. The weighted first fundamental form IW(X) ∈ R2 ×R2 of the im-
mersionX : B→ Rn+2 with ONF N is defined as

IW(X) = (hi j )i, j=1,2 , hi j := Xui ◦W(X,N)◦Xu j . (4.2)

Note thathi j ≡ gi j with the coefficientsgi j of the classical first fundamental form
if W(X,Z) ≡ En+2 with the(n+2)-dimensional unit matrixEn+2.

We furthermore remark that the weighted first fundamentalIW(X) of an immer-
sion X : B → R

n+2 is symmetric and positive definite since the matrixW(X,Z) is
then symmetric and positive definite.

Definition 4.3. Theweighted secondand theweighted third fundamental formsof
the immersionX : B→ Rn+2 are defined as

IIW,Nσ (X) = (Lσ ,i j )i, j=1,2 , Lσ ,i j := −Xui ·Nσ ,u j = Xuiu j ·Nσ ,

IIIW,Nσ (X) = ( fσ ,i j )i, j=1,2 , fNσ ,i j := Nσ ,ui ◦W(X,N)−1◦Nσ ,u j .
(4.3)

with a unit normal vectorNσ ∈ R
n+2 of an ONFN.

With these definitions of the weighted second and third fundamental forms we
essentially follow Sauvigny [141] and Fröhlich [64]. Alternative ways were en-
couraged by Clarenz [31] in casen = 1 and by Winklmann [172], [173] form-
dimensional manifolds inRm+1.

Consider that, in contrast to the casen = 1, the vectorNσ ,ui is not necessarily
tangentialdue to the presence of torsion coefficients. A further definition thus also
commonly used only involves the tangential parts ofNσ ,ui .

To illustrate this fact consider an unit normal vectorNσ = N with its derivatives
splitted up into tangential and normal parts

Nσ ,ui = N⊤
σ ,ui +N⊥

σ ,ui ,

the latter vanishing identically ifn = 1. We compute

Nσ ,ui ◦W(X,N)−1◦Nσ ,u j

= (N⊥
σ ,ui +N⊤

σ ,ui )◦W(X,N)−1◦ (N⊥
σ ,u j +N⊤

σ ,u j )

= N⊥
σ ,ui ◦W(X,N)−1◦N⊥

σ ,u j +N⊥
σ ,ui ◦W(X,N)−1◦N⊤

σ ,u j

+N⊤
σ ,ui ◦W(X,N)−1◦N⊥

σ ,u j +N⊤
σ ,ui ◦W(X,N)−1◦N⊤

σ ,u j

= N⊤
σ ,ui ◦W(X,N)−1◦N⊤

σ ,u j +N⊥
σ ,ui ·N⊥

σ ,u j

due toW(X,N)−1 ◦N⊤
σ ,u j = N⊤

σ ,u j as well as

N⊥
σ ,ui ◦W(X,N)−1◦N⊤

σ ,u j = 0, N⊤
σ ,ui ◦W(X,N)−1◦N⊥

σ ,u j = 0.
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In particular, if the ONFN is free of torsion then

IIIW,Nσ (X) ≡ ÎII W,Nσ (X) = ( f̂σ ,i j )i, j=1,2

with f̂σ ,i j := N⊤
ui ◦W(X,N)−1◦N⊤

σ ,u j .
(4.4)

It is the formÎII W(X) which is often introduced as a third fundamental form, see
e.g. Brauner’s textbook [18] for an elaboration of the non-weighted case.

Finally we want to remark that property (W4) particularly ensures that the clas-
sical area elementW equals its weighted counter-partWW in the following sense

WW := det(DXT ◦W(X,N)◦DX) = det(DXT ◦DX) = W (4.5)

with the JacobianDX operating on the tangent plane of the surface.

Thus we do not need to distinguish between a “weighted” and a “non-weighted”
area element.The same holds true for the Gaussian curvature, but as we willsee
later, it is necessary to introduce aweighted mean curvature.

4.3 Differential equations

The equations of Gauss and Weingarten reflect the way of representation of the
derivativesXuiu j andNσ ,ui in terms of a moving frame

{
Xu,Xv,N1, . . . ,Nn

}
.

In chapter 2 we derived these equations for the caseW(X,Z) ≡ En+2. Now we
want to present its counterparts in the weighted setup, but we will omit the proofs
which actually work as in the classical case.

Let that a weight matrixW(X,Z) ∈ R(n+2)×(n+2) be given.

Theorem 4.1.(Gauss equations in weighted form)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then it holds

Xuiu j =
2

∑
k=1

(Γ k
i j + Ω k

i j )Xuk +
n

∑
ϑ=1

Lϑ ,i j Nϑ (4.6)

for all i , j = 1,2, with the Christoffel symbols

Γ k
i j :=

2

∑
ℓ=1

1
2

hkℓ(hℓi,u j +h jℓ,ui −hi j ,uℓ) (4.7)

and the corrective terms

Ω k
i j := −1

2

2

∑
ℓ=1

hkℓ(ωℓi j + ω jℓi −ωi j ℓ), ωi j ℓ := Xui ◦W(X,N)uℓ ◦Xu j . (4.8)
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We remark

W(X,N)uℓ = WX(X,N)◦Xuℓ +WZ(X,N)◦Nuℓ

with the settings

WX(X,N)◦Xuℓ =

(
n+2

∑
k=1

wi j ,xkxk
uℓ

)

i, j=1,...,n+2

∈ R
(n+2)×(n+2) etc.

Theorem 4.2.(Weingarten equations in weighted form)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then it holds

Nσ ,ui = −
2

∑
j ,k=1

Lσ ,i j h
jk W(X,N)◦Xuk +

n

∑
ϑ=1

Tϑ
σ ,iNϑ (4.9)

for all i = 1,2, σ = 1, . . . ,n.

4.4 The weighted mean curvature system

Due to the positive definiteness and symmetry ofW(X,Z), the line element

ds2
W =

2

∑
i, j=1

hi j duiduj

is of Riemannian type. Thus we may introduceweighted conformal parameters
(u,v) ∈ B satisfying

Xu◦W(X,N)◦Xv = W = Xv◦W(X,N)◦Xv ,

Xu◦W(X,N)◦Xv = 0 in B
(4.10)

with the area elementW sinceWW = W following our discussion above. We also
refer to Sauvigny [143], chapter XII, §8.

Then the Christoffel symbolsΓ k
i j from (4.7) w.r.t. the coefficientshi j satisfy again

the relations (2.6). In particular, we infer

Γ 1
11+Γ 1

22 = 0, Γ 2
11+Γ 2

22 = 0.

Now we can evaluate the Gauss equations (4.6) to get the mean curvature system
in weighted form generalizing the classical system

∆X = 2HW in B

for the conformally parametrized immersionX.
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Corollary 4.1. Let the weighted conformally parametrized immersion X: B→Rn+2

together with an ONF N be given. Then it holds

∆X = (Ω1
11+ Ω1

22)Xu +(Ω2
11+ Ω2

22)Xv +2
n

∑
ϑ=1

HW,ϑWNϑ

= (Ω1
11+ Ω1

22)Xu +(Ω2
11+ Ω2

22)Xv +2HWW

(4.11)

with the weighted mean curvature vector

HW :=
n

∑
ϑ=1

HW,ϑ Nϑ , HW,ϑ :=
2

∑
i, j=1

hi j Li j . (4.12)

Note that (4.11) is a coupled elliptic system for the surfacevectorX and the unit
normal vectorsNσ of some ONFN and their derivatives.

Definition 4.4. The immersionX : B→ Rn+2 is called aweighted minimal surface
w.r.t to the weight matrixW(X,Z) if it holds

HW ≡ 0 in B.

Thus minimal surfaces with the propertyH ≡ 0 are special weighted minimal
surfaces in the classical caseW(X,Z) ≡ En+2.

Definition 4.5. We define theweighted Laplacian∆W w.r.t. a weight matrixW(X,Z)
as the elliptic operator

∆W := ∆ − (Ω1
11+ Ω1

22)
∂

∂u
− (Ω2

11+ Ω2
22)

∂
∂v

(4.13)

with the Euclidean Laplacian∆ .

Then the weighted conformally parametrized immersion X satisfies

∆WX = 2HWW

in analogy to the classical mean curvature system∆X = 2HW.

Remark 4.1.Clarenz and von der Mosel in [32] proposed another Laplace-type op-
erator to analyse critical points for anisotropic and inhomogeneous variational prob-
lems, namely

∆C :=
1
W

2

∑
i=1

∂
∂ui

(
2

∑
j ,k,ℓ=1

gikhkℓg
jℓ ∂

∂u j

)
; (4.14)

see also the references in [32]. Their formalism was picked up e.g. by Cluttberbuck
[33] and Bergner and Dittrich [12].
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4.5 The Codazzi-Mainardi equations

We want to evaluate the integrability conditions which particularly pour out from

∂uvXui − ∂vuXui = 0 for i = 1,2,

by comparing the respective coefficients of the normal directions. For this purpose
we write explicitely

Xuiu=(Γ 1
i1 + Ω1

i1)Xu +(Γ 2
i1 + Ω2

i1)Xv +
n

∑
σ=1

Lσ ,i1Nσ ,

Xuiv =(Γ 1
i2 + Ω1

i2)Xu +(Γ 2
i2 + Ω2

i2)Xv +
n

∑
σ=1

Lσ ,i2Nσ

for i = 1,2. A second differentiation gives

∂uvXui =
{

Γ 1
i1,v + Ω1

i1,v +(Γ 1
i1 + Ω1

i1)(Γ
1

12+ Ω1
12)+ (Γ 2

i1 + Ω2
i1)(Γ

1
22+ Ω1

22)
}

Xu

+
{

Γ 2
i1,v + Ω2

i1,v +(Γ 1
i1 + Ω1

i1)(Γ
2

12+ Ω2
12)+ (Γ 2

i1 + Ω2
i1)(Γ

2
22+ Ω2

22)
}

Xv

+
n

∑
σ=1

{
Lσ ,i1,v +(Γ 1

i1 + Ω1
i1)Lσ ,12+(Γ 2

i1 + Ω2
i1)Lσ ,22+

n

∑
ω=1

Lω,i1Tσ
ω,2

}
Nσ

−
2

∑
ℓ,m=1

n

∑
σ=1

Lσ ,i1Lσ ,2ℓh
ℓmW(X,N)◦Xum

as well as, interchangingu andv,

∂vuXui =
{

Γ 1
i2,u + Ω1

i2,u+(Γ 1
i2 + Ω1

i2)(Γ
1

11+ Ω1
11)+ (Γ 2

i2 + Ω2
i2)(Γ

1
12+ Ω1

12)
}

Xu

+
{

Γ 2
i2,u + Ω2

i2,u+(Γ 1
i2 + Ω1

i2)(Γ 2
11+ Ω2

11)+ (Γ 2
i2 + Ω2

i2)(Γ 2
12+ Ω2

12)
}

Xv

+
n

∑
σ=1

{
Lσ ,i2,u +(Γ 1

i2 + Ω1
i2)Lσ ,11+(Γ 2

i2 + Ω2
i2)Lσ ,12+

n

∑
ω=1

Lω,i2Tσ
ω,1

}
Nσ

−
2

∑
ℓ,m=1

n

∑
σ=1

Lσ ,i2Lσ ,1ℓh
ℓmW(X,N)◦Xum .

Focusing on the normal components of both identitites proves the following version
of the Codazzi-Mainardi equations which completes this section.
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Theorem 4.3.(Codazzi-Mainardi integrability conditions in weighted form)
Let the immersion X: B→ Rn+2 together with ONF N be given. Then there hold

Lσ ,i1,v +(Γ 1
i1 + Ω1

i1)Lσ ,12+(Γ 2
i1 + Ω2

i1)Lσ ,22+
n

∑
ω=1

Lω,i1Tσ
ω,2

= Lσ ,i2,u +(Γ 1
i2 + Ω1

i2)Lσ ,11+(Γ 2
i2 + Ω2

i2)Lσ ,12+
n

∑
ω=1

Lω,i2Tσ
ω,1

(4.15)

for all i = 1,2 andσ = 1,2, . . . ,n.

¡ These equations differ from the classical integrability conditions (3.6) in the
appearence of the additional dataΩ k

i j . We will make essential use them in the next
chapter.
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We prove a linear connection between the three weighted fundamental forms what enables us to

compare the spherical energy of an immersion with its curvatures and torsions. Furthermore we
consider complex-valued Hopf fields and verify their analyticity in the sense of Bers and Vekua.

This allows us to characterize singular points of the spherical mapping of special surfaces.

5.1 Linear dependence of the weighted fundamental forms

The three weighted fundamental forms can not be chosen independently from each
other as the following result shows.

Theorem 5.1.(Linear dependence of the fundamental forms)
Let the immersion X: B→ Rn+2 together with an ONF N be given. Then it holds

IIIW,Nσ (X)−2HW,σ IIW,σ (X)+Kσ IW(X) =

(
n

∑
ϑ=1

Tϑ
σ ,iT

ϑ
σ , j

)

i, j=1,2

(5.1)

for σ = 1, . . . ,n with the Gauss curvatures Kσ from (2.9) and the weighted mean
curvatures HW,σ from (4.12).

Proof. We evaluate the coefficientsfσ ,i j = Nσ ,ui ·Nσ ,u j of the weighted third funda-
mental form to get

fσ ,i j =

(
−

2

∑
m,n=1

Lσ ,imhmnW(X,N)◦Xun +
n

∑
ϑ=1

Tϑ
σ ,iNϑ

)
◦W(X,N)−1◦ . . .

. . .◦
(
−

2

∑
r,s=1

Lσ , jr h
rsW(X,N)◦Xus +

n

∑
λ=1

Tλ
σ , jNλ

)

=
2

∑
m,n,r,s=1

Lσ ,imLσ , jr h
mnhrshns+

n

∑
ϑ ,λ=1

Tϑ
σ ,iT

λ
σ , jδϑλ

=
2

∑
m,r=1

Lσ ,imLσ , jr h
mr +

n

∑
ϑ=1

Tϑ
σ ,iT

ϑ
σ , j .
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Now we exemplarily compute fori, j = 1

fσ ,11−
n

∑
ϑ=1

(Tϑ
σ ,1)

2 = L2
σ ,11h

11+2Lσ ,11Lσ ,12h
12+L2

σ ,12h
22

=
{

Lσ ,11h
11+2Lσ ,12h

12+Lσ ,22h
22}Lσ ,11

−(Lσ ,11Lσ ,22−L2
σ ,12)h

22

= 2HW,σ Lσ ,11−Kσ h11.

The remaining coefficients follow analogously.⊓⊔

The non-weighted version of this identity runs

III Nσ (X)−2Hσ IINσ (X)+Kσ I(X) =

(
n

∑
ϑ=1

Tϑ
σ ,iT

ϑ
σ , j

)

i, j=1,2

.

Finally, using the coefficientŝfσ ,i j = N⊤
σ ,ui ◦W(X,N)−1 ◦N⊤

σ ,u j from (4.4) we
would arrive at the relation

ÎII W,Nσ (X)−2HW,σ IIW,Nσ (X)+Kσ IW(X) = 0 (5.2)

where we take the identityLN,i j = −Xu j ·Nu j = −Xui ·N⊤
u j into account.

5.2 Minimal surfaces and weighted minimal surfaces

Consider a conformally parametrized minimal surfaceX : B→ R3 with the charac-
teristic property

H ≡ 0

for its scalar mean curvatureH. Then it holds

III (X)−KWE
2 = 0

with the twodimensional unit matrixE2 ⊂ R2×2. Since I(X) is given in diago-
nal form we infer that the spherical mapping N: B → R3 is also conformally
parametrized.

The same is true for weighted minimal surfaces satisfying

HW ≡ 0

as well as the relations (4.10) w.r.t. some weight matrixW(X,Z). Namely, we infer

IIIW(X)−KWE
2 = 0.
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5.3 The torsion of orthonormal normal frames

Let us consider again the non-weighted caseW(X,Z) ≡ E
n+2. We write the linear

dependence of the fundamental forms from (5.1) as

eσ ,i j −2HσLσ ,i j +Kσ gi j =
n

∑
ϑ=1

Tϑ
σ ,iT

ϑ
σ , j

with the coefficientseσ ,i j = Nσ ,ui ·Nσ ,u j .

Corollary 5.1. Let the conformally parametrized immersion X: B→ Rn+2 together
with an ONF N be given. Then

eσ ,11 = 2Hσ Lσ ,11−KσW+
n

∑
ϑ=1

(Tϑ
σ ,1)

2 ,

eσ ,12 = 2Hσ Lσ ,12+
n

∑
ϑ=1

Tϑ
σ ,1Tϑ

σ ,2 ,

eσ ,22 = 2Hσ Lσ ,22−KσW+
n

∑
ϑ=1

(Tϑ
σ ,2)

2 .

In particular, we infer

|∇Nσ |2 = eσ ,11+eσ ,22 = 2(2H2
σ −Kσ )W+

n

∑
ϑ=1

{
(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

(5.3)

for the square of the Euclidean gradient∇Nσ = (Nσ ,u,Nσ ,v).

The sum on the right hand side of the latter identity motivates us for the following
definition.

Definition 5.1. Thetorsion of the ONF Nis defined as

T :=
1
2

2

∑
i, j=1

n

∑
σ ,ϑ=1

gi j Tϑ
σ ,iT

ϑ
σ , j . (5.4)

Remark 5.1.A torsion within our Finsler-type setting could take the form

TW :=
1
2

2

∑
i, j=1

n

∑
σ ,ϑ=1

hi j Tϑ
σ ,iT

ϑ
σ , j (5.5)

Note here that for an arbitrary vectorz∈ R2 it holds

z◦ (hi j )i, j=1,2◦ z = z◦ (DX ◦W(X,N)◦DX)◦ z

= (z◦DX)◦W(X,N)◦ (DX◦ z).
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Now apply property (W3), and we conclude thatT andTW are equivalent in the
following sense

1
1+ ω0

T ≤ TW ≤ (1+ ω0)T. (5.6)

While the torsionT (and soTW) depends on the chosen ONFN, it is invariant
w.r.t. parameter transformations of classP.

Proposition 5.1.T is invariant w.r.t. parameter transformations of classP.

Proof. Using the results from section 1.7 we calculate

2

∑
i, j=1

n

∑
σ ,ϑ=1

gi j Tϑ
σ ,iT

ϑ
σ , j =

2

∑
i, j=1

2

∑
α ,β µ,ν=1

n

∑
σ ,ϑ=1

Λ̄ i
µΛ̄ j

νΛ α
i Λ β

j gµνTϑ
σ ,αTϑ

σ ,β

=
2

∑
α ,β ,µ,ν=1

n

∑
σ ,ϑ=1

δ α
µ δ β

ν gµνTϑ
σ ,αTϑ

σ ,β

=
2

∑
α ,β=1

n

∑
σ ,ϑ=1

gαβ Tϑ
σ ,αTϑ

σ ,β

proving the claim. ⊓⊔

Now taking the definition ofH andK from (2.5) and (2.9) into account, a direct
calculation proves the

Theorem 5.2.(Energy density of the Gauss map)
Let the conformally parametrized immersion X: B→ Rn+2 together with an ONF
N be given. Then it holds

n

∑
σ=1

|∇Nσ |2 = 2(2H2−K)W+2TW (5.7)

with the squared length H2 of the mean curvature vector H, the Gauss curvature K
and the torsion T of the ONF N.

This identity is very useful for various energy and gradientestimates as we will
see later. For the moment we want to mention that an integration yields

n

∑
σ=1

∫∫

B

|∇Nσ |2dudv= 2
∫∫

B

(2H2−K)W dudv+2
∫∫

B

TW dudv

what leads us directly to our next concept.
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5.4 The functional of total torsion

Definition 5.2. Let the immersionX : B→ Rn+2 together with an ONFN be given.
Then the functional

TX[N] :=
∫∫

B

TW dudv

is called thetotal torsionof N.

Proposition 5.2.The functionalTX[N] of total torsion is invariant w.r.t. to parame-
ter transformations of classP.

Proof. This follows immediately from Proposition 5.1.

ThoughTX [N] is independent of the choice of the parametrization,it depends
on the choice of the ONF N. In chapters 7 and 8 below we will present methods
to establish existence and regularity of orthonormal normal frames critical for the
functional of total torsion.

5.5 The curvatura integra

Definition 5.3. Let the immersionX : B→ Rn+2 be given. Then the functional

K [X] :=
∫∫

B

KW dudv

is called itscurvatura integra.

We want to omit proving its independence of the parametrization as well as the
choice of the ONF. Both facts reliy strongly on Proposition 2.3 from chapter 2.

Proposition 5.3.The curvatura integraK [X] is invariant w.r.t. to parameter trans-
formations of classP, and it does not depend on the choice of the ONF N.

Now we want to prove the famoustheorem of Bonnet and Gausswhich relates
the curvatura integra of an immersion with the geodesic curvatureκg of its boundary
curve.

The curvatureκg is roughly defined as follows: Consider a pointP of the surface’s
boundary curveΓ ⊂ Rn+2 and the tangential plane of the surface atP. ProjectΓ
locally aroundP onto this tangential plane to get a new planar curve. Thenκg(P) is
defined as the usual curvature of the projected planar curve at P.

For proving the integral formula of Bonnet and Gauss we need the representation

K = − 1
W

∆ log
√

W

of the Gauss curvature using conformal parameters which we derived in chapter 3.
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Theorem 5.3.(Integral formula of Bonnet and Gauss)
Let the immersion X: B→ Rn+2 be given. Then it holds

∫∫

B

KW dudv= 2π −
2π∫

0

κg(s)ds.

Proof. We follow Dierkes et al. [44]. SupposeX = X(u,v) is given in conformal
parameters(u,v)∈B. Letν ∈R2 denote the outer unit normal vector at the boundary
curve∂B. Let this curve be given in parametric form(cost,sint), t ∈ [0,2π). Now
we takeMinding’s formula

κg(t)
√

W(t) = 1+
∂

∂ν
log
√

W(t) for all t ∈ [0,2π)

into account which remains unproved here (see [44], chapter1). Partial integration
then yields

−
∫∫

B

KW dudv=
∫∫

B

∆ log
√

W(t)dudv=

2π∫

0

∂
∂ν

log
√

W(t)dt

=

2π∫

0

{
κg(t)

√
W(t)−1

}
dt =

∫

∂B

κg(s)ds−2π

proving the statement.⊓⊔

5.6 Hopf functions and Hopf vector

Consider an immersionX : B→ R3 with second fundamental form(Li j )i, j=1,2.

In 1950, H. Hopf [94] (see also Jost’s textbook [102]) discovered that the
complex-valued function

H (w) := L11(w)−L22(w)−2iL12(w), w∈ B,

is holomorphic if the scalar mean curvature H of the surface is constant.1

In this section we introduce a generalized vector-valued Hopf function adapted
to our Finsler-type setting. We will make essential use of complex-analytical tools
of Bers [14] and Vekua [160], [161].

Let a weight matrixW(X,Z) ∈ R(n+2)×(n+2) be given.

1 In particular, this fact turns out to be a key ingredient for proving that a compact embedding of
constant, nonvanishing mean curvature is indeed the standard sphere.
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Lemma 5.1.Let the weighted conformally parametrized immersion X: B→ Rn+2

together with an ONF N be given. Define the functions

a := Ω1
22+ Ω2

21, b := Ω2
22−Ω1

21, c := Ω1
12+ Ω2

11, d := Ω2
12−Ω1

11, (5.8)

with Ω k
i j being the coefficients from Gauss equations in weighted formfrom section

4.3, as well as

rσ := WuHW,σ +2W∂uHW,σ −2Ω2
21WHW,σ +

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,21T
σ

ϑ ,2) ,

sσ := WvHW,σ −2Ω2
11WHW,σ +

n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2)

(5.9)

with the weighted mean curvature vector HW from section 4.4. Then there hold

Lσ ,11,u +Lσ ,12,v = aLσ ,11+bLσ ,12+ rσ ,

Lσ ,11,v−Lσ ,12,u = cLσ ,11+dLσ ,12+sσ
(5.10)

for σ = 1, . . . ,n.

Proof. First come the Codazzi-Mainardi equations from section 4.5, i.e.

Lσ ,11,v +(Γ 1
11+ Ω1

11)Lσ ,12+(Γ 2
11+ Ω2

11)Lσ ,22+
n

∑
ϑ=1

Lϑ ,11T
σ

ϑ ,2

= Lσ ,12,u +(Γ 1
12+ Ω1

12)Lσ ,11+(Γ 2
12+ Ω2

12)Lσ ,12+
n

∑
ϑ=1

Lϑ ,12T
σ

ϑ ,1 ,

Lσ ,21,v +(Γ 1
21+ Ω1

21)Lσ ,12+(Γ 2
21+ Ω2

21)Lσ ,22+
n

∑
ϑ=1

Lϑ ,21T
σ

ϑ ,2

= Lσ ,22,u +(Γ 1
22+ Ω1

22)Lσ ,11+(Γ 2
22+ Ω2

22)Lσ ,12+
n

∑
ϑ=1

Lϑ ,22T
σ

ϑ ,1 .

Thus, using weighted conformal parameters together with (4.10) and (2.6) we get

Lσ ,11,v−
Wv

2W
Lσ ,22+

2

∑
m=1

Ωm
11Lσ ,m2 +

n

∑
ϑ=1

Lϑ ,11T
σ

ϑ ,2

= Lσ ,12,u +
Wv

2W
Lσ ,11+

2

∑
m=1

Ωm
12Lσ ,m1 +

n

∑
ϑ=1

Lϑ ,12T
σ

ϑ ,1 ,

Lσ ,12,v +
Wu

2W
Lσ ,22+

2

∑
m=1

Ωm
21Lσ ,m2 +

n

∑
ϑ=1

Lϑ ,21T
σ

ϑ ,2

= Lσ ,22,u−
Wu

2W
Lσ ,11+

2

∑
m=1

Ωm
22Lσ ,m1 +

n

∑
ϑ=1

Lϑ ,22T
σ

ϑ ,1 .
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Rearranging gives the identities

Lσ ,11,v−Lσ ,12,u

= (Ω1
12+ Ω2

11)Lσ ,11+(Ω2
12−Ω1

11)Lσ ,12−2Ω2
11WHW,σ +WvHW,σ

+
n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2),

Lσ ,11,u +Lσ ,12,v

= (Ω1
22+ Ω2

21)Lσ ,11+(Ω2
22−Ω1

21)Lσ ,12−2Ω2
21WHW,σ +WuHW,σ

+2W∂uHW,σ +
n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,21T
σ

ϑ ,2)

for σ = 1, . . . ,n. This proves the statement.⊓⊔
These identities enable us to prove generalized analyticity of the following

complex-valued functions.

Definition 5.4. TheHopf functionHN ∈ C of an immersionX w.r.t. some unit nor-
mal vector Nis defined as

HN(w) := LN,11(w)−LN,22(w)−2iLN,12(w), w∈ B. (5.11)

Note that it holds

HN = 2LN,11− (LN,11+LN,22)−2iLN,12 = −2HW,NW+2LN,11−2iLN,12.

Next we introduce the so-calledWirtinger symbols(see e.g. Vekua [161]): Let
Φ : C → Cn be continuously differentiable. Then we define itscomplex derivatives

Φw ≡ ∂wΦ :=
1
2

(Φu− iΦv), Φw ≡ ∂w :=
1
2

(Φu + iΦv).

Lemma 5.2.Let the weighted conformally parametrized immersion X: B→ Rn+2

together with an ONF N be given. Then it holds

∂wHσ = AHσ +BH σ +2(A+B−Ω2
21− iΩ2

11)HW,σW+2∂wHW,σW

+
n

∑
ϑ=1

{
(Lϑ ,22+ iLϑ ,12)T

σ
ϑ ,1− (Lϑ ,21+ iLϑ ,11)T

σ
ϑ ,2

}

for σ = 1, . . . ,n, where

A :=
1
4

(a−d+ ic+ ib), B :=
1
4

(a+d+ ic− ib),

and a, b, c, and d are taken from (5.8).
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Before we come to the proof of this lemma we want to consider some interesting
special situations.

The non-weighted case

In the non-weighted caseW(X,Z) ≡ E
n+2 this identity reduces to

∂wHσ = 2∂wHσW+
n

∑
ϑ=1

{
(Lϑ ,22+ iLϑ ,12)T

σ
ϑ ,1− (Lϑ ,21+ iLϑ ,11)T

σ
ϑ ,2

}
.

ThusHσ satisfies a system of inhomogeneous Cauchy-Riemann equations. In
particular,Hσ is holomorphic if X represents a minimal surface satisfyingHσ ≡ 0
with flat normal bundle.

Surfaces inR3

Consider an immersionX : B→R3 with unit normal vectorN, and as usual we write
H instead ofHσ . The lemma states

∂wH = AH +BH +2(A+B−Ω2
21− iΩ2

11)HWW+2HW,wW.

In particular, two cases are of special interest.

1. Weighted minimal surface

Let X : B→ R3 be a weighted minimal surface satisfyingHW ≡ 0, thenH is a
pseudo-holomorphic functionfulfilling

∂wH = AH +BH .

In the section after the next we will see that this fact allowsus to draw some
important conclusions about the geometry of the spherical mapping of weighted
minimal surfaces inR3.

2. Surfaces with constant mean curvature

Let X : B→ R3 represent an immersion with constant scalar mean curvatureH.
ThenH is holomorphic with

∂wH = 2HwW ≡ 0.

As we will see shortly
|H |2 = 4(H2−K),

and thus eitherH2−K ≡ 0, equivalent toκ1 ≡ κ2, or κ1 = κ2 at most at isolated
points in every compact subsetΩ ⊂⊂ B̊ (see e.g. Hopf [94], or Jost [102]). Such
surface points are calledumbilical points.
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Now let us come to the proof of the previous lemma.

Proof. We consider the auxiliary function

H ∗
σ := Lσ ,11− iLσ ,12 =

1
2

Hσ +WHW,σ . (5.12)

On the one hand it holds

AH ∗
σ +BH ∗

σ =
1
4

(a−d+ ic+ ib)(Lσ ,11− iLσ ,12)

+
1
4

(a+d+ ic− ib)(Lσ ,11+ iLσ ,12)

=
1
2

(aLσ ,11+bLσ ,12)+
i
2

(cLσ ,11+dLσ ,12),

while on the other hand, on account of (5.10), we infer

∂wH ∗
σ =

1
2

(Lσ ,11,u +Lσ ,12,v)+
i
2

(Lσ ,11,v−Lσ ,12,u)

=
1
2

(aLσ ,11+bLσ ,12)+
i
2

(cLσ ,11+dLσ ,12)+
1
2

rσ +
i
2

sσ .

Comparing both identities yields

∂wH ∗
σ = AH ∗ +BH ∗

σ +
1
2

rσ +
i
2

sσ ,

or equivalently, together with (5.12),

1
2

∂wHσ + ∂w(WHW,σ )

= ∂wH ∗
σ =

A
2

Hσ +
B
2

Hσ +(A+B)WHW,σ +
1
2

rσ +
i
2

sσ .

Rearranging for∂wHσ gives

∂wHσ = AHσ +BHσ +2(A+B)WHW,σ + rσ + isσ −2∂w(WHW,σ ).

Finally notice that from (5.9) if follows that

rσ + isσ −2(WHg,σ )w = 2W∂wHW,σ −2Ω2
21WHW,σ −2iΩ2

11WHW,σ

+
n

∑
ϑ=1

(Lϑ ,22+ iLϑ ,21)T
σ

ϑ ,1−
n

∑
ϑ=1

(Lϑ ,21+ iLϑ ,11)T
σ

ϑ ,2 ,

and the statement is proved.⊓⊔
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5.7 A Pascali system for the Hopf functions

Let X : B → Rn+2 be a weighted minimal surface satisfyingHW ≡ 0 with given
weight matrixW(X,Z). We want to rearrange the above compex-valued differential
system into a so-calledPascali system.

Definition 5.5. We define thecomplex-valued torsion vector

Tϑ
σ := Tϑ

σ ,1 + iTϑ
σ ,2 ∈ C for σ ,ϑ = 1, . . . ,n. (5.13)

Now using weighted conformally parameters(u,v) ∈ B we calculate

(Lϑ ,22+ iLϑ ,12)T
σ

ϑ ,1− (Lϑ ,12+ iLϑ ,11)T
σ

ϑ ,2

= 2HW,ϑWTσ
ϑ ,1− (Lϑ ,11− iLϑ ,12)T

σ
ϑ ,1− i(Lϑ ,11− iLϑ ,12)T

σ
ϑ ,2

= 2HW,ϑWTσ
ϑ ,1−H ∗

ϑ (Tσ
ϑ ,1 + iT σ

ϑ ,2)

= 2HW,ϑWTσ
ϑ ,1−

1
2

Hϑ Tσ
ϑ −HW,ϑWTσ

ϑ

recalling the identity

H ∗
ϑ = Lϑ ,11− iLϑ ,12 =

1
2

Hϑ +HW,ϑW

from the previous section. NowHW ≡ 0 gives us

(Lϑ ,22+ iLϑ ,12)T
σ

ϑ ,1− (Lϑ ,12+ iLϑ ,11)T
σ

ϑ ,2 = −1
2

Hϑ Tσ
ϑ .

Finally we need a suitable complex-valued Hopf vector. Our central definition of
this section is

Definition 5.6. TheHopf vectorH ∈Cn of an immersionX : B→Rn+2 w.r.t. some
ONF N is defined as

H := (H1, . . . ,Hn) ∈ C
n . (5.14)

Now we come to the main result of this section.

Theorem 5.4.Let the weighted conformally parametrized immersion X: B→ R
n+2

together with an ONF N be given. Then it holds

∂wHσ = AHσ +BH σ − 1
2

n

∑
ϑ=1

Tσ
ϑ Hϑ

= AHσ +BH σ +
1
2

n

∑
ϑ=1

Tϑ
σ Hϑ

(5.15)

for σ = 1, . . . ,n.
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The Hopf vectorH ∈ Cn satisfies the Pascali system

∂wH = AH +BH +
1
2

T ◦H (5.16)

with the complex-valued torsion matrix

T := (Tϑ
σ )σ ,ϑ=1,...,n ∈ C

n×n .

Here we take into account
Tσ

ϑ = −Tϑ
σ .

But now notice that

|Hσ |2 = (Lσ ,11−Lσ ,22)
2 +4L2

σ ,12 = (Lσ ,11+Lσ ,22)
2 +4(Lσ ,11Lσ ,22−L2

σ ,12)

= 4(H2
W,σ −Kσ )W2 = −4KσW2 .

Thus we arrive at the interesting identity

|H |2 =
n

∑
σ=1

|Hσ |2 = −4
n

∑
σ=1

KσW2 = −4KW2 ,

i.e. the zeros of the Gauss curvature K of a weighted minimal surface are the zeros
of the complex-valued Hopf vectorH !

By the way, we also infer

|H |2 = 4
n

∑
σ=1

(H2
σ −Kσ )W2 = 4(H2−K)W2 ,

and identity used already in the previous section.

Actually the complex-valued system (5.16) is a specialPascali systemfor our
Hopf functionH . Following Wendland [164], Theorem 5.3.3,H can locally be
represented in the form

E◦Φ

with aCα -regular matrixE ∈ Cn×n with the property detE 6= 0, and a holomorphic
vectorΦ ∈ Cn.

Consequently we can apply thesimilarity principle for generalized analytic
vector-valued functions(see e.g. Wendland [164], Theorem 5.3.5) and arrive at the
following characterization of weighted minimal surfaces.

Corollary 5.2. Either it holdsH ≡ 0 in B, or H has only isolated zeros of finite
order in every compact subsetΩ ⊂⊂ B̊. Therefore, either it holds K≡ 0 in B and
the weighted minimal surface is a plane, or in every suchΩ ⊂⊂ B̊ there are only
finitely many points with K= 0.
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5.8 An example: Weighted minimal surfaces inR3

Consider a weighted minimal surfaceX : B→ R3 with weightW(X,Z) ∈ R3×3 and
unit normal vector

N =
Xu×Xv

|Xu×Xv|
.

The associated Hopf functionH satisfies

Hw = AH +BH .

Solutions of a such differential equation are calledpseudoholomorphic functions.

Following thesimilarity principle for pseudoholomorphic functions of Bers and
Vekua (see e.g. Bers [14], Courant and Hilbert [40], Sauvigny [143], Vekua [161],
or Wendland [164]), the Hopf functionH can be represented in the form

Φ(w)eΨ (w)

with a holomorphic functionΦ and some integral functionΨ . Again the zeros of
the Gaussian curvature K are isolated in every compact subset Ω ⊂⊂ B̊ as long as
X : B→ R

3 is not a plane.

In the following we want to show that the zeros ofK coincide to thebranch
pointsof the spherical mappingN which are characterized by the property

Nu×Nv = 0 at points withK = 0.

This tells us the following calculation: Introduce weighted conformal parameters
(u,v) ∈ B. Then the Weingarten equations in the weighted form from section 4.3
can be written as

Nu = − L11

W
W(X,N)◦Xu−

L12

W
W(X,N)◦Xv ,

Nv = − L12

W
W(X,N)◦Xu−

L22

W
W(X,N)◦Xv .

We need the following calculus rule from Sauvigny [141].

Lemma 5.3.Let M ⊂ R3×3 be a non-singular and symmetric matrix. Then

(
M ◦X

)
×
(
M ◦Y

)
=
(
detM

)
M−1 ◦ (X×Y)

for arbitrary X,Y ∈ R3.
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Proof. For an arbitrary vectorZ ∈ R3 we calculate
{
(M ◦X)× (M ◦Y)− (detM)M−1 ◦ (X×Y)

}
· (M ◦Z)

=
{
(M ◦X)× (M ◦Y)

}
· (M ◦Z)− (detM)(X×Y) · (M−1◦M ◦Z)

= (detM)
{
(X×Y) ·Z− (X×Y) ·Z

}
= 0.

This proves the calculus rule.⊓⊔

At last we obtain

Nu×Nv =

(
L11

W
W(X,N)◦Xu+

L12

W
W(X,N)◦Xv

)
× . . .

. . .×
(

L12

W
W(X,N)◦Xu+

L22

W
W(X,N)◦Xv

)

=
L11L22−L2

12

W2

{
W(X,Z)◦Xu

}
×
{

W(X,Z)◦Xv
}

=
L11L22−L2

12

W2 (Xu×Xv) = KWN

making use ofW(X,N) ◦N = N. Thus, as stated, surface points with the property
Nu×Nv = 0 are exactly points withK = 0.

In chapter 15 we will investigate more closely weighted minimal surfaces as well
as critical points for general anisotropic and inhomogeneous functionals inR3.
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This chapter is devoted to Grassmann forms and the Gauss-Osserman mapping as a further method
to generalize the classical spherical mapping of surfaces.This particularly proves its strength in

minimal surface theory. The natural metrical background for these studies is the Fubini-Study
metric. Finally we discuss a new curvature vector of the normal bundle.

6.1 The exterior product

For the following algebraic concepts of the Grassmann geometry we refer to Cartan
[23] or Heil [78]; see also Grassmann [74].

Definition 6.1. Let n≥ 1. Theexterior product

∧ : R
n×R

n → R
N , N =

(
n
2

)
=

n(n−1)

2
,

is defined by means of the following rules:

(E1) The mappingRn ∋ (v,w) 7→ v∧w∈ R
N is bilinear, i.e.

(α1v1 + α2v2)∧ (β1w1 + β2w2)

= α1β2v1∧w1 + α1β2v1∧w2 + α2β1v2∧w1 + α2β2v2∧w2

for all αi ,βi ∈ R, vi ,wi ∈ Rn, and it is skew-symmetric,

v∧w = −w∧v for all v,w∈ R
n;

in particular, it holdsv∧v= 0.

(E2) Withe1 = (1,0,0, . . . ,0) ∈ R
n, e2 = (0,1,0, . . . ,0) ∈ R

n etc. we set

e1∧e2 := (1,0,0, . . . ,0,0) ∈ RN ,

e1∧e3 := (0,1,0, . . . ,0,0) ∈ RN ,

...

en−1∧en := (0,0,0, . . . ,0,1) ∈ RN .
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From this settings we immediately obtain the

Proposition 6.1.The vectors ek∧eℓ form an orthonormal basis ofRN, i.e.

(ei ∧ej) · (ek∧eℓ) =

{
1 if i = k and j= ℓ

0 if i 6= k or j 6= ℓ
. (6.1)

Proposition 6.2.For two vectors v= (v1, . . . ,vn) and w= (w1, . . . ,wn) it holds

v∧w = ∑
1≤i< j≤n

(viwj −v jwi)ei ∧ej . (6.2)

Proof. We compute

v∧w =

(
n

∑
i=1

viei

)
∧
(

n

∑
j=1

wjej

)
=

n

∑
i, j=1

viwj ei ∧ej

= ∑
1≤i< j≤n

(viwj −v jwi)ei ∧ej ,

which already proves the statement.⊓⊔

Example 6.1.Forn = 3 we haveN = 3 and

e1∧e2 = (1,0,0), e1∧e3 = (0,1,0), e2∧e3 = (0,0,1).

With two vectorsv = (v1,v2,v3) andw = (w1,w2,w3) we compute

v∧w = v1w2e1∧e2−v1w3 e1∧e3 +v2w1 e2∧e1 +v2w3e2∧e3

−v3w1e3∧e1 +v3w2 e3∧e2

= (v1w2−v2w1)e1∧e2 +(v3w1−v1w3)e1∧e3 +(v2w3−v3w2)e2∧e3

= (v1w2−v2w1,v3w1−v1w3,v2w3−v3w2).

Thusthe usual vector product

v×w= (v2w3−v3w2,v3w1−v1w3,v1w2−v2w1)

in R3 does not coincide with the exterior product v∧w.

We want to collect some further properties of the exterior product.

Corollary 6.1. For arbitrary vectors a,b∈ Rn there hold

◦ (λa)∧b = λ (a∧b);

◦ (a+b)∧c= a∧c+b∧c;

◦ (a∧b)ui = aui ∧b+a∧bui .
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Let two vectors v= (v1,v2,0, . . . ,0) and w= (w1,w2,0, . . . ,0) be given. Then

◦ v∧w⊥ span
{

v∧e3, . . . ,v∧en,w∧e3, . . . ,w∧en,e3∧en, . . . ,en−1∧en
}
.

6.2 The Grassmann normal space. Grassmann forms

Let X : B→ Rn+2 be conformally parametrized,N an associated ONF. Then the set
{

Xu√
W

,
Xv√
W

,N1,N2, . . . ,Nn

}

forms an orthonormal system spanning the embedding spaceRn+2 at each point of
the surfaceX.

Definition 6.2. TheGrassmann normal spaceof the conformally parametrized im-
mersionX : B→ Rn+2 with ONF N at the pointw∈ B is given by

Gw[X] := Span
{
N ,X11, . . . ,X1n,X21, . . . ,X2n,N11, . . . ,N1n,N23, . . . ,Nn−1,n

}

with theN =
(n

2

)
unit vectors

N :=
Xu∧Xv

W
, Xiσ :=

Xui ∧Nσ√
W

, Nσϑ := Nσ ∧Nϑ (6.3)

for i = 1,2 andσ ,ϑ = 1, . . . ,n.

Let us consider some examples.

1. In casen = 1 of one codimension we have simply

N = N, X11 =
Xv√
W

, X21 = − Xu√
W

.

Thus the Grassmann space is just Span{Xu,Xv,N} ∼= R3.

2. For further illustration we consider the casen = 2 of two codimensions. The
Grassmann spaceGw[X] consist of

N =
Xu∧Xv

W
,

X11 =
Xu∧N1√

W
, X12 =

Xu∧N2√
W

, X21 =
Xv∧N1√

W
, X22 =

Xv∧N2√
W

,

N12 = N1∧N2 .
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3. Let a weight matrixW(X,Z) be given. We introduce weighted conformal param-
eters. The system {

1√
W

Xu,
1√
W

Xv,N1, . . . ,Nn

}

must then be replaced by the following orthonormal moving frame
{

1√
W

W(X,N)
1
2 ◦Xu,

1√
W

W(X,N)
1
2 ◦Xv,N1, . . . ,Nn

}

whereW(X,Z)
1
2 is defined via the spectral decomposition ofW(X,Z).

From|N |2 = 1 we immediately obtainNui ⊥ N for i = 1,2. We want to prove
a representation formula for the derivativesNui similar to the Weingarten equations.

Theorem 6.1.(Grassmann-Weingarten equations)
Let the conformally parametrized immersion X: B→ Rn+2 together with an ONF
N be given. Then there hold

Nui = −
2

∑
m=1

n

∑
ϑ=1

L mϑ
i Xmϑ (6.4)

for i = 1,2 with the 2nd (Grassmann-type)G -fundamental form

L mϑ
i := −Nui ·Xmϑ =

1√
W

(
Lϑ ,i1

W
Xu∧Xum +

Lϑ ,i2

W
Xv∧Xum

)
·N .

In particular, there hold

L 1ϑ
1 = − Lϑ ,12√

W
, L 2ϑ

1 =
Lϑ ,11√

W
,

L 1ϑ
2 = − Lϑ ,22√

W
, L 2ϑ

2 =
Lϑ ,12√

W
.

(6.5)

Proof. We already knowNui ·N = 0 for i = 1,2. Thus we make the ansatz

Nui =
2

∑
m=1

n

∑
ϑ=1

amϑ
i Xmϑ +

n

∑
σ ,ϑ=1

bσϑ
i Nσϑ .

FromN ·Nσϑ = 0 we infer

bσϑ
i = Nui ·Nσϑ = −N ·Nσϑ ,ui = −N · (Nσ ∧Nϑ )ui

= −N · (Nσ ,ui ∧Nϑ +Nσ ∧Nϑ ,ui ).
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But the Weingarten equations (2.11) imply

Nσ ,ui ∧Nϑ = − Lσ ,i1

W
Xu∧Nϑ − Lσ ,i2

W
Xv∧Nϑ +

n

∑
ω=1

Tω
σ ,i Nω ∧Nϑ

= − Lσ ,i1

W
X1ϑ − Lσ ,i2

W
X2ϑ +

n

∑
ω=1

Tω
σ ,i Nωϑ

such thatNσ ,ui ∧Nϑ ⊥ N , andbσϑ
i ≡ 0. We now determine the coefficientsamϑ

i :

amϑ
i = Nui ·Xmϑ = −N ·Xmϑ ,ui

= − 1√
W

N · (Xuium∧Nϑ +Xum∧Nϑ ,ui )−
(

∂
∂ui

1√
W

)
N · (Xum∧Nϑ )

= − 1√
W

N · (Xum∧Nϑ ,ui )

=
1√
W

N ·
(

Lϑ ,i1

W
Xum∧Xu +

Lϑ ,i2

W
Xum∧Xv

)
.

Then we setL mϑ
i := −amϑ

i . Furthermore, we examplarily compute

L 1ϑ
1 = a1ϑ

1 =
1√
W

Xu∧Xv

W

Lϑ ,12

W
Xu∧Xv =

Lϑ ,12√
W

and analogously for the other coefficients. This proves the theorem. ⊓⊔

We want to point out the similarity to the classical Weingarten equations

Nui = −L11

W
Xu−

L22

W
Xv

for a conformally parametrized immersionX : B → R3 with unit normal vectorN.
This motivates to considerN as a possible generalisation ofN if the codimension
of the surface is greater the 1.

6.3 Curvature vector and curvature matrix of the normal bundle

We want to use this Grassmann formalism to reformulate Definition 3.5 using the
exterior product. We also take advantage of the opportunityto introduce further
useful quantities describing the curvature of the normal bundle.

Our aim is to prove the
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Proposition 6.3.Let the immersion X: B → Rn+2 be given. Then the Grassmann
curvature vectorS of its normal bundle

S :=
1
W ∑

1≤σ<ϑ≤n

Sϑ
σ ,12Nσ ∧Nϑ

does neither depend on the parametrization nor on the choiceof the normal frame.
In particular,S and its length

|S | =
√

S ·S =
√

S·S=
1
W

√
∑

1≤σ<ϑ≤n

(Sϑ
σ ,12)

2

represent a geometric quantities.

Here we recall the definition

S=
1
W

(
S2

1,12,S
3
1,12, . . . ,S

n
n−1,12

)
∈ R

N

of the curvature vector of the normal bundle.

The curvature vectorS (or just S) is a third important curvature quantity for
twodimensional surfaces inRn+2 beside their Gaussian curvatureK and their mean
curvature vectorH :

K =
n

∑
σ=1

Lσ ,11Lσ ,22−L2
σ ,12

g11g22−g2
12

∈ R ,

H =
n

∑
σ=1

Lσ ,11g22−2Lσ ,12g12+Lσ ,22g11

g11g22−g2
12

Nσ ∈ R
n ,

S =
1
W ∑

1≤σ<ϑ≤n

Sϑ
σ ,12Nσ ∧Nϑ ∈ R

N .

In casen = 2 we have

S =
1
W

S2
1,12N1∧N2 or S=

1
W

S2
1,12.

To prove at last the above proposition we are only left with verifying the length-
invariance ofS . For this purpose we make the following

Definition 6.3. Let the immersionX : B→ Rn+2 together with an ONFN be given.
Then thetorsion matrices of Nare defined as

T i = (Tϑ
σ ,i)σ ,ϑ=1,...,n ∈ R

n×n for i = 1,2.

Furthermore, thecurvature matrix of its normal bundleis given as

S12 = (Sϑ
σ ,12)σ ,ϑ=1,...,n ∈ R

n×n .
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Recall the settingR = (rσϑ )σ ,ϑ=1,...,n ∈ Rn×n for the orthogonal transformation
between ONFs. LetRT denote its transposition such thatR ◦RT = RT ◦R = En,
and letS̃12 be the curvature matrix after applyingR to an ONFN.

Lemma 6.1.It holds the transformation rule

S̃12 = R◦S12◦RT .

Proof. For the proof we consider

T̃ϑ
σ ,i = Ñσ ,ui · Ñϑ =

n

∑
α=1

(
rσα ,ui Nα + rσαNα ,ui

)
·

n

∑
β=1

rϑβ Nβ

=
n

∑
α ,β=1

(
rσα ,ui rϑβ δαβ + rσαrϑβ Tβ

α ,i

)

=
n

∑
α=1

rσα ,ui rαϑ +
n

∑
α ,β=1

rσαTβ
α ,ir

β ϑ .

Thus we arrive at the rule

T̃ i = Rui ◦RT +R◦T i ◦RT .

Using this formula we evaluate

S̃12 = T̃1,v− T̃2,u− T̃1◦ T̃T
2 + T̃2◦ T̃T

1 .

Namely, first we have

T̃1,v− T̃2,u = (Ru◦RT +R◦T1◦RT)v− (Rv◦RT +R◦T2◦RT)u

= Ru◦RT
v −Rv◦RT

u +R◦ (T1,v−T2,u)◦RT +Rv◦T1◦RT

+R◦T1◦RT
v −Ru◦T2◦RT −R◦T2◦RT

u ,

and furthermore

T̃1◦ T̃T
2 − T̃2◦ T̃T

1

= (Ru◦RT +R◦T1◦RT)◦ (R◦RT
v +R◦TT

2 ◦RT)

−(Rv◦RT +R◦T2◦RT)◦ (R◦RT
u +R◦TT

1 ◦RT)

= Ru◦RT
v +Ru◦TT

2 ◦RT +R◦T1◦RT
v +R◦T1◦TT

2 ◦RT

−Rv◦RT
u −Rv◦TT

1 ◦RT −R◦T2◦RT
u −R◦T2◦TT

1 ◦RT

sinceR◦RT = RT ◦R = En.
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Taking both identities together gives

T̃1,v− T̃2,u− T̃1◦ T̃T
2 + T̃2◦ T̃T

1

= R◦ (T1,v−T2,u−T1◦TT
2 +T2◦TT

1 )◦RT

+Rv◦T1◦RT +R◦T1◦RT
v −Ru◦T2◦RT −R◦T2◦RT

u

−Ru◦TT
2 ◦RT −R◦T1◦RT

v +Rv◦TT
1 ◦RT +R◦T2◦RT

u

= R◦ (T1,v−T2,u−T1◦TT
2 +T2◦TT

1 )◦RT

takingT i = −TT
i into account. This proves the statement.⊓⊔

Now we continue with the proof of the previous proposition.

Proof of the proposition.In terms of our usualSO(n)-action we compute

n

∑
σ ,ϑ=1

S̃ϑ
σ ,12Ñσ ∧ Ñϑ =

n

∑
σ ,ϑ=1

n

∑
α ,β=1

S̃ϑ
σ ,12rσα rϑβ Nα ∧Nβ

=
n

∑
σ ,ϑ=1

n

∑
α ,β=1

rασ S̃ϑ
σ ,12rϑβ Nα ∧Nβ

=
n

∑
α ,β=1

Sβ
α ,12Nα ∧Nβ

with the orthogonal mappingR = (rσω)σ ,ω=1,...,n. This proves the proposition.⊓⊔

6.4 Grassmann manifolds and Gauss-Osserman map

We follow Hoffman and Osserman [93], see also Osserman [130].

Definition 6.4. Thek-dimensionalGrassmann manifoldGrk(m) is the space of all
k-dimensional subspaces ofRm.

For example, the Grassmann manifold Gr1(2) is the set of all lines through the
origin in R2. Or the Grassmann manifold Gr2(3) is the set of all planes through
the origin in R3. Such a plane is uniquely determined by the line intersectingit
perpendicularly. Hence Gr2(3) is isomorphic to Gr1(3).

Consider now anorientedplaneP ⊂ Rn+2 spanned by an ordered pair of or-
thogonal and equally long vectorsV ∈ Rn+2 andW ∈ Rn+2. With P we associate
the complex-valued point

Z = V + iW ∈ C
n+2 , Z = (z1, . . . ,zn+2).
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If {V ′,W′} denotes a second basis ofP, thenZ′ = cZ with some complex num-
ber c. This means thateach oriented plane corresponds to a uniquely determined
point of the projective spaceCPn+1.

We compute the complex square ofZ

Z2 =
n+2

∑
k=1

(zk)2 = |V|2−|W|2 +2iV ·Wt = 0.

ThusZ is anisotropic vector,and it belongs to thecomplex-valued quadric

Qn+1 :=
{

Z ∈ CPn+1 : Z2 = 0
}
⊂ CPn+1.

Each oriented plane corresponds one-to-one to a point of thequadric Qn+1.

To be more precise: Consider a conformally parametrized surfaceX : B→ R
n+2,

then we would set
V := Xu , W := Xv .

In the Finsler-type case for surfaces equipped with a prescribed weight matrix
W(X,Z) on the other hand we let

V := W(X,N)
1
2 ◦Xu and W := W(X,N)

1
2 ◦Xv.

This leads us to our next

Definition 6.5. Let the conformally parametrized immersionX : B→Rn+2 be given.
Then itsGauss-Osserman mapis defined as the complex-valued mapping

N : B−→ Qn+1 , N(w) := Xu(w)+ iXv(w) , w∈ B. (6.6)

Proposition 6.4.Let the conformally parametrized immersion X: B → Rn+2 be
given. Then its Gauss-Osserman mapN is antiholomorphic if and only if X is a
minimal surface.

Proof. We compute

Nw = Nw =
1
2
△X = HW in B (6.7)

with the mean curvature vectorH. ⊓⊔

This special analytical behaviour ofN enabled Osserman in [130], Theorem 12.1
to establish the following characterisitic of the Gauss-Osserman map of minimal
surfaces.

Theorem 6.2.A complete minimal surface is either a plane, or its image under the
Gauss-Osserman mapN approaches arbitrarily closely every hyperplane inCPn+1.
The normals to a complete regular minimal surface inRn+2 are everywhere dense
unless the surface is a plane.
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6.5 Fubini-Study metric and the total curvature

The so-called Fubini-Study metric is closely related to theGauss-Osserman mapN.
To illustrate this connection we consider a curveZ = Z(t) in CPn+1, and define the
Fubini-Study metricas

(
dŝ
dt

)2

:= 2
|Z∧Z′|2
|Z|4 = 2

∑
1≤ j<k≤n+2

|zjz
′
k−zkz

′
j |2

(
n+2

∑
j=1

|zj |2
)2 (6.8)

whereZ′ denotes the derivative w.r.t. the parametert. This line elementdŝ replaces
the spherical line element of a surfaces inR3 as follows (see Osserman [130]).

Proposition 6.5.Let the conformally parametrized minimal surface X: B → Rn+2

be given. Then it holds

(
dŝ
dt

)2

= (−K)W(u′2 +v′2) = (−K)

(
ds
dt

)2

(6.9)

for the curveN(t) = Xu(t)+ iXv(t).

In other words, the Gauss curvatureK of the minimal surfaceX is the negative
of the area magnification underN, i.e. settingŴ = (−K)W, we obtain

K = −Ŵ
W

= −dŝ2

ds2 in B. (6.10)

Proof. We must evaluate

N∧N′ = (Xu + iXv)∧
{

Xuuu′ +Xuvv′ + i(Xuvu′ +Xvvv′)
}

= Xu∧Xuuu′ +Xu∧Xuvv′−Xv∧Xuvu′−Xv∧Xvvv′

+ i
{

Xu∧Xuvu′ +Xu∧Xvvv′ +Xv∧Xuuu′ +Xv∧Xuvv′
}
.

The corresponding real part follows from

Re(N∧N′) =
{

Γ 2
11u′ +Γ 2

12v′ +Γ 1
12u′ +Γ 1

22v′
}

Xu∧Xv

+
n

∑
σ=1

(Lσ ,11u
′ +Lσ ,12v

′)Xu∧Nσ −
n

∑
σ=1

(Lσ ,12u
′ +Lσ ,22v

′)Xv∧Nσ

=
n

∑
σ=1

(Lσ ,11u
′ +Lσ ,12v

′)Xu∧Nσ −
n

∑
σ=1

(Lσ ,12u
′ +Lσ ,22v

′)Xv∧Nσ

taking the Gauss equations (2.2) together with (2.6) into account.
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Thus, usingLσ ,11+Lσ ,22 = 0 we have

|Re(N∧N′)|2 = W
n

∑
σ=1

(L2
σ ,11u

′2 +L2
σ ,12u

′2 +L2
σ ,12v

′2 +L2
σ ,22v

′2 + . . .

. . .+2Lσ ,11Lσ ,12u
′v′ +2Lσ ,12Lσ ,22u

′v′)

= W
n

∑
σ=1

(L2
σ ,11u

′2 +L2
σ ,12u

′2 +L2
σ ,12v

′2 +L2
σ ,22v

′2) .

Analogously, for the imaginary part we get

Im(N∧N′) =
n

∑
σ=1

(Lσ ,12u
′ +Lσ ,22v

′)Xu∧Nσ +
n

∑
σ=1

(Lσ ,11u
′ +Lσ ,22u

′)Xv∧Nσ ,

and therefore it holds

|Im(N∧N′)|2 = W
n

∑
σ=1

(L2
σ ,12u

′2 +L2
σ ,22v

′2 +L2
σ ,11u

′2 +L2
σ ,12v

′2).

Adding up both terms we arrive at (useL2
σ ,11 = L2

σ ,22)

|N∧N′|2 = W
n

∑
σ=1

(L2
σ ,11+2L2

σ ,12+L2
σ ,22)(u

′2 +v′2)

= W
n

∑
σ=1

{
(Lσ ,11+Lσ ,22)

2−2(Lσ ,11Lσ ,22−L2
σ ,12)

}
(u′2 +v′2)

= 2(−K)W3(u′2 +v′2).

Moreover we have
|N|4 = |Xu + iXv|4 = (2W)2 = 4W2

which finally implies

(
dŝ
dt

)2

= 2
2(−K)W3

4W2 (u′2 +v′2) = (−K)W(u′2 +v′2) .

This proves the statement.⊓⊔

FromŴ = (−K)W we immediately infer Osserman’s result from [130])

Corollary 6.2. The total curvature of the minimal surface X is the negative of the
areaÂ of the image w.r.t. the metric (6.8), i.e.

Â =

∫∫

B

(−K)W dudv. (6.11)
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This precisely generalizes the situation inR3 where the curvatura integra equals
the image of the spherical mapping if we count multiplicities which eventually arise
from spherical branch points.

This leads us to the next remark: The Fubini-Study metricdŝ2 for minimal sur-
faces is singular at points withK = 0. But due to Corollary 5.2, in every compact
setΩ ⊂⊂ R there are only finitely many singularities unlessX is flat.

We want to prove an upper bound for the Gaussian curvatureK̂ of the Fubini-
Study metricdŝ2 for a minimal surface if its normal bundle is flat. Hoffman and
Osserman in [93] have already shown that it holds

K̂ ≤ 2

independently of the geometry of the normal bundle of the minimal surface. For a
proof we want to refer the reader to this paper.

In case of flat normal bundles we can prover stronger estimates, and that is the
purpose of our following considerations.

Lemma 6.2.Let X: B → Rn+2 be a conformally parametrized minimal surface.
With a positive numberκ0 > 0 suppose that

χ := κ0−K > 0.

Furthermore letK̂ denote the Gaussian curvature of the new metric with coefficients
ĝi j := χgi j . Then there hold

χK̂ = K− 1
2W

∆ logχ ,

and therefore, using Wirtinger symbols,

χ3K̂ = χ2K +
2
W

(χwχw− χχww).

Proof. Note that (3.11) together witĥW = χW proves the first identity, namely

χK̂ = − 1
W

∆ log
√

χW = − 1
W

∆ log
√

W− 1
W

∆ log
√

χ

= K − 1
2W

∆ logχ .

Next we compute

△ logχ =
1
χ
△χ − |∇χ |2

χ2 =
4
χ

χww−
4

χ2 χwχw .

Inserting the right hand side from here into our first identity shows the lemma.⊓⊔
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Lemma 6.3.It holds

K =
2

W2

{
WwWw

W
−Www

}
.

Proof. We compute

K = − 1
2W

△ logW = − 1
2W

{△W
W

− |∇W|2
W2

}
=

2
W2

{
WwWw

W
−Www

}

proving the statement.⊓⊔

Now we come to the announced estimate ofK̂.

Theorem 6.3.Let X: B → Rn+2 be a conformally parametrized minimal surface
with flat normal bundle. Then the Gauss curvatureK̂ of the Fubini-Study metric d̂s2

satisfies
K̂ ≤ 1 in B.

Proof. Let N be a torsionfree ONF. For the complex-valued Hopf functionsHσ
there hold (see also section 5.7)

|Hσ |2 = 4(−Kσ )W2 resp.
n

∑
σ=1

|Hσ |2 = 4(−K)W2

with the classical Gauss curvatureK. Therefore we have

χ =
1

4W2

n

∑
σ=1

|Hσ |2 + κ0

for the functionχ = κ0−K. For complex-valued vectorsv = (v1, . . . ,vn) ∈ Cn and
w = (w1, . . . ,wn) ∈ C

n we introduce the following abbreviation

w⋆ v= v⋆w :=
n

∑
σ=1

vσ wσ , ‖v‖2 := v⋆ v=
n

∑
σ=1

vσ vσ =
n

∑
σ=1

|vσ |2 .

Thus, using the Hopf vectorH = (H1, . . . ,Hn) ∈ Cn we can rewrite the previous
formula to get

χ =
1

4W2 H ⋆H + κ0 =
1

4W2 ‖H ‖2 + κ0 .

Together withHw = 0 from (5.15) we calculate

χw =
1

4W2 H ⋆Hw−
Ww

2W3 ‖H ‖2 =
1

4W2 H ⋆Hw−
2Ww

W
(χ −κ0),

χw =
1

4W2 H ⋆H w− Ww

2W3 ‖H ‖2 =
1

4W2 H ⋆H w−
2Ww

W
(χ −κ0)

for the first complex derivatives.
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From here we further induce

χww = − 1
2W3

{
WwH ⋆Hw +WwH ⋆H w

}
+

1
4W2 ‖Hw‖2

− Www

2W3 ‖H ‖2 +
3WwWw

2W4 ‖H ‖2 .

It follows

χwχw− χχww

=
1

16W4 (H ⋆Hw)(H ⋆H w)

− 1
8W5

{
WwH ⋆Hw +WwH ⋆H w

}
‖H ‖2

+
WwWw

4W6 ‖H ‖4− ‖H ‖2‖Hw‖2

16W4 − κ0‖Hw‖2

4W2

+
{

WwH ⋆Hw +WwH ⋆H w

}(‖H ‖2

8W5 +
κ0

2W3

)

−
(‖H ‖2

4W2 + κ0

)(
3WwWw

2W4 − Www

2W3

)
‖H ‖2

=
1

16W4

{
(H ⋆Hw)(H ⋆H w)−‖H ‖2‖Hw‖2

}

−WwWw

8W6 ‖H ‖4 +
Www

8W5 ‖H ‖4− WwWwκ0‖H ‖2

2W4 +
Wwwκ0‖H ‖2

2W3

− κ0

4W2

{
‖Hw‖2− 2

W
WwH ⋆Hw−

2
W

WwH ⋆H w +4
WwWw

W2 ‖H ‖2
}

=
1

16W4

{
(H ⋆Hw)(H ⋆H w)−‖H ‖2‖Hw‖2

}

− ‖H ‖2

2W3

{
WwWw

W
−Www

}{
κ0 +

‖H ‖2

4W2

}

− κ0

4W2

∥∥∥∥Hw− 2
W

WwH

∥∥∥∥
2

.
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Thus we arrive at the identity

χwχw− χχww =
1

16W4

{
(H ⋆Hw)(H ⋆H w)−‖H ‖2‖Hw‖2

}

− ‖H ‖2K
4W

χ − κ0

4W2

∥∥∥∥Hw− 2
W

WwH

∥∥∥∥
2

.

Notice that

− ‖H ‖2K
4W

=
χ3

2
W− χ2

2
KW+ χ

(
κ0−

3
2

χ
)

κ0W

≤ χ3

2
W− χ2

2
KW.

On the other hand, we have

(H ⋆Hw)(H ⋆H w)−‖H ‖2‖Hw‖2

=

(
n

∑
σ=1

H σ Hσ ,w

)(
n

∑
σ=1

Hσ H σ ,w

)
−
(

n

∑
σ=1

|Hσ |2
)(

n

∑
σ=1

|Hσ ,w|2
)

=

∣∣∣∣∣
n

∑
σ=1

H σ Hσ ,w

∣∣∣∣∣

2

−
(

n

∑
σ=1

|Hσ |2
)(

n

∑
σ=1

|Hσ ,w|2
)

≤ 0.

Therefore we conclude

χ3K̂ = χ2K + χ3− χ2K− κ0

2W3

∥∥∥∥Hw− 2
W

WwH

∥∥∥∥
2

+
1

8W5

{
(H ⋆Hw)(H ⋆H w)−‖H ‖2‖Hw‖2

}

≤ χ3 .

The statement follows.⊓⊔

The proof presented here is motivated by Ruchert’s considerations from [137].
We will apply Ruchert’s ingenious methods again in section 13.6.

6.6 Minimal surfaces with constant curvatureK̂

We want to conclude this chapter with some interesting characterizations of the
shape of minimal surfaces inR4 with constant curvaturêK which we take again
from Hoffman and Osserman [93].
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Theorem 6.4.There hold the following alternatives.

1. The generalized Gauss image of the minimal immersion X: B→R4 has constant
Gauss curvaturêK ≡ c. Then, c= 1 or c = 2, and

− K̂ ≡ 1 if and only if X(B) lies fully in someR3;

− K̂ ≡ 2 if and only if X(B) is a complex curve lying fully inC2, represented by
R4 endowed with some orthogonal complex structure.

2. If the generalized Gauss image of the minimal immersion X: B→ Rn+2 has con-
stant Gauss curvaturêK ≡ 2, then X(B) lies in an affine subspaceR4 ⊂ Rn+2.
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In this chapter we focus on orthonormal frames in the normal space of immersions inR4 which
are critical for a functional of total torsion. This generalizes the concept of parallel normal frames

for immersions with non-flat normal bundles.

7.1 The total torsion

In sections 5.3 and 5.4 we have introduced thetorsion T of an ONF Nin the form

T =
1
2

2

∑
i, j=1

n

∑
σ ,ϑ=1

gi j Tϑ
σ ,iT

ϑ
σ , j

as well as the followingfunctional of total torsion

TX[N] =

∫∫

B

TW dudv=
1
2

2

∑
i, j=1

n

∑
σ ,ϑ=1

∫∫

B

gi j Tϑ
σ ,iT

ϑ
σ , j W dudv.

This functional does not depend on the choice of the parametrization.But it de-
pends on the choice of the ONF N. In particular, if there exist a torsionfree ONFN
then obviouslyTX[N] = 0. Otherwise it is always greater then zero.

We want to construct orthonormal normal framesN which are minimal forT [N].

7.2 Curves inR3

To illustrate the underlying idea we want to start with constructingtorsionfree nor-
mal frames for one-dimensional curves inR3.

Let the regular and arc-length parametrized curvec= c(s) be given together with
the orthogonal moving 3-frame

{
t(s),n(s),b(s)

}
, s∈ I ⊂ R,

consisting of the unit tangential vectort(s), the unit normal vectorn(s), and the unit
binormal vectorb(s).
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These vectors are given as follows

t(s) = c′(s), n(s) =
c′′(s)
|c′′(s)| , b(s) = t(s)×n(s)

under the assumptionsc′(s) 6= 0 andc′′(s) 6= 0 for the first and second derivatives of
the mappingc(s). The curve’s curvatureκ(s) and torsionτ(s) are

κ(s) = |t ′(s)|2 , τ(s) = n′(s) ·b(s) = −b′(s) ·n(s) .

Consider now a new ONF(ñ, b̃) resulting from

ñ(s) := cosϕ n(s)+sinϕ b(s), b̃(s) := −sinϕ n(s)+cosϕ b(s)

with a rotation angleϕ . Again there hold

|ñ(s)| = 1, |b̃(s)| = 1, ñ(s) · b̃(s) = 0, ñ(s) · t(s) = 0, b̃(s) · t(s) = 0

for all s∈ I . The torsion w.r.t. this new frame, i.e.

τ̃(s) := ñ′(s) · b̃(s),

can be computed explicitely as follows

τ̃ = (−ϕ ′ sinϕ n+cosϕ n′ + ϕ ′cosϕ b+sinϕ b′) · (−sinϕ n+cosϕ b)

= ϕ ′ sin2 ϕ +cos2 ϕ n′ ·b+ ϕ ′cos2 ϕ −sin2 ϕ b′ ·n

= ϕ ′ +n′ ·b.

Thus we arrive at thetransformation formula for the two torsions

ϕ ′(s) = τ̃(s)− τ(s).

In particular, solving the ordinary differential equationϕ ′(s) = −τ(s), express-
ing the propertỹτ(s) ≡ 0, yields a rotation angle functionϕ = ϕ(s) which trans-
forms the given ONF(n,b) into a new torsionfree ONF(ñ, b̃).

Such frames are also calledparallel for their Frenét equations do not contain
normal components.

The following considerations are devoted to the construction of torsionfree or-
thonormal normal frames for surfaces in spaceR4. This problem becomes more
intricate because it will turn out that such a construction reduces to solving a partial
differential equation instead of an ordinary differenial equation.
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7.3 Coulomb ONF

Let the immersionX : B→ R4 together with an ONFN = (N1,N2) be given. We set

Ñ1 = cosϕ N1 +sinϕ N2 , Ñ2 = −sinϕ N1 +cosϕN2 (7.1)

for a new ONF(Ñ1,Ñ2) resulting from the action of theSO(2)-group realized by a
rotation angleϕ ∈ [0,2π ]. Then the situation now is comparable to the situation of
onedimensional curves inR3.

Lemma 7.1.The torsion coefficients of the ONF{Ñ1,Ñ2} are given by

T̃2
1,1 = T2

1,1 + ϕu , T̃2
1,2 = T2

1,2 + ϕv . (7.2)

Proof. Taking account ofNσ ·Nσ ,ui = 0 we compute

T̃2
1,1 = (−ϕusinϕ N1 +cosϕ N1,u + ϕucosϕ N2 +sinϕ N2,u) · . . .

. . . · (−sinϕ N1 +cosϕ N2)

= ϕusin2 ϕ −sin2 ϕ T1
2,1 +cos2 ϕ T2

1,1 + ϕucos2 ϕ

= T2
1,1 + ϕu ,

and analoguously it follows̃T2
1,2 = T2

1,2 + ϕv. ⊓⊔
The remaining componentsTσ

σ ,i vanish identically.

We are particularly interested in the difference

△TX := TX[Ñ]−TX[N],

i.e. in critical points of the functional of total torsion. For this purpose we introduce
conformal parameters(u,v) ∈ B and calculate

△TX =
∫∫

B

|∇ϕ |2dudv+2
∫∫

B

(T2
1,1ϕu +T2

1,2ϕv)dudv

=
∫∫

B

|∇ϕ |2dudv+2
∫

∂B

(T2
1,1,T

2
1,2) ·ν ϕ ds−2

∫∫

B

div(T2
1,1,T

2
1,2)ϕ dudv

(7.3)

by partial integration,ν being the outer unit normal vectorν at the boundary∂B.

In general, the right hand side of this identity does not vanishes. In this way we
immediately obtain the Euler-Lagrange equation for aTX-critical ONF.

Proposition 7.1.Let the ONF(N1,N2) of the conformally parametrized immersion
X : B→ R4 be critical for the functional of total torsionTX [N]. Then there hold

div(T2
1,1,T

2
1,2) = 0 in B̊, (T2

1,1,T
2
1,2) ·ν = 0 on∂B. (7.4)
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This leads us directly to the following

Definition 7.1. An ONF N satisfying (7.4) is called anormal Coulomb frame.

The terminologyCoulomb framewas suggested by F. Helein. It is motivated
by the similarity of (7.4) to differential equations from electromagnetism where a
vector fieldA∈ R3 is calledCoulomb gaugedif it satisfies divA= 0 with the spatial
divergence operator.

7.4 Construction of normal Coulomb frames

We want to follow up on the question ofconstructing aTX [N]-critical frame
(N1,N2) from a given ONF(Ñ1,Ñ2).

If (N1,N2) is actually critical forTX[N] then we know

0 = div(T2
1,1,T

2
1,2) = div(T̃2

1,1−ϕu, T̃2
1,2−ϕv) in B̊,

0 = (T2
1,1,T

2
1,2) ·ν = (T̃2

1,1−ϕu, T̃2
1,2−ϕv) ·ν on ∂B,

by virtue of (7.2) and (7.4). This implies our next result.

Proposition 7.2.Let the conformally parametrized immersion X: B→R4 be given.
Its ONF(Ñ1,Ñ2) transforms into aTX [N]-critical ONF (N1,N2) by means of (7.2)
if and only if the new torsion coefficients satisfy the following Neumann boundary
value problem

∆ϕ = div(T̃2
1,1, T̃

2
1,2) in B̊,

∂ϕ
∂ν

= (T̃2
1,1, T̃

2
1,2) ·ν on ∂B

(7.5)

with a critical rotation angleϕ = ϕ(u,v).

It is well known that the Neumann problem

∆ϕ = f in B̊,
∂ϕ
∂ν

= g on ∂B

has a solution if and only if the integrability condition
∫∫

B

f dudv=

∫

∂B

gds

holds true. Obviously this condition is fulfilled in our situation, and thus there actu-
ally exist a normal Coulomb frameN. Note that such a frameis not uniquely deter-
minedbecausea rotation of the whole normal Coulomb frame N about an arbitrary
global constant angleϕ0 does not affect the Euler-Lagrange equation.
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7.5 Minimality of normal Coulomb frames

Although normal Coulomb frames are not uniquely determinedwe can prove that
they actually minimize the functional of total torsion.

For this purpose letN = (N1,N2) be aTX [N]-critical ONF. Applying the above
SO(2)-action with a rotation angleϕ we infer

T [Ñ] = T [N]+2
∫∫

B

|∇ϕ |2dudv

taking (7.3) together with the Euler-Lagrange equation (7.4) into account.

Proposition 7.3.A normal Coulomb frame N of the immersion X: B → R4 mini-
mizes the functionalTX[N] of total torsion, i.e. it holds

T [N] ≤ T [Ñ]

for all normal frames̃N resulting from (7.1).

7.6 A torsion estimates via the maximum principle

Let (u,v) ∈ B be conformal parameters. We want to establish upper bounds for the
torsion coefficients of normal Coulomb frames ofX : B→ R4.

Assume first that the surfaceX has flat normal bundle. Then our considerations
from section 3.7 yield

S2
1,12 = ∂vT

2
1,1− ∂uT2

1,2 = div(−T2
1,2,T

2
1,1) ≡ 0 in B (7.6)

for the only non-trivial component of the curvature tensor of the normal bundle.
Furthermore, from the Euler-Lagrange equation (7.4) we infer that for aTX [N]-
critical ONF N, the vector field(−T2

1,2,T
2
1,1) is parallel to the outer unit normal

vectorν along∂B. Thus partial integration gives us
∫∫

B

S2
1,12dudv=

∫

∂B

(−T2
1,2,T

2
1,1) ·ν ds= ±

∫

∂B

√
(T2

1,1)
2 +(T2

1,2)
2ds.

In particular, in case of flat normal bundles withS2
1,12≡ 0 we find

Tϑ
σ ,i ≡ 0 on∂B

for all i = 1,2 andσ ,ϑ = 1,2.
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On the other hand, differentiating (7.6) and taking the Euler-Lagrange equation
(7.4) into account, we arrive at

∆T2
1,1 =

∂
∂v

S2
1,12 = 0, ∆T2

1,2 = − ∂
∂u

S2
1,12 = 0

for flat normal bundles.Therefore T21,1 and T2
1,2 are harmonic functions, and the

maximum principle implies

Tϑ
σ ,i ≡ 0 in B for all i = 1,2 andσ ,ϑ = 1,2. (7.7)

This now holds true for all parametrizations of classP.

Theorem 7.1.A normal Coulomb frame N of an immersion X: B → R4 with flat
normal bundle is free of torsion.

In summary we have proved existence of regular normal Coulomb frames, and
if additionally the normal bundle of the surface is flat then those frames are free of
torsion. Existence results concerning such situations in case of manifolds immersed
in Euclidean spaces of higher dimension can be found e.g. in Chen [27].

Next we want to consider the case ofnon-flat normal bundles.Due to the Euler-
Lagrange equation (7.4), the torsion vector(T2

1,1,T
2
1,2) of a normal Coulomb frame

is divergence-free. Thus the differential 1-form

ω := −T2
1,2du+T2

1,1dv

is closed, i.e.

dω = ∂uT2
1,1du∧dv− ∂vT

2
1,2dv∧du= div(T2

1,1,T
2
1,2)du∧dv= 0.

Now from Poincare’s lemma we infer the existence of aC3-regular functionτ
with the property

dτ = τu du+ τvdu= ω , i.e.∇τ = (−T2
1,2,T

2
1,1).

Differentiating, taking againS2
1,12 = ∂vT2

1,1−∂uT2
1,2 into account, leads to the homo-

geneous boundary value problem

△τ = S2
1,12 in B̊, τ = 0 on∂B. (7.8)

To justify the homogeneous boundary values note that∇τ · (−v,u) = 0 on ∂B
since(−v,u) ∈ ∂B represents a tangential vector. We concludeτ = const on∂B.
But τ is only defined up to a constant which can be chosen such that (7.8) is true.

Next we want to establish bounds forτ and its gradient.



7.6 A torsion estimates via the maximum principle 113

First use Poisson’s representation formula for the solution τ of the foregoing
Dirichlet boundary value problem, i.e.

τ(w) =

∫∫

B

Φ(ζ ;w)S2
1,12(ζ )dξ dη , ζ = (ξ ,η), (7.9)

with the non-positive Green’s function

Φ(ζ ;w) :=
1

2π
log

∣∣∣∣
ζ −w
1−wζ

∣∣∣∣ , ζ 6= w, (7.10)

for the Laplace operator△ (see e.g. Sauvigny [143], chapter VIII, §1). Note that

ψ(w) =
|w|2−1

4
solves △ψ = 1 in B̊ andψ = 0 on∂B.

Therefore Poisson’s representation formula yields

∫∫

B

|Φ(ζ ;w)|dξ dη =
1−|w|2

4
≤ 1

4
.

Lemma 7.2.The solutionτ from (7.8), (7.9) satisfies

|τ(w)| ≤ 1
4
‖S2

1,12‖C0(B) . (7.11)

This is nothing else but a maximum principle for the above homogeneous bound-
ary value problem for the integral functionτ.

Potential theoretic estimates for the Laplacian (see e.g. Sauvigny [143], chapter
IX, §4, Satz 1) ensure finally the existence of a real constantC = C(α) such that

‖τ‖C2+α (B) ≤C(α)‖S2
1,12‖Cα (B) (7.12)

for all α ∈ (0,1). But the gradient ofτ codifies the torsion coefficients. Thus we
have proved the main result of this section.

Theorem 7.2.Let the conformally parametrized immersion X: B → R
4 with nor-

mal bundle of curvature S21,12 be given. Then the torsion coefficients of a normal
Coulomb frame N= (N1,N2) satisfy

‖Tϑ
σ ,i‖C1+α (B) ≤C(α)‖S2

1,12‖Cα (B) (7.13)

for all α ∈ (0,1) with the constant C(α) from (7.12).

We particularly recover (7.7) for flat normal bundles with‖S2
1,12‖Cα (B) = 0.
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7.7 A torsion estimate via a Riemann-Hilbert problem

Once again, let us consider (7.4) and (7.6) for normal Coulomb frames

∂
∂u

T2
1,1 +

∂
∂v

T2
1,2 = 0,

∂
∂v

T2
1,1−

∂
∂u

T2
1,2 = S2

1,12.

We immediately obtain

Lemma 7.3.The complex-valued torsion

Ψ := T2
1,1− iT2

1,2 ∈ C

solves the non-homogeneous Cauchy-Riemann equation

Ψw =
1
2

(∂uΨ + i∂vΨ ) =
1
2

(∂uT2
1,1 + ∂vT

2
1,2)+

i
2

(∂vT
2
1,1− ∂uT2

1,2) =
i
2

S2
1,12 (7.14)

in the open disc̊B.

Note thatthe right hand side here is purely imaginary.In addition we write the
boundary condition from (7.4) as

Re
[
wΨ(w)

]
= Re

[
(T2

1,1− iT2
1,2)(u+ iv)

]
= T2

1,1u+T2
1,2v = (T2

1,1,T
2
1,2) ·ν (7.15)

on the boundary curve∂B with its outer unit normal vectorν = (u,v).

The relations (7.14) and (7.15) form what is called alinear Riemann-Hilbert
problemfor Ψ . There is a big machinery to treat such mathematical problem using
tools from complex analysis. We want to refer the reader e.g.to Begehr and Wen
[10], Courant and Hilbert [40], Sauvigny [143], Vekua [161], or Wendland [164] for
a first orientation as well as various detailed studies.

Below we construct an explicit solution of our Riemann-Hilbert problem. As it
already turns out now this solution is the only possible.

Lemma 7.4.The Riemann-Hilbert problem (7.14), (7.15) possesses at most one so-
lutionΨ ∈C1(B̊,C)∩C0(B,C).

Proof. Assume there are two such solutionsΨ1 andΨ2. Then we set

Φ(w) := w[Ψ1(w)−Ψ2(w)]

and compute
Φw = 0 in B̊, ReΦ = 0 on∂B.

Consequently, it holdsΦ ≡ ic in B with some real constantc ∈ R. But Φ(w) is a
continuous function, andΦ(0) = 0 impliesc = 0. ThusΨ1 ≡Ψ2. ⊓⊔

Following Vekua [161] (see also Sauvigny [143]) we will solve our Riemann-
Hilbert problem in terms of so-calledgeneralized analytic functions.Here come
some facts about this important class of complex-valued functions.
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For arbitraryf ∈C1(B,C) we defineCauchy’s integral operatorby

TB[ f ](w) := − 1
π

∫∫

B

f (ζ )

ζ −w
dξ dη , w∈ C. (7.16)

Lemma 7.5.There hold TB[ f ] ∈C1(C\ ∂B)∩C0(C) as well as

∂
∂w

TB[ f ](w) =

{
f (w), w∈ B̊

0, w∈ C\B
. (7.17)

Proof. We want to verify briefly the validity of the stated complex-valued differ-
ential equation, see Sauvigny [143], chapter IV, §5. Let{Gk}k∈N be a sequence of
open, simply connected and smoothly bounded domains contracting to some point
z0 ∈ B for k → ∞. Let |Gk| denote the respective areas. Making use ofCauchy’s
integral formula ∫

Gk

g(w)

w− ζ
dw= 2π ig(ζ )

we compute with the characteristic functionsχk

1
2i|Gk|

∫

∂Gk

TB[ f ](w)dw =
1

2i|Gk|

∫

∂Gk


− 1

π

∫∫

B

f (ζ )

ζ −w
dξ dη


dw

=
1

2π i|Gk|

∫∫

B


 f (ζ )

∫

∂Gk

1
w− ζ

dw


dξ dη

=
1

2π i|Gk|

∫∫

B

f (ζ ) ·2π iχGk(ζ )dξ dη

=
1

|Gk|

∫∫

Gk

f (ζ )dξ dη .

Now recallingthe integration by parts rule in complex form

∫∫

Gk

d
dw

f (w)dξ dη =
1
2i

∫

∂Gk

f (z)dz

we get in the limit

d
dw

TB[ f ](w) = lim
k→∞

1
2i|Gk|

∫

∂Gk

TB[ f ](w)dw= f (z0)

for all z0 ∈ B. The statement follows.⊓⊔
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Next we set

PB[ f ](w) := − 1
π

∫∫

B

{
f (ζ )

ζ −w
+

ζ f (ζ )

1−wζ

}
dξ dη

= TB[ f ](w)+
1
w

TB[w f ]
( 1

w

)
.

Now Satz 1.24 from Vekua [161] states the following

Lemma 7.6.With the definitions above we have the uniform estimate
∣∣PB[ f ](w)

∣∣ ≤C(p)‖ f‖Lp(B), w∈ B,

where p∈ (2,+∞], and C(p) is a positive constant dependent only on p.

Using this result (which remains unproved here) we obtain the following main
result of this section.

Theorem 7.3.Let the conformally parametrized immersion X: B → R4 be given.
Then the complex-valued torsionΨ of a normal Coulomb frame N satisfies

|Ψ (w)| ≤ c(p)‖S2
1,12‖Lp(B) for all w ∈ B

with some positive constant c(p) and p∈ (2,+∞].

For flat normal bundles we again verify that a normal Coulomb frame is free of
torsion:Tϑ

σ ,i ≡ 0.

Proof. Let us write

f :=
i
2

S2
1,12∈C1(B,C)

to apply the foregoing results. We claim that the complex-valued torsionΨ pos-
sesses the integral representation

Ψ(w) = PB[ f ](w) = − 1
π

∫∫

B

{
f (ζ )

ζ −w
+

ζ f (ζ )

1−wζ

}
dξ dη , w∈ B̊.

Then the stated estimate follows at once from the above lemma. First we claim

wPB[ f ](w) =
1
π

∫∫

B

f (ζ )dξ dη +TB[w f ](w)−TB[w f ]
( 1

w

)
.
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Let us check this identity:

1
π

∫∫

B

f (ζ )dξ dη +TB[w f ](w)−TB[w f ](w−1)

=
1
π

∫∫

B

f (ζ )dξ dη − 1
π

∫∫

B

ζ f (ζ )

ζ −w
dξ dη −TB[w f ](w−1)

= − w
π

∫∫

B

f (ζ )

ζ −w
dξ dη +

1
π

∫∫

B

ζ f (ζ )

ζ − 1
w

dξ dη

= − w
π

∫∫

B

f (ζ )

ζ −w
dξ dη +

w
π

∫∫

B

ζ f (ζ )

ζ w−1
dξ dη

= − w
π

∫∫

B

(
f (ζ )

ζ −w
+

ζ f (ζ )

1− ζ w

)
dξ dη

which already shows the stated identity.

Next, takingf = i
2 S2

1,12 into account, we infer

Re
{

wPB[ f ](w)
}

= 0, w∈ ∂B,

what follows from

TB[1
2 iwS2

1,12](w)−TB[1
2 iwS2

1,12](w
−1)

= − 1
π

∫∫

B

i
2

ζS2
1,12

ζ −w
dξ dη +

1
π

∫∫

B

i
2

ζS2
1,12

ζ −w−1

= − i
2π

∫∫

B

(
ζ

ζ −w
+

ζ
ζ − 1

w

)
S2

1,12dξ dη .

The entry in the brackets is a real number because1
w = w

|w|2 = w holds true on the

boundary∂B. Investing additionally

∂
∂w

PB[ f ](w) = f (w)

due to (7.17) and our representation ofPB[ f ](w) we conclude thatPB[ f ](w) solves
the Riemann-Hilbert problem forΨ . The previous uniqueness result proves the
stated representation.⊓⊔

Note that our proof relies crucially on the factthat f = i
2 S2

1,12 is purely imagi-
nary!
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7.8 Estimates for the total torsion

The previous results allow us immediately to establish lower and upper bounds for
the total torsionTX[N] for normal Coulomb framesN. Namely, letX : B→ R4 be
conformally parametrized such that

TX[N] =
∫∫

B

{
(T2

1,1)
2 +(T2

1,2)
2
}

dudv.

Thus Theorem 7.2 gives

TX [N] ≤ 2C(α)2‖S2
1,12‖2

Cα (B) ·
∫∫

B

1dudv= 2πC(α)2‖S2
1,12‖2

Cα (B) .

Analogously, Theorem 7.3 yields

TX[N] ≤ πc(p)2‖S2
1,12‖2

Lp(B) , p > 2.

We want to reformulate these two results using the invariantscalar curvature
S= W−1S2

1,12 of the normal bundle.

Theorem 7.4.Let the conformally parametrized immersion X: B → R4 together
with a normal Coulomb frame N be given. Then there hold

TX [N] ≤ 2πC(α)2‖SW‖2
Cα (B)

for all α ∈ (0,1) with the real constant C= C(α) from Theorem 7.2, as well as

TX[N] ≤ πc(p)2‖SW‖2
Lp(B)

for all p ∈ (2,+∞] with the real constant c= c(p) from Theorem 7.3.

The following lower bound for the total torsion of normal Coulomb framesN is
a special case of a general estimate which we will prove in thenext chapter.

Theorem 7.5.Let the conformally parametrized immersion X: B → R4 together
with a normal Coulomb frame N be given. Assume S2

1,12 6≡ 0. Then it holds

TX [N] ≥
( ‖S2

1,12‖2
L2(B)

2(1−ρ)2‖S2
1,12‖2

L2(Bρ )

+
‖∇S2

1,12‖2
L2(B)

‖S2
1,12‖2

L2(Bρ )

)−1

‖S2
1,12‖2

L2(Bρ ) > 0

whereρ = ρ(S2
1,12) ∈ (0,1) is chosen such that

‖S2
1,12‖2

L2(Bρ ) =

∫∫

Bρ (0)

|S2
1,12|2dudv> 0.
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7.9 An example: Holomorphic graphs inC2

Let us again consider minimal surface graphs

X(w) = (w,Φ(w)), w = u+ iv ∈ B,

with a holomorphic functionΦ = ϕ + iψ . Then the Euler unit normal vectors

N̂1 =
1√
W

(−ϕu,−ϕv,1,0), N̂2 =
1√
W

(−ψu,−ψv,0,1) (7.18)

form an orthonormal normal frame with the area element

W = 1+ |∇ϕ |2 = 1+ |Φw|2 .

Note here that

Φw = ϕw + iψw =
1
2

{
ϕu− iϕv + iψu + ψv

}
= ϕu− iϕv

due toϕu = ψv, ϕv = −ψu. We especially infer

∆ϕ = ∆ψ = 0,

i.e.X represents a conformally parametrized minimal graph inR4.

For the torsion coefficients we compute

T2
1,1 = N̂1,u · N̂2 =

1
W

(−ϕuuϕv + ϕuvϕu) =
1

2W
∂
∂v

(|∇ϕ |2) ,

T2
1,2 = N̂1,v · N̂2 = − 1

2W
∂

∂u
(|∇ϕ |2) .

Consequently it holds
div(T2

1,1,T
2
1,2) = 0 in B.

In order to check the boundary condition in (7.4) we introduce polar coordinates
u = r cosα, v = r sinα. Since1

r
∂

∂α = u ∂
∂v −v ∂

∂u we obtain

(T2
1,1,T

2
1,2) ·ν =

1
2W

(
u

∂
∂v

−v
∂

∂u

)
|∇ϕ |2 =

1
2W

∂
∂α

|Φw|2 on∂B.

Proposition 7.4.Given the conformally parametrized minimal graph(w,Φ(w))
with a holomorphic functionΦ = ϕ + iψ . Then the Euler ONF{N1,N2} from (7.18)
represents a normal Coulomb frame if and only if|Φw| is constant on∂B.

In particular, this result applies to graphsX(w) = (w,wn) for arbitraryn∈ N!
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7.10 Application to the mean curvature flow inR4

We consider a family of immersionsX(u,v;τ) evolving by themean curvature flow
in direction of the mean curvature vectorH as follows

Xτ ≡
∂X
∂τ

= −
2

∑
σ=1

Hσ Nσ = −H.

We want to compute the evolution of the scalar curvatureS= W−1S2
1,12 of the

normal bundle under this flow. LetN = (N1,N2) be an initial ONF.

Lemma 7.7.The evolution of an unit normal vector Nσ reads

Nσ ,τ =
2

∑
i, j=1

gi j

(
Hσ ,ui +

2

∑
ε=1

HεTσ
ε,i

)
Xu j +

2

∑
ε=1

Tε
σ ,τNε (7.19)

for σ = 1,2 with theτ-directed torsion coefficients

Tε
σ ,τ = Nσ ,τ ·Nε = −Nσ ·Nε,τ = −Tσ

ε,τ .

Proof. We make the ansatz

Nσ ,τ =
2

∑
i, j=1

gi j (Nσ ,τ ·Xui )Xu j +
2

∑
ε=1

(Nσ ,τ ·Nε)Nε

=
2

∑
i, j=1

gi j (Nσ ,τ ·Xui )Xu j +
2

∑
ε=1

Tε
σ ,τNε .

On the other hand, due to the mean curvature flow equation, differentiation of the
identityXui ·Nσ = 0 w.r.t.τ yields

Nσ ,τ ·Xui = −Xuiτ ·Nσ =

(
2

∑
ε=1

Hε Nε

)

ui

·Nσ

= (Hε,ui )Nε ·Nσ +
2

∑
ε=1

HεTϑ
ε,iNϑ ·Nσ

proving the statement.⊓⊔
Thus setting

ai
1 :=

2

∑
j=1

gi j (H1,u j +H2T1
2, j) , ai

2 :=
2

∑
j=1

gi j (H2,u j +H1T2
1, j)

we find

N1,τ =
2

∑
i=1

ai
1Xui +T2

1,τN2 , N2,τ =
2

∑
i=1

ai
2Xui +T1

2,τN1 .



7.10 Application to the mean curvature flow inR
4 121

Theorem 7.6.The evolution of the scalar curvature S of the normal bundle under
the mean curvature flow is given by divergence term

Sτ =
2

∑
i=1

(−ai
1L2,i2 +ai

2L1,i2)u +
2

∑
i=1

(ai
1L2,i1−ai

2L1,i1)v .

Proof. We calculate

∂T2
1,1

∂τ
= (N1,u ·N2)τ = (N1,τu) ·N2 +N1,u ·N2,τ

=

(
2

∑
i=1

ai
1Xui +T2

1,τN2

)

u

·N2 + . . .

. . .+

(
−

2

∑
m,n=1

L1,1mgmnXun +T2
1,1N2

)
·
(

2

∑
i=1

ai
2Xui +T1

2,τN1

)

=
2

∑
i=1

ai
1Xuiu ·N2 +

∂T2
1,τ

∂u
−

2

∑
i=1

2

∑
m,n=1

ai
2L1,1mgmngni

=
2

∑
i=1

ai
1L2,i1 +

∂T2
1,τ

∂u
−

2

∑
i=1

ai
2L1,1i

as well as

∂T2
1,2

∂τ
= (N1,v ·N2)τ = (N1,τv) ·N2 +N1,v ·N2,τ

=
2

∑
i=1

ai
1Xuiv ·N2 +

∂T2
1,τ

∂v
−

2

∑
i=1

2

∑
m,n=1

ai
2L1,2mgmngni

=
2

∑
i=1

ai
1L2,i2 +

∂T2
1,τ

∂v
−

2

∑
i=1

ai
2L1,2i .

It follows that

Sτ =
∂ 2T2

1,1

∂τ∂v
−

∂ 2T2
1,2

∂τ∂u

=
2

∑
i=1

div(−ai
1L2,i2 +ai

2L1,i2,a
i
1L2,i1−ai

2L1,i1)−
∂ 2T2

1,τ

∂u∂v
+

∂ 2T2
1,τ

∂v∂u

=
2

∑
i=1

div(−ai
1L2,i2 +ai

2L1,i2,a
i
1L2,i1−ai

2L1,i1)

as stated. ⊓⊔
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Evolution of the torsion coefficients

We want to refer the reader’s attention to an interesting artefact arising with the
evolution of the torsion coefficientsTϑ

σ ,i . Consider for this purpose the general case
n≥ 2 of arbitrary codimensions.

Lemma 7.8.It holds

Nσ ,ui ·∂τNϑ = −
2

∑
j ,k=1

Lσ ,i j g
jkHϑ ,uk +

2

∑
i, j=1

n

∑
ω=1

Hω Lσ ,i j g
jkTω

ϑ ,k−
n

∑
ω=1

Tω
σ ,iT

ϑ
ω,τ

for all i = 1,2 andσ ,ϑ = 1, . . . ,n.

Proof. We compute

Nσ ,ui ·∂τNϑ =
2

∑
j ,k=1

gk jHϑ ,ukXu j ·Nσ ,ui −
2

∑
j ,k=1

n

∑
ω=1

gk jTω
ϑ ,kHωXu j ·Nσ ,ui

+
n

∑
ω=1

Tω
ϑ ,τNω ·Nσ ,ui

= −
n

∑
j ,k=1

gk jHϑ ,ukLσ ,i j +
2

∑
j ,k=1

n

∑
ω=1

Lσ ,i j g
k jHωTω

ϑ ,k +
n

∑
ω=1

Tω
ϑ ,τTω

σ ,i

proving the statement.⊓⊔

Lemma 7.9.It holds

∂τ Nσ ,ui ·Nϑ =
2

∑
r,s=1

grsHσ ,ur Lϑ ,is−
2

∑
r,s=1

n

∑
ω=1

grsHωTω
σ ,rLϑ ,is + ∂ui Tϑ

σ ,τ

+
n

∑
ω=1

Tω
σ ,τTϑ

ω,i

for all i = 1,2 andσ ,ϑ = 1, . . . ,n.

Proof. For we compute

∂τ Nσ ,ui ·Nϑ =
2

∑
r,s=1

grsHσ ,ur Xuius ·Nϑ −
2

∑
r,s=1

n

∑
ω=1

grsHωTω
σ ,rXuius ·Nϑ

+
n

∑
ω=1

∂ui Tω
σ ,τ δωϑ +

n

∑
ω=1

Tω
σ ,τNω,ui ·Nϑ

=
2

∑
r,s=1

grsHσ ,ur Lσ ,is−
2

∑
r,s=1

n

∑
ω=1

grsHωTω
σ ,rLϑ ,is + ∂ui Tϑ

σ ,τ +
n

∑
ω=1

Tω
σ ,τTϑ

ω,i

proving the statement.⊓⊔
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Using these two results we are able to compute the evolution of the torsion coef-
ficients.

Proposition 7.5.It holds

∂τTϑ
σ ,i =

2

∑
j ,k=1

g jk(Lϑ ,ikHσ ,ui −Lσ ,i j Hϑ ,uk)+
2

∑
j ,k=1

n

∑
ω=1

g jkHω(Lσ ,i j T
ω

ϑ ,k−Lϑ ,ikTω
σ , j)

+∂ui Tϑ
σ ,τ +

n

∑
ω=1

(Tω
σ ,τTϑ

ω,i −Tω
σ ,iT

ϑ
ω,τ)

Proof. This follows from

∂τTϑ
σ ,i = ∂τ (Nσ ,ui ·Nϑ ) = ∂τNσ ,ui ·Nϑ +Nσ ,ui ·∂τNϑ

=
2

∑
r,s=1

grsHσ ,ur Lϑ ,is−
2

∑
r,s=1

n

∑
ω=1

grsHωTω
σ ,rLϑ ,is + ∂ui Tϑ

σ ,τ +
n

∑
ω=1

Tω
σ ,τTϑ

ω,i

= −
2

∑
j ,k=1

Lσ ,i j g
jkHϑ ,uk +

2

∑
j ,k=1

n

∑
ω=1

Lσ ,i j g
jkHω Tω

ϑ ,k−
n

∑
ω=1

Tω
σ ,iT

ϑ
ω,τ

=
2

∑
j ,k=1

g jk(Lϑ ,ikHσ ,u j −Lσ ,i j Hϑ ,uk)+
2

∑
j ,k=1

n

∑
ω=1

g jkHω (Lσ ,i j T
ω

ϑ ,k−Lϑ ,ikTω
σ , j)

+∂ui Tϑ
σ ,τ +

n

∑
ω=1

(Tω
σ ,τTϑ

ω,i −Tω
σ ,iT

ϑ
ω,τ)

as stated. ⊓⊔

Let us now consider the evolution of a minimal surface inR4 under mean curva-
ture flow with the propertyH ≡ 0 for all timesτ. We obtain

∂τT2
1,1 = ∂uT2

1,τ , ∂τ T2
1,2 = ∂vT

2
1,τ

and even though flow does not affect the geometry of the surfaces it actually has
consequences of the evolution of the ONF!

Gauge of the time torsion coefficients

The idea to ensure that the whole ONF remains unaffected in this special case just
discussed is to introduce anadditional gauge for the time torsion coefficients Tϑ

σ ,τ .

This involves various technical difficulties even in casen = 2. Hence we want
to present an algorithm which at least guaranteesthat a normal Coulomb frame
actually remains a normal Coulomb frame under the flow.
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For this purpose we first have to establish the Euler-Lagrange equation for normal
Coulomb frames in arbitrary parametizations. Using our SO(2)-action

Ñ1 = cosϕN1 +sinϕN2 , Ñ2 = −sinϕN1 +cosϕN2

we proceed as follows:

TX[Ñ] =
2

∑
i, j=1

∫∫

B

gi j (T2
1,i + ϕui )(T2

1, j + ∂u j )W dudv

= TX[N]+
2

∑
i, j=1

∫∫

B

gi j (T2
1,iϕu j +T2

1, jϕui )W dudv+o(ϕu,ϕv)

= TX[N]+2
2

∑
j=1

∫∫

B

(g j1WT2
1, j ,g

j2WT2
1, j) · (ϕu,ϕv)dudv+o(ϕu,ϕv)

= TX[N]−2
2

∑
i, j=1

∫∫

B

∂ui (gi jWT2
1, j)ϕ dudv−2

2

∑
i, j=1

∫

∂B

gi jWT2
1, jνi ds

+o(ϕu,ϕv)

with the outer unit normal vectorν = (ν1,ν2) at the boundary curve∂B. Thus we
have proved the

Lemma 7.10.A normal Coulomb frame N= (N1,N2) for the immersion X: B→R4

solves the Neumann boundary value problem

2

∑
i, j=1

∂ui (Wgi j Tϑ
σ , j) = 0 in B,

2

∑
i, j=1

(Wgi j Tϑ
σ ,i) ·ν j = 0 in B.

In the special case of a conformally parametrized immersionX : B → R4 we
recover our Euler-Lagrange equation from (7.4), namely

div(T2
1,1,T

2
1,2) = 0 in B, (T2

1,1,T
2
1,2) ·ν = 0 on∂B.

Now back to our problem: Differentiation of the Euler-Lagrange equation taking
account of the identity

∂τ(Wgi j ) = 0 for i, j = 1,2

since the minimal surface remains fixed under mean curvatureflow, we infer

0 =
2

∑
i, j=1

∂ui ∂τ(Wgi j Tϑ
σ , j) =

2

∑
i, j=1

∂ui (Wgi j ∂τTϑ
σ , j)

=
2

∑
i, j=1

∂ui (Wgi j ∂u j Tϑ
σ ,τ) = W∆ds2T

ϑ
σ ,τ
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with the invariant Laplace-Beltrami operator

∆ds2ψ =
2

∑
i, j=1

∂ui (Wgi j ∂u j ψ).

This leads us to the following characterization.

Proposition 7.6.Let n= 2 and H≡ 0. Then the mean curvature flow does not affect
the Coulomb frame property if and only if

∆ds2Tϑ
σ ,i = 0 in B

for all i = 1,2 andσ ,ϑ = 1,2, and for all timesτ.

Parallel mean curvature vector

From chapter 2 we recall the definition ofa mean curvature vector H parallel in the
normal bundle,i.e.

H⊥
u ≡ 0, H⊥

v ≡ 0,

or equivalently
H1,u−T2

1,1H2 = 0, H1,v−T2
1,2H2 = 0,

H2,u +T2
1,1H1 = 0, H2,v +T2

1,2H2 = 0

in casen = 2.

Proposition 7.7.If the mean curvature H is parallel in the normal bundle for all
times then the curvature S= S2

1,12 is constant in time, i.e. it holds

∂τ S≡ 0.

Proof. From Proposition 7.5 we infer the representations

∂τT2
1,1 =

2

∑
j ,k=1

{
(L2,1 jH1,uk −L1,1 jT

2
1,kH1)− (L1,1 jH2,uk +L2,1 jT

2
1,kH2)

}
g jk

+∂uT2
1,τ ,

∂τT2
1,2 =

2

∑
j ,k=1

{
(L2,2 jH1,uk −L1,2 jT

2
1,kH1)− (L1,2 jH2,uk +L2,2kT

2
1, jH2)

}

+∂vT
2
1,τ .
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Now we evaluate the parallelity condition to obtain

2

∑
j ,k=1

{
(L2,1 jH1,uk −L1,1 jT

2
1,kH1)− (L1,1 jH2,uk +L2,1 jT

2
1,kH2)

}
g jk

=
2

∑
j ,k=1

{
g jkL2,1 jT

2
1,kH2−g jkL1,1 jT

2
1,kH1 +g jkL1,1 jT

2
1,kH1−g jkL2,1 jT

2
1,kH2

}

= 0

as well as

2

∑
j ,k=1

{
(L2,2 jH1,uk −L1,2 jT

2
1,kH1)− (L1,2 jH2,uk +L2,2kT

2
1, jH2)

}
g jk

=
2

∑
j ,k=1

{
g jkL2,2 jT

2
1,kH2−g jkL1,2 jT

2
1,kH1 +g jkL1,2 jT

2
1,kH1−g jkL2,2kT

2
1, jH2

}

= 0.

This implies
∂τ T2

1,1 = ∂uT2
1,τ , ∂τT2

1,2 = ∂vT
2
1,τ ,

and therefore it follows that

∂τS= ∂τ(∂vT
2
1,1− ∂uT2

1,2) = ∂v∂uT2
1,τ − ∂u∂vT

2
1,τ = 0

proving the statement.⊓⊔

It remains open to identitfy geometric constellations where the mean curvature
vector is actually parallel in the normal bundle for all times.

For further discussions on the mean curvature flow for special surface classes we
want to refer the reader to Terng [156], Liu and Terng [116], or Smoczyk, Wang and
Xin [148]. But a satisying theory seems to fail up to the present.
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In this chapter we consider surfaces inRn+2 and their orthonormal normal frames critical for the

functional of total torsion. We extend the results of the previous chapter, but in this general case
now the analysis becomes more intricate for the fact that normal Coulomb frames are solutions of

non-linear and inhomogeneous elliptic systems of partial differential equations.

8.1 Problem formulation

We want to generalize our results of the previous chapter to the case of arbitrary
codimensionn ≥ 2. We start with computing the Euler-Lagrange equations of the
following parameter invariant functional of total torsion

TX [N] =
1
2

2

∑
i, j=1

n

∑
σ ,ϑ=1

∫∫

B

gi j Tϑ
σ ,iT

ϑ
σ , jW dudv

for a normal frameN = (N1, . . . ,Nn). It will turn out that these equations form a
nonlinear system of elliptic partial differential equations with quadratic growth in
the gradient.

We derive analytical and geometric properties of critical points, and we will es-
tablish existence and regularity results for normal framesin case of vanishing cur-
vature of the normal bundle as well as for normal Coulomb frames in the general
situation of non-flat normal bundles.

8.2 The Euler-Lagrange equations

Normal Coulomb frames

Due to do Carmo [22], chapter 3, section 2 we can construct a family R(w,ε) of
rotations from the Lie groupSO(n) for an arbitrary skew-symmetric matrix

A(w) = (aσϑ (w))σ ,ϑ=1,...,n ∈C∞(B,so(n))

by means of the geodesic flow inSO(n), with so(n) the associated Lie algebra.
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In terms of such a one-parameter family of rotations

R(w,ε) =
(
Rϑ

σ (w,ε)
)

σ ,ϑ=1,...,n ∈C∞(B× (−ε0,+ε0),SO(n)),

with sufficiently smallε > 0 such that

R(w,0) = E
n ,

∂
∂ε

R(w,0) = A(w) ∈C∞(B,so(n))

holds true with then-dimensional unit matrixEn, we consider variations

Ñ = (Ñ1, . . . ,Ñn)

of a given orthonormal normal frameN = (N1, . . . ,Nn) by means of

Ñσ (w,ε) :=
n

∑
ϑ=1

rσϑ (w,ε)Nϑ (w), σ = 1, . . . ,n.

Such a matrixA(w) is the essential ingredient for the following definition of the
first variation of total functional.

Definition 8.1. An orthonormal normal frameN is calledcritical for the functional
of total torsionor anormal Coulomb frameif and only if the first variation

δTX[N;A] := lim
ε→0

1
ε
{
TX[Ñ]−TX[N]

}

vanishes w.r.t. all skew-symmetric perturbationsA(w) ∈C∞(B,so(n)).

Computation of the first variation

Now we come to the computation of the first variation of the functionalTX[N] and
determine the according Euler-Lagrange equations.

Proposition 8.1.The ONF N is a normal Coulomb frame if and only if its torsion
coefficients solve the following system of Neumann boundaryvalue problems

div(Tϑ
σ ,1,T

ϑ
σ ,2) = 0 in B, (Tϑ

σ ,1,T
ϑ

σ ,2) ·ν = 0 on ∂B

for all σ ,ϑ = 1, . . . ,n, and whereν denotes the outer unit normal vector along the
boundary curve∂B.

Compare it with the single Euler-Lagrange equation in casen = 2 of two codi-
mensions

div(T2
1,1,T

2
1,2) = 0 in B, (T2

1,1,T
2
1,2) ·ν = 0 on∂B.
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Proof. We consider the one-parameter family of rotations

R(w,ε) = (rσϑ (w,ε))σ ,ϑ=1,...,n

as in the introduction. Expanding aroundε = 0 yields

R(w,ε) = E
n + εA(w)+o(ε).

Now we apply the rotationR(w,ε) to the given ONFN. The resulting unit normal
vectorsÑ1, . . . ,Ñn are then determined by

Ñσ =
n

∑
ϑ=1

rσϑ Nϑ =
n

∑
ϑ=1

{
δσϑ + εaσϑ +o(ε)

}
Nϑ = Nσ + ε

n

∑
ϑ=1

aσϑ Nϑ +o(ε),

and for their derivatives we compute

Ñσ ,uℓ = Nσ ,uℓ + ε
n

∑
ϑ=1

(
aσϑ ,uℓNϑ +aσϑNϑ ,uℓ

)
+o(ε).

Consequently, the new torsion coefficients can be expanded to

T̃ω
σ ,ℓ = Ñσ ,uℓ · Ñω

= Nσ ,uℓ ·Nω + ε
n

∑
ϑ=1

(
aσϑ ,uℓNϑ +aσϑNϑ ,uℓ

)
·Nω

+ε Nσ ,uℓ ·
n

∑
ϑ=1

aωϑ Nϑ +o(ε)

= Tω
σ ,ℓ + εaσω,uℓ + ε

n

∑
ϑ=1

{
aσϑ Tω

ϑ ,ℓ +aωϑ Tϑ
σ ,ℓ

}
+o(ε)

such that for their squares we infer

(T̃ω
σ ,ℓ)

2 = (Tω
σ ,ℓ)

2 +2ε
{

aσω,uℓTω
σ ,ℓ +

n

∑
ϑ=1

(
aσϑ Tω

ϑ ,ℓT
ω

σ ,ℓ +aωϑTϑ
σ ,ℓT

ω
σ ,ℓ

)}
+o(ε).

Before we insert this result into the functionalTX[N] of total torsion we observe

n

∑
σ ,ω,ϑ=1

{
aσϑ Tω

ϑ ,ℓT
ω

σ ,ℓ +aωϑ Tϑ
σ ,ℓT

ω
σ ,ℓ

}
=

n

∑
σ ,ω,ϑ=1

{
aσϑ Tω

ϑ ,ℓT
ω

σ ,ℓ +aσϑTϑ
ω,ℓT

σ
ω,ℓ

}

= 2
n

∑
σ ,ω,ϑ=1

aσϑ Tω
ϑ ,ℓT

ω
σ ,ℓ = 0

taking the skew-symmetry ofA(w) into account.
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Thus the difference betweenTX[Ñ] andTX [N] computes to (notice that it holds
aω

σ ,uℓT
ω

σ ,ℓ = aσ
ω,uℓT

σ
ω,ℓ)

TX[Ñ]−TX[N] = ε
2

∑
ℓ=1

n

∑
σ ,ω=1

∫∫

B

aσω,uℓTω
σ ,ℓ dudv+o(ε)

= 2ε ∑
1≤σ<ω≤n

∫∫

B

{
aσω,uTω

σ ,1 +aσω,vT
ω

σ ,2

}
dudv+o(ε)

= 2ε ∑
1≤σ<ω≤n

∫

∂B

aσω(Tω
σ ,1,T

ω
σ ,2) ·ν ds

−2ε
n

∑
1≤σ<ω≤n

∫∫

B

aσω div(Tω
σ ,1,T

ω
σ ,2)dudv+o(ε).

But A(w) was chosen arbitrarily which proves the proposition.⊓⊔

The integral functions

Interpreting the Euler-Lagrange equations as integrability conditions analogously to
the situation considered in section 7.6, Poincare’s lemma ensures the existence of
integral functionsτ(σϑ ) ∈C3(B,R) satisfying

∇τ(σϑ ) =
(
−Tϑ

σ ,2,T
ϑ

σ ,1

)
in B for all σ ,ϑ = 1, . . . ,n.

Furthermore, due to the Neumann boundary conditions(Tϑ
σ ,1,T

ϑ
σ ,2) ·ν = 0, which

imply ∇τ(σϑ ) · (−v,u) = 0 on∂B with the unit tangent vector(−v,u)⊥ ν at∂B, we
may again chooseτ(σϑ ) so that

τ(σϑ ) = 0 on∂B for all σ ,ϑ = 1, . . . ,n.

Notice that the matrix(τ(σϑ ))σ ,ϑ=1,...,n is skew-symmetric.

A nonlinear elliptic system for the integral functions τσϑ

Let us now define the skew-symmetric matrix

δτ(σϑ ) :=
n

∑
ω=1

det
(

∇τ(σω),∇τ(ωϑ )
)
, σ ,ϑ = 1, . . .n.

Our aim now is to establish an elliptic system forτ(σϑ ) with quadratic growth in
the gradient.
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Proposition 8.2.Let the conformally parametrized immersion X: B → Rn+2 to-
gether with normal Coulomb frame N be given. Then the integral functionsτ(σϑ )

are solutions of the boundary value problems

∆τ(σϑ ) = −δτ(σϑ ) +Sϑ
σ ,12 in B, τ(σϑ ) = 0 on ∂B,

for σ ,ϑ = 1, . . . ,n, whereδτ(σϑ ) grows quadratically in the gradient∇τ(σϑ ).

Proof. Choose any(σ ,ϑ) ∈ {1, . . . ,n}×{1, . . . ,n}. The representation formula

Sϑ
σ ,12 = ∂vT

ϑ
σ ,1− ∂uTϑ

σ ,2 +
n

∑
ω=1

{
Tω

σ ,1Tϑ
ω,2−Tω

σ ,2Tϑ
ω,1

}

for the normal curvature tensor together with∇τ(σϑ ) = (−Tϑ
σ ,2,T

ϑ
σ ,1) yields

∆τ(σϑ ) = ∂vT
ϑ

σ ,1− ∂uTϑ
σ ,2

= −
n

∑
ω=1

{
Tω

σ ,1Tϑ
ω,2−Tω

σ ,2Tϑ
ω,1

}
+Sϑ

σ ,12

=
n

∑
ω=1

{
τ(σω)

v τ(ωϑ )
u − τ(σω)

u τ(ωϑ )
v

}
+Sϑ

σ ,12

proving the statement.⊓⊔

8.3 Examples

We want to determine the special form of this nonlinear elliptic system in the special
casesn = 2 andn = 3.

The casen = 2

There is only one integral functionτ(12) satisfying

∆τ(12) = S2
1,12 in B, τ(12) = 0 on∂B.

This is exactly the Poisson equation with homogeneous boundary data from sec-
tion 7.6 withτ = τ(12).
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The casen = 3

If n = 3 we have three relations

∆τ(12) = τ(13)
v τ(32)

u − τ(13)
u τ(32)

v +S2
1,12,

∆τ(13) = τ(12)
v τ(23)

u − τ(12)
u τ(23)

v +S3
1,12,

∆τ(23) = τ(21)
v τ(13)

u − τ(21)
u τ(13)

v +S3
2,12.

Recall the curvature vector

S =
1
W

(S2
1,12,S

3
1,12,S

3
2,12) ∈ R

3

of the normal bundle from section 3.8. Analogously we define

T := (τ(12),τ(13),τ(23)) ∈ R
3

and infer
∆T = Tu×Tv +SW in B, T = 0 on∂B (8.1)

with the usual vector product× in R3.

In other words:If n = 3, then the vectorT solves an inhomogeneous H-surface
system with constant mean curvature H= 1

2 and vanishing boundary data.

Namely compare it with the mean curvature system

△X = 2HWN

from chapter 2 with the scalar mean curvatureH, the area elementW and the unit
normal vectorN of the surface. If the surfaceX : B→R5 would additionally satisfies
the conformality relations

Xu ·Xu = W = Xv ·Xv , Xu ·Xv = 0 in B,

then X actually represents an immersion with scalar mean curvature H.

We want to point out thatS ≡ 0 is a consequence ofT ≡ 0 by a result of
Wente [165] on systems of the form (8.1), i.e. normal Coulombframes for surfaces
X : B→ R5 with flat normal bundle are free of torsion.

We consider the general situation of higher codimensions aswell as analytical
and geometric properties of normal Coulomb frames for surfaces with non-flat nor-
mal bundles in the following sections.
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8.4 Quadratic growth in the gradient

The Grassmann-type vectorT

The previous example gives rise to the definition of the following vector of Grass-
mann type

T :=
(
τ(σϑ )

)
1≤σ<ϑ≤n ∈ R

N , N :=
n
2

(n−1).

In our examples this vectorT works as follows:

T = τ(12) ∈ R for n = 2,

T =
(
τ(12),τ(13),τ(23)

)
∈ R3 for n = 3.

Analogously we define

δT :=
(
δτ(σϑ )

)
1≤σ<ϑ≤n ∈ R

N .

Then Proposition 8.2 can be written in the following succintform

∆T = −δT +SW in B, T = 0 on∂B.

From the definition ofδG we next obtain

|∆T | ≤ c|∇T |2 + |SW| in B

with some real constantc > 0. The exact knowledge of this constant will become
important later.

A nonlinear system with quadratic growth for T

Proposition 8.3.Let the conformally parametrized immersion X: B → Rn+2 to-
gether with a normal Coulomb frame N be given. Then it holds

|∆T | ≤
√

n−2
2

|∇T |2 + |SW| in B.

Proof. We already know

|∆T | ≤ |δT |+ |SW| in B.
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Thus it remains to estimate|δT | appropriately. We begin with computing

|δT |2 = ∑
1≤σ<ϑ≤n

{
n

∑
ω=1

det
(
∇τ(σω),∇τ(ωϑ )

)
}2

≤ (n−2) ∑
1≤σ<ϑ≤n

{
n

∑
ω=1

det
(
∇τ(σω),∇τ(ωϑ )

)2

}
.

Note that only derivatives of elements ofT appear on the right hand side, sayR, of
|δT |2. Moreover this right hand side can be estimated by|Tu∧Tv|2 sinceTu∧Tv

has actually more elements thanR.1 Thus using Lagrange’s identity

|X∧Y|2 = |X|2|Y|2− (X ·Y)2 ≤ |X|2|Y|2

for two vectorsX andY we can estimate as follows

|δT |2 ≤ (n−2)|Tu∧Tv|2 ≤ (n−2)|Tu|2|Tv|2

≤
{√

n−2
2

(
|Tu|2 + |Tv|2

)}2

.

This proves the statement.⊓⊔

8.5 Torsion free normal frames

The casen = 3

As already mentioned above, in Wente [165] we find an interesting uniqueness result
for solutions of the homogeneous system

∆T = Tu×Tv in B

with vanishing boundary values, corresponding to the flat normal bundle situation
S ≡ 0 in casen = 3. Wente’s results particularly states

Proposition 8.4.(Wente [165])
The only solution of the elliptic system

∆T = Tu×Tv in B, T = 0 on ∂B,

is the trivial solutionT ≡ 0.

1 In particular, elements of the form det(∇τ(σω),∇τ(ω ′ϑ))2 appear in|Tu∧Tv|2, but they do not
appear inR.
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Below we will give a new proof of Wente’s result, independentof the codimen-
sion, which follows from asymptotic expansions of solutions T in the interiorB
and on the boundary∂B.

For the present we can confirm

Corollary 8.1. Suppose that the immersion X: B→ R5 admits a normal Coulomb
frame. Then this frame is free of torsion if and only if the curvature vectorS van-
ishes identically.

An auxiliary function

For a complete treatment of the general casen > 3 we need some further prepara-
tions. Let us start with the

Lemma 8.1.LetS ≡ 0. Then the function

Φ(w) = Tw(w) ·Tw(w) = ∑
1≤σ<ϑ≤n

τ(σϑ )
w τ(σϑ )

w ,

using the complex notationφw = 1
2 (φu + iφv), vanishes identically in B.

Proof. We will prove thatΦ solves the boundary value problem

Φw = 0 in B, Im(w2Φ) = 0 on∂B.

Then the analytic function
Ψ(w) := w2Φ(w)

has vanishing imaginary part, and the Cauchy-Riemann equations implyΨ(w) ≡ c
with somec∈ R. The assertion follows fromΨ(0) = 0.

1. In order to deduce the stated boundary condition, recall that τ(σϑ ) = 0 on ∂B.
Thus all tangential derivatives vanish identically because

−vτ(σϑ )
u +uτ(σϑ )

v = −2Im(wτ(σϑ )
w ) = 0 on∂B

for all σ ,ϑ = 1, . . . ,n. The boundary condition follows from

Im(w2Φ) = Im
(

w2Tw ·Tw

)
= Im

{
w2 ∑

1≤σ<ϑ≤n

τ(σϑ )
w τ(σϑ )

w

}

= ∑
1≤σ<ϑ≤n

Im
{(

wτ(σϑ )
w

)(
wτ(σϑ )

w
)}

= 2 ∑
1≤σ<ϑ≤n

Re
(
wτ(σϑ )

w
)

Im
(
wτ(σϑ )

w
)

= 0

on the boundary∂B.
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2. Now we show the analyticity ofΦ using

∆τ(σϑ ) = 4τ(σϑ )
ww = −δτ(σϑ ) .

Interchanging indices cyclically yields

2Φw = 4Tw ·Tww = 4 ∑
1≤σ<ϑ≤n

τ(σϑ )
w τ(σϑ )

ww =
1
2

n

∑
σ ,ϑ=1

τ(σϑ )
w ∆τ(σϑ )

=
1
4

n

∑
σ ,ϑ ,ω=1

{
τ(σω)

v τ(ωϑ )
u τ(σϑ )

u − τ(σω)
u τ(ωϑ )

v τ(σϑ )
u

}

− i
4

n

∑
σ ,ϑ ,ω=1

{
τ(σω)

v τ(ωϑ )
u τ(σϑ )

v − τ(σω)
u τ(ωϑ )

v τ(σϑ )
v

}

=
1
4

n

∑
σ ,ϑ ,ω=1

{
τ(ωϑ )

v τ(ϑσ)
u τ(ωσ)

u − τ(σω)
u τ(ωϑ )

v τ(σϑ )
u

}

− i
4

n

∑
σ ,ϑ ,ω=1

{
τ(ϑσ)

v τ(σω)
u τ(ϑω)

v − τ(σω)
u τ(ωϑ )

v τ(σϑ )
v

}

which showsΦw = 0. The proof is complete. ⊓⊔

The casen≥ 3

The main result of this section is the

Theorem 8.1.Suppose that the immersion X: B→ R
n+2 admits a normal Coulomb

frame N. Then this frame is free of torsion if and only if the curvaturevector S of its
normal bundle vanishes identically.

Proof. We introduce conformal parameters(u,v) ∈ B. Furthermore, letN be a nor-
mal Coulomb frame. IfN is free of torsion then the curvature vectorS vanishes
identically. So assume converselyS ≡ 0 and let us show thatN is free of torsion.
Consider for this aim the Grassmann-type vectorT from above. Since

Tw ·Tw ≡ 0 in B

holds true by the previous lemma, we find

|Tu| = |Tv|, Tu ·Tv = 0 in B.

ThusT is a conformally parametrized solution of

∆T = −δT in B, T = 0 on∂B.
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According to the quadratic growth condition|δT | ≤ c|∇T |2 (see paragraph 8.4),
the arguments in Heinz [81] apply2: AssumeT 6≡ const inB. Then the asymptotic
expansion stated in Satz of Heinz [81] implies that boundarybranch pointsw0 ∈ ∂B
with the property

Tu(w0) = Tv(w0) = 0

are isolated. But this contradicts our boundary conditionT |∂B = 0! We thus infer

T ≡ const= 0

which impliesτ(σϑ ) ≡ 0 for all σ ,ϑ = 1, . . . ,n, and the normal Coulomb frame is
free of torsion. The theorem is proved.⊓⊔

8.6 Non-flat normal bundles

We establish upper bounds for the torsion coefficients of normal Coulomb frames.

An upper bound for T via Wente’sL∞-estimate

Our first result is

Proposition 8.5.Let N be a normal Coulomb frame for the conformally parametrized
immersion X: B→ Rn+2. Then the Grassmann-type vectorT satisfies

‖T ‖L∞(B) = sup
w∈B

√
∑

1≤σ<ϑ≤n

|τ(σϑ )(w)|2

≤ n−2
2π

‖∇T ‖2
L2(B) +

n(n−1)

8
‖SW‖L∞(B)

with the Lebesgue norms L2(B) and L∞(B).

Proof. 1. For 1≤ σ < ϑ ≤ n, ω ∈ {1, . . . ,n} with ω 6∈ {σ ,ϑ}, and given integral
functionsτ(σϑ ) we define the functionsy(σϑω) as the unique solutions of

∆y(σϑω) = −det
(
∇τ(σω),∇τ(ωϑ )

)
in B, y(σϑω) = 0 on∂B.

2 Let X : ∈C2(B,Rn) solve the system△X = H f (X,Xu,Xv) together withX2
u = X2

v , Xu ·Xv = 0,
where| f (x, p,q)| ≤ µ(|x|)(|p|2 + |q|2). Then if Xu(w0) = 0 for somew0 ∈ ∂B, but Xu 6≡ 0, the
asymptotic expansionXw(w0) = a(w−w0)

ℓ −o(|w−w0|ℓ) holds forw → w0, wherea ∈ C with
a2

1 + . . .a2
n = 0, andℓ ∈ N\{0}.
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Wente’sL∞-estimate fom Wente [166] together with Topping [159] then yields
theoptimal inequalities3

‖y(σϑω)‖L∞(B) ≤
1

4π

(
‖∇τ(σω)‖2

L2(B) +‖∇τ(ωϑ )‖2
L2(B)

)

for 1≤ σ < ϑ ≤ n, ω 6∈ {σ ,ϑ}. In addition we introduce the Grassmann-type
vectorZ = (z(σϑ ))1≤σ<ϑ≤n as the unique solution of

∆Z = SW in B, Z = 0 on∂B.

Introduce new indices to write

Z = (Z1, . . . ,ZN), SW = (S1, . . . ,SN)

for the moment. We use Poisson’s representation formula to estimate as follows

|Z (w)| ≤
N

∑
i=1

|Zi | =
N

∑
i=1

∣∣∣∣∣∣

∫∫

B

φ(ζ ;w)Si(ζ )dξ dη

∣∣∣∣∣∣

≤
N

∑
i=1

∫∫

B

|φ(ζ ;w)||Si(ζ )|dξ dη

≤
√

N
∫∫

B

|φ(ζ ;w)|
√

N

∑
i=1

|Si(ζ )|2 dξ dη

=
√

N
∫∫

B

|φ(ζ ;w)||S (ζ )W(ζ )|dξ dη

with the Green functionφ(ζ ;w) for the Laplacian∆ in B; ζ = (ξ ,η). From
section 7.6 we already know

∫∫

B

|φ(ζ ;w)|dξ dη =
1−|w|2

4
≤ 1

4

which enables us to continue with estimating|Z (w)| to get

‖Z ‖L∞(B) ≤
√

N‖SW‖L∞(B)

∫∫

B

|φ(ζ ;w)|dξ dη ≤
√

N
4

‖SW‖L∞(B) .

3 In 1980 H. Wente proved: LetΦ ∈ C0(B)∩ H1,2(B) be a solution of∆Φ = −( fugv − fvgu)
in B, Φ = 0 on ∂ Ω , with f ,g∈ H1,2(B), then‖Φ‖L∞(B) + ‖∇Φ‖L2(B) ≤ C‖∇ f ‖L2(B)‖∇g‖L2(B) .

Following Topping [159] we may setC2 = 1
4π after applying Hölder’s inequality.
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2. Now recall that

∆τ(σϑ ) = −
n

∑
ω=1

det(∇τ(σω),∇τ(ωϑ ))+Sϑ
σ ,12W =

n

∑
ω=1

∆y(σϑω) + ∆z(σϑ ) .

Taking account of the unique solvability of the above introduced Dirichlet prob-
lems with vanishing boundary data, the maximum principle yields

τ(σϑ ) = ∑
ω 6∈{σ ,ϑ}

y(σϑω) +z(σϑ ), 1≤ σ < ϑ ≤ n.

Now we collect all the estimates obtained and get (rearrangethe summations and
redefine some indices)

‖T ‖L∞(B) ≤ ∑
1≤σ<ϑ≤n

∑
ω 6∈{σ ,ϑ}

‖y(σϑω)‖L∞(B) + ∑
1≤σ<ϑ≤n

‖z(σϑ )‖L∞(B)

≤ ∑
1≤σ<ϑ≤n

∑
ω 6∈{σ ,ϑ}

‖y(σϑω)‖L∞(B) +
√

N‖Z ‖L∞(B)

≤ 1
4π ∑

1≤σ<ϑ≤n
∑

ω 6∈{σ ,ϑ}

(
‖∇τ(σω)‖2

L2(B) +‖∇τ(ωϑ )‖2
L2(B)

)

+
N
4
‖SW‖L∞(B)

=
1

4π

{

∑
1≤ω<σ<ϑ≤n

(
‖∇τ(ωσ)‖2

L2(B)
+‖∇τ(ωϑ )‖2

L2(B)

)

+ ∑
1≤σ<ω<ϑ≤n

(
‖∇τ(σω)‖2

L2(B) +‖∇τ(ωϑ )‖2
L2(B)

)

+ ∑
1≤σ<ϑ<ω≤n

(
‖∇τ(σω)‖2

L2(B) +‖∇τ(ϑω)‖2
L2(B)

)}

+
N
4
‖SW‖L∞(B)

= . . .
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. . . =
1

4π

{

∑
1≤σ<ϑ<ω≤n

‖∇τ(σϑ )‖2
L2(B) + ∑

1≤σ<ω<ϑ≤n

‖∇τ(σϑ )‖2
L2(B)

+ ∑
1≤σ<ϑ<ω≤n

‖∇τ(σϑ )‖2
L2(B) + ∑

1≤ω<σ<ϑ≤n

‖∇τ(σϑ )‖2
L2(B)

+ ∑
1≤σ<ω<ϑ≤n

‖∇τ(σϑ )‖2
L2(B) + ∑

1≤ω<σ<ϑ≤n

‖∇τ(σϑ )‖2
L2(B)

}

+
N
4
‖SW‖L∞(B)

=
1

2π ∑
1≤σ<ϑ≤n

∑
ω 6∈{σ ,ϑ}

‖∇τ(σϑ )‖2
L2(B) +

N
4
‖SW‖L∞(B)

=
n−2
2π

‖∇T ‖2
L2(B) +

1
4

n(n−1)

2
‖SW‖L∞(B) .

This proves the statement.⊓⊔

An upper bound for T via Poincaré’s inequality

We want to present an alternative way to establish an upper bound for the Grassmann-
type vectorT . In particular, we show

|z(σϑ )(w)| ≤
√

2
π
‖Sϑ

σ ,12W‖L2(B) in B for all 1≤ σ < ϑ ≤ n

for the vectorZ = (z(12),z(13), . . .) from the previous paragraph. This would lead
us to

‖Z ‖L∞(B) = sup
B

√
∑

1≤σ<ϑ≤n

|z(σϑ )(w)|2 ≤
√

2
π

√
∑

1≤σ<ϑ≤n

‖Sϑ
σ ,12W‖2

L2(B)

=

√
2
π
‖SW‖L2(B) ≤

√
2‖SW‖L∞(B)

which finally gives a smaller upper bound for‖T ‖L∞(B) at least for codimensions
n = 2,3.

In order to prove the stated inequality we start with the Poisson representation
formula

z(σϑ ) =
∫∫

B

φ(ζ ;w)Sϑ
σ ,12(ζ )W(ζ )dξ dη , z(σϑ ) = 0 on∂B.
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Applying the Hölder and the Poincaré inequality gives

|z(σϑ )(w)| ≤ ‖φ(· ;w)‖L2(B)‖Sϑ
σ ,12W‖L2(B)

≤ 1
2
√

π
‖∇ζ φ(· ;w)‖L1(B)‖Sϑ

σ ,12W‖L2(B) .

(8.2)

For the optimal constant1
2
√

π in the Sobolev inequality we refer to Gilbarg and
Trudinger [71], paragraph 7.7 and the references therein. Furthermore

φ = φ(ζ ;w) :=
1

2π
log| ζ −w

1−wζ
|

denotes again Green’s function for the Laplace operator∆ in B, and it satisfies
φ(· ;w) ∈ H1

0(B) as well as

2φζ (ζ ;w) ≡ φξ (ζ ;w)− iφη (ζ ;w) =
1

2π

(
ζ −w
|ζ −w|2 +w

1−wζ
|1−wζ |2

)
, w 6= ζ .

A straightforward calculation shows

|∇ζ φ(ζ ;w)| ≡ 2|φζ (ζ ;w)| = 1
2π

1−|w|2
|ζ −w| |1−wζ | ≤

1
2π

1+ |w|
|ζ −w| ≤

1
π

1
|ζ −w| .

for ζ 6= w. And since the right hand side in the inequality

∫∫

B

|∇ζ φ(ζ ;w)|dξ dη ≤ 1
π

∫∫

Bδ (w)

1
|ζ −w| dξ dη +

1
π

∫∫

B\Bδ (w)

1
|ζ −w| dξ dη

≤ 2δ +
1
δ

becomes minimal forδ = 1√
2
, we arrive at

|z(σϑ )(w)| ≤ 1
2
√

π

(
2 · 1√

2
+
√

2

)
‖Sϑ

σ ,12W‖L2(B) =

√
2√
π
‖Sϑ

σ ,12W‖L2(B)

proving the stated inequality. Rearranging gives

|Z (w)| ≤
√

2√
π
·
√

π · ‖Sϑ
σ ,12W‖L∞(B) ≤

√
2‖SW‖L∞(B) .

Thus we have the following proposition.
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Proposition 8.6.Let N be a normal Coulomb frame for the conformally parametrized
immersion X: B→ Rn+2. Then the Grassmann-type vectorT satisfies

‖T ‖L∞(B) ≤
n−2
2π

‖∇T ‖2
L2(B) +

√
2‖SW‖L∞(B) .

This provides us a better estimate at least for smalln.

An estimate for the torsion coefficients

We are now in the position to prove our main result of this section.

Theorem 8.2.Let N be a normal Coulomb frame for the conformally parametrized
immersion X: B→ Rn+2 with total torsionTX[N] and given‖SW‖L∞(B). Assume
that the smallness condition

√
n−2
2

(
n−2
4π

TX[N]+C(n)‖SW‖L∞(B)

)
< 1

is satisfied with C(n) := min
{ n(n−1)

8 ,
√

2
}

. Then the torsion coefficients of N can be
estimated by

‖Tϑ
σ ,i‖L∞(B) ≤ c, i = 1,2, 1≤ σ < ϑ ≤ n,

with a nonnegative constant c= c(n,‖SW‖L∞(B),TX [N]) < +∞.

Proof. We have the following elliptic system

|∆T | ≤
√

n(n−1)

2
|∇T |2 + |SW| in B, T = 0 on∂B,

‖T ‖L∞(B) ≤
n−2
2π

‖∇T ‖2
L2(B) +C(n)‖SW‖L∞(B) ≤ M ∈ [0,+∞) .

The smallness condition ensures that we can apply Heinz’s global gradient estimate
Theorem 1 in Sauvigny [143], chapter XII, § 3, obtaining‖∇T ‖∞ ≤ c.4 This in turn
yields the desired estimate.⊓⊔

It remains open to prove global pointwise estimates for the torsion coefficients
without the assumed smallness condition. In particular, wewould like to get rid of
the a priori knowledge ofTX[N].

4 This theorem states: LetX ∈C2(B,Rn) be a solution of the elliptic system|∆X| ≤ a|∇X|2 +b in
B with X = 0 on∂B and‖X‖L∞(B) ≤ M. AssumeaM < 1. Then there is a constantc= c(a,b,M,α)
such that‖X‖C1+α (B) ≤ c(a,b,M,α).
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8.7 Bounds for the total torsion

Upper bounds

From the torsion estimates above we can immediately infer various upper bounds
for the functional of total torsion.

For example, let us focus onsmall solutionsT : Namely, multiply

∆T = −δT +SW

by T and integrate by parts yields to get

Proposition 8.7.For small solutions‖T ‖L∞(B) ≤ 2√
n−2

it holds

TX[N] = 2‖∇T ‖2
L2(B) ≤

4‖T ‖L∞(B)‖SW‖L1(B)

2−
√

n−2‖T ‖L∞(B)

.

The reader is refered to Sauvigny [143] for the constructionof such small so-
lutions of nonlinear elliptic systems. Let us emphasize that the casen = 2 is much
easier to handle: The classical maximum principle controls‖T ‖L∞(B) in terms of
‖SW‖L∞(B), and no smallness condition is needed to bound the functionalof total
torsion.

A lower bound

Finally we complete this section with establishing a lower bound for the functional
of total torsion.

Proposition 8.8.Let N a normal Coulomb frame for the conformally parametrized
immersion X: B→ Rn+2. Assume that the curvature vectorS of its normal bundle
satisfiesS 6≡ 0 as well as

‖∇(SW)‖L2(B) > 0.

Then it holds

TX[N] ≥ 1
2

(
√

n−2‖SW‖L∞(B) +
‖SW‖2

L2(B)

(1−ρ)2‖SW‖2
L2(Bρ )

+ . . .

. . .+
2‖∇(SW)‖2

L2(B)

‖SW‖2
L2(Bρ )

)−1

‖SW‖2
L2(Bρ ) > 0

with the radiusρ = ρ(S ) ∈ (0,1) constructed in the proof given below, and the
setting Bρ = {(u,v) ∈ R2u2 +v2 ≤ ρ}.
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Proof. 1. Because ofS 6= 0 there exists (a first)ρ = ρ(S ) ∈ (0,1) such that

‖SW‖L2(Bρ ) =




∫∫

Bρ (0)

|SW|2dudv




1
2

> 0,

and this is already our radiusρ from the theorem. Now we choose a test function
η ∈C0(B,R)∩H1,2

0 (B,R) such that

η ∈ [0,1] in B, η = 1 in Bρ , |∇η | ≤ 1
1−ρ

in B.

Multiplying ∆T = −δT +SW by (ηSW) and integrating by parts yields
∫∫

B

∇T ·∇(ηSW)dudv=

∫∫

B

η δT ·SW dudv−
∫∫

B

η |SW|2dudv.

Taking |δT | ≤
√

n−2|Tu||Tv| (see section 8.4) into account, we can now esti-
mate as follows
∫∫

Bρ

|SW|2dudv≤
∫∫

B

η |SW|2dudv

≤
∫∫

B

η
∣∣δT ·SW

∣∣dudv+
∫∫

B

∣∣∇T ·∇(ηSW)
∣∣dudv

≤ ‖SW‖L∞(B)

∫∫

B

η |δT |dudv+
∫∫

B

|∇η | |S W| |∇T |dudv

+

∫∫

B

η |∇(SW)| |∇T |dudv

≤
√

n−2
2

‖SW‖L∞(B)

∫∫

B

|∇T |2dudv+
ε
2

∫∫

B

|SW|2dudv

+
1

2ε(1−ρ)2

∫∫

B

|∇T |2dudv

+
δ
2

∫∫

B

|∇(SW)|2dudv+
1

2δ

∫∫

B

|∇T |2dudv

with arbitrary real numbersε,δ > 0.
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Summarizing we arrive at

‖SW‖2
L2(Bρ )

≤
(√

n−2
2

‖SW‖L∞(B) +
1

2ε(1−ρ)2 +
1

2δ

)
‖∇T ‖2

L2(B)

+
ε
2
‖SW‖2

L2(B) +
δ
2
‖∇(SW)‖2

L2(B) .

2. Now we chooseε : Inserting

ε = ‖SW‖−2
L2(B)

‖SW‖2
L2(Bρ ) > 0

and rearranging for‖S ‖2
L2(Bρ )

gives

‖SW‖2
L2(Bρ )

≤
(
√

n−2‖SW‖L∞(B) +
‖SW‖2

L2(B)

(1−ρ)2‖SW‖2
L2(Bρ )

)
‖∇T ‖2

L2(B)

+
1
δ
‖∇T |2L2(B) + δ‖∇(SW)‖2

L2(B) .

And since‖∇(SW)‖L2(B) > 0 we can insert

δ =
1
2
‖∇(SW)‖−2

L2(B)
‖SW‖2

L2(Bρ )

which implies

‖SW‖2
L2(Bρ )

≤ 2

(
√

n−2‖SW‖L∞(B) +
‖SW‖2

L2(B)

(1−ρ)2‖SW‖2
L2(Bρ )

)
‖∇T ‖2

L2(B)

+2 ·
2‖∇(SW)‖2

L2(B)

‖SW‖2
L2(Bρ )

‖∇T ‖2
L2(B) .

HavingTX [N] = ‖∇T ‖2
L2(B)

in mind we arrive at the stated estimate.⊓⊔

8.8 Existence and regularity of weak normal Coulomb frames

Regularity results for the homogeneous Poisson problem

To introduce the function spaces coming next into play we consider the Dirichlet
boundary value problem

∆φ(u,v) = r(u,v) in B, φ(u,v) = 0 on∂B. (DP)
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We want to recall very briefly some important techniques to establish existence
and regularity of solutionsφ to (DP).

Schauder estimates

Let r ∈ Cα(B,R) hold true for the right hand sider. Then there exist a classical
solution of (DP) satisfying

‖φ‖C2+α (B) ≤C(α)‖r‖Cα (B) ,

see e.g Gilbarg and Trudinger [71].

Lp-estimates

Now let r ∈ L2(B̊,R). Then any solutionφ ∈ H1,2(B̊,R) belongs to the class
H2,2(B̊,R), and it holds

‖φ‖H2,2(B̊) ≤C
(
‖φ‖H1,2(B̊) +‖r‖L2(B̊)

)
.

In particular, ifr ∈ Hm−2,2(B̊,R) holds true for the right hand side we have

‖φ‖Hm,2(B̊) ≤C
(
‖φ‖H1,2(B̊) +‖r‖Hm−2,2(B̊)

)
.

For a detailed analysis we refer the reader to Dobrowolski [46], chapter 7. Note
that we must requirer ∈ L2(B̊,R) to infer higher regularityφ ∈ C0(B̊,R) because
H2,2(B̊,R) is continuously emedded inC0(B̊,R) by Sobolev’s embedding theorem.

If on the other handr ∈ L1(B̊,R) then any weak solutionφ ∈ H1,2(B̊,R) of (DP)
satisfies

‖φ‖Lq(B̊) ≤C‖r‖L1(B̊) for all 1≤ q < ∞ ,

‖φ‖H1,p(B̊) ≤C‖r‖L1(B̊) for all 1≤ p < 2.

A functionφ ∈ H1,2(B̊,R) is not necessarily continuous.

Wente’sL∞-estimate

This situation changes dramatically if the right hand sider possesses certain alge-
braic structures. In particular, assume that

r =
∂a
∂u

∂b
∂v

− ∂a
∂v

∂b
∂u

with functionsa,b∈ H1,2(B̊,R).
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Then againr ∈ L1(B̊,R), but any solutionφ ∈H1,2(B̊,R) is of classC0(B,R) and
satisfies Wente’sL∞-estimate

‖φ‖L∞(B̊) +‖∇φ‖L2(B̊) ≤
1

4π
‖∇a‖L2(B̊)‖∇b‖L2(B̊) ,

see Wente [166]. We already used this inequality in section 8.6 for establishing an
upper bound for the functional of total torsion of normal Coulomb frames.

Hardy spaces

Wente’s discovery is the starting point of the modern harmonic analysis. Its general
framework is the concept ofHardy spacesH 1(Rm,R).

From Helein [82] we quote two common definitions of Hardy spaces which fi-
nally lead to equivalent formulations of the Hardy space theory.

Definition 8.2. (Tempered-distribution definition)
LetΨ ∈C∞

0 (Rm,R) such that

∫

Rm

Ψ (x)dx= 1.

For eachε > 0 we set

Ψε(x) =
1

εm Ψ(ε−1x),

and forφ ∈ L1(Rm,R) define

φ∗(x) = sup
ε>0

|(Ψε ⋆ φ)(x)|.

Thenφ belongs toH 1(Rm,R) if and only ifφ∗ ∈ L1(Rm,R) with norm

‖φ‖H 1(Rm,R) ≤ ‖φ‖L1(Rm) +‖φ∗‖L1(Rm) .

Definition 8.3. (Riesz-Fourier-transform definition)
For any functionφ ∈ L1(Rm,R) we denote byRα φ the function defined by

F (Rα φ) =
ξα
|ξ | F (φ)(ξ )

with theφ -Fourier transform

F (φ)(ξ ) =
1

(2π)
m
2

∫

Rm

e−ix·ξ φ(x)dx.
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Thenφ belongs toH 1(Rm,R) if and only if

Rα φ ∈ L1(Rm,R) for all α = 1, . . . ,m

with norm

‖φ‖H 1(Rm) = ‖φ‖L1(Rm) +
m

∑
α=1

‖Rαφ‖L1(Rm) .

For a comprehensive presentation of harmonic analysis we would also like to
refer the reader to Stein’s monograph [151].

Consider again our Dirichlet problem (DP). Leta,b∈ H1,2(B̊,R), and consider
its extensionsa 7→ â andb 7→ b̂ in H1,2(R2,R) to the whole spaceR2 such that these
mappings are continuous fromH1,2(B̊,R) to H1,2(R2,R). Then due to Helein [82]
it holds r∈ H 1(R2,R).

Lorentz interpolation spaces

This latter fact becomes especially important in the following. Let us start with

Definition 8.4. Let p∈ (1,+∞) andq∈ [1,+∞]. TheLorentz space L(p,q)(B̊,R) is
the set of measurable functionsφ : B̊→ R such that

‖ f‖L(p,q)(B̊) :=




∞∫

0

{
t

1
p φ∗(t)

}q dt
t




1
q

< ∞ if q < +∞

or
‖ f‖L(p,q)(B̊) := sup

t>0
t

1
p φ∗(t) < ∞ if q = +∞.

Hereφ∗ denotes the unique non-increasing rearrangement of|φ | on [0,meas(B̊)].

Lorentz spaces are Banach spaces with a suitable norm. They may be considered
as a deformation ofLp.

Notice that

L(p,p)(B̊,R) = Lp(B̊,R) ,

L(p,1)(B̊,R) ⊂ L(p,q′)(B̊,R) ⊂ L(p,q′′)(B̊,R) ⊂ L(p,∞)(B̊,R)

for 1 < q′ < q′′. Then

(i) if φ ∈ H1,2(B̊,R) solves (DP) withr ∈ H 1(B̊,R) then ∂φ
∂x , ∂φ

∂y ∈ L(2,1)(B̊,R);

(i) if φ ∈ H1,2(B̊,R) with ∂φ
∂x , ∂φ

∂y ∈ L(2,1)(B̊,R) thenφ ∈C0(B̊,R).
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The general regularity result

Summarizing the foregoing facts we can state the following regularity result from
Helein [82], chapter 3.

Proposition 8.9.Let a,b ∈ H1,2(B̊,R), and assumeφ ∈ H1,2(B̊,R) solves (DP).
Then∂φ

∂u , ∂φ
∂v ∈ L(2,1)(B̊,R), and in particularφ ∈C0(B,R).

Existence of weak normal Coulomb frames

In casen= 2 we constructed critical pointsN of the functionalTX[N] of total torsion
by solving the Euler-Lagrange equation explicitely. In thegeneral situation here we
construct critical points by means of direct methods of the calculus of variations.

We start with the following

Definition 8.5. Let m∈ N, m≥ 2. For two matricesA,B ∈ Rm×m we define their
inner product

〈A,B〉 = trace(A ◦BT) =
m

∑
σ ,ϑ=1

aσϑ bσϑ

andthe associated norm

|A| :=
√
〈A,A〉 =

(
m

∑
σ ,ϑ=1

a2
σϑ

) 1
2

.

Helein proved in [82], Lemma 4.1.3,existence of weak Coulomb frames in the
tangent bundle of surfaces.We want to carry out his arguments and adapt his meth-
ods to our present situation.

We consider conformally parametrized immersions

X = X(u,v) of regularity classCk−1,α(B,Rn+2)

with some Hölder exponentα ∈ (0,1).

Proposition 8.10.Let the conformally parametrized immersion X∈ Ck,α(B,Rn+2)
be given with someα ∈ (0,1). Then there exists a weak normal Coulomb frame
N ∈ H1,2(B̊)∩L∞(B̊) minimizing the functionalTX[N] of total torsion in the set of
all weak normal frames of class H1,2(B̊)∩L∞(B̊).

Proof. We fix5 someCk−1,α -regular orthonormal normal framẽN and interpret
TX[N] as a functionalFX [R] of SO(n)-regular rotations

R = (rσϑ )σ ,ϑ=1,...,n ∈ H1,2(B̊,SO(n))

5 Notice that now we start from̃N and transform intoN.
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by setting

FX [R] :=
1
2

n

∑
σ ,ϑ=1

2

∑
i=1

∫∫

B

(Tϑ
σ ,i)

2dudv=
1
2

∫∫

B

(
|T1|2 + |T2|2

)
dudv

where again

Nσ :=
n

∑
ϑ=1

rσϑ Ñϑ

as well as
T i = (Tϑ

σ ,i)σ ,ϑ=1,...,n ∈ R
n×n .

Choose a minimizing sequenceℓR = (ℓrσϑ )σ ,ϑ=1,...,n ∈ H1,2(B̊,SO(n)) and define

ℓNσ :=
n

∑
ϑ=1

ℓrσϑ Ñϑ .

As in section 6.3 we find6

ℓT i = ℓRui ◦ ℓRT + ℓR◦ T̃ i ◦ ℓRT

which implies

ℓT i ◦ ℓTT
i = (ℓRui ◦ ℓRT + ℓR◦ T̃ i ◦ ℓRT)◦ (ℓR◦ ℓRT

ui +
ℓR◦ T̃T

i ◦ ℓRT)

= ℓRui ◦ ℓRT
ui +

ℓR◦ T̃ i ◦ ℓRT
ui +

ℓRui ◦ T̃T
i ◦ ℓRT + ℓR◦ T̃ i ◦ T̃T

i ◦ ℓRT .

In particular, we conclude

trace(ℓT i ◦ ℓTT
i ) = trace(ℓRui ◦ ℓRT

ui )+2trace(ℓR◦ T̃ i ◦ ℓRT
ui )+ trace(T̃ i ◦ T̃T

i )

or, using our notion of a matrix norm,

|ℓT i |2 = |ℓRui |2 +2〈ℓR◦ T̃ i,
ℓRui 〉+ |T̃ i|2. (8.3)

Furthermore, taking|ℓR◦ T̃ i| = |T̃ i | into account, we arrive at the estimate

|ℓT i |2 ≥
(
|T̃ i |− |ℓRui |

)2
a.e. onB, for all ℓ ∈ N.

Now because thẽT i are bounded inL2(B̊,R), and sinceℓR is minimizing forFX [R],
the sequencesℓT i are also bounded inL2(B̊,R). ThusℓRui are bounded sequences in
L2(B̊,SO(n)) in accordance with the last inequality.

6 Note that the proof of this identity remains true forR∈ H2,1(B̊,SO(n))∩H1,2(B̊,SO(n)).
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By Hilbert’s selection theorem and Rellich’s embedding theorem we find a subse-
quence, again denoted byℓR, which converges as follows:

ℓRui ⇀ Rui weakly inL2(B̊,SO(n)), ℓR → R strongly inL2(B̊,SO(n))

with someR ∈ H1,2(B̊,SO(n)). In particular, going if necessary to a subsequence,
we haveℓR → R a.e. onB̊ and

lim
ℓ→∞

∫∫

B

|ℓR◦ T̃ i −R◦ T̃ i|2dudv= 0

according to the dominated convergence theorem. Hence we can compute in the
limit

lim
ℓ→∞

∫∫

B

〈ℓR◦ T̃ i,
ℓRui 〉dudv

= lim
ℓ→∞

( ∫∫

B

〈ℓR◦ T̃ i −R◦ T̃ i,
ℓRui 〉dudv+

∫∫

B

〈R◦ T̃ i,
ℓRui 〉dudv

)

=

∫∫

B

〈R◦ T̃ i,Rui 〉dudv.

In addition we obtain

lim
ℓ→∞

∫∫

B

|ℓRui |2dudv≥
∫∫

B

|Rui |2dudv

due to the semicontinuity of theL2-norm w.r.t. weak convergence. Putting the last
two relations into the identity

|ℓT i |2 = |ℓRui |2 +2〈ℓR◦ T̃ i ,
ℓRui 〉+ |T̃ i |2

we finally infer

lim
ℓ→∞

FX[ℓR] =
1
2

lim
ℓ→∞

∫∫

B

(
|ℓT1|2 + |ℓT2|2

)
dudv

≥ 1
2

∫∫

B

(
|Ru|2 + |Rv|2

)
dudv+

∫∫

B

(
〈R◦ T̃1,Ru〉+ 〈R◦ T̃2,Rv〉

)
dudv

+
1
2

∫∫

B

(
|T̃1|2 + |T̃2|2

)
dudv

=
1
2

∫∫

B

(
|T1|2 + |T2|2

)
dudv= FX [R]
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whereT i = (Tϑ
σ ,i)σ ,ϑ=1,...,n denote the torsion coefficients of the frameN with en-

triesNσ := ∑ϑ rσϑ Ñϑ . Consequently,

N ∈ H1,2(B̊)∩L∞(B̊)

minimizesTX[N] and, in particular, it is a weak normal Coulomb frame.⊓⊔

H2,1
loc-regularity of weak normal Coulomb frames

To prove higher regularity of normal Coulomb frames we make essential use of
techniques from harmonic analysis. Consult eventually paragraph 8.8. We always
use conformal parameters(u,v) ∈ B.

Proposition 8.11.Any weak normal Coulomb frame N∈ H1,2(B̊)∩L∞(B̊) for the
conformally parametrized immersion X: B→ Rn+2 belongs to the class H2,1

loc(B̊).

Proof. 1. Following section 8.2 the torsion coefficientsTϑ
σ ,i , σ ,ϑ = 1, . . . ,n, of the

normal Coulomb frameN are weak solutions of the Euler-Lagrange equations

div(Tϑ
σ ,1,T

ϑ
σ ,2) = 0 in B̊.

Hence by a weak version of Poincare’s lemma (see e.g. Bourgain, Brezis and
Mironescu [17] Lemma 3), there exist integral functions∂uτ(σϑ ) ∈ H1,2(B) sat-
isfying

∂uτ(σϑ ) = −Tϑ
σ ,2 , ∂vτ(σϑ ) = Tϑ

σ ,1 in B̊

Thus the weak form of the Euler-Lagrange equations can be written as

0 =
∫∫

B

{
ϕu∂vτ(σϑ ) −ϕv∂uτ(σϑ )

}
dudv=

∫

∂B

τ(σϑ ) ∂ϕ
∂ t

ds

for all ϕ ∈C∞(B,R) where∂ϕ
∂ t denotes the tangential derivative ofϕ along∂B.

Note thatτ(σϑ )|∂B means theL2-trace ofτ(σϑ ) on the boundary curve∂B (see
e.g. Alt [3], chapter 6, appendix A6.6)7. Consequently, the lemma of DuBois-
Reymond8 yieldsτ(σϑ ) ≡ const on∂B, and by translation we arrive at the bound-
ary conditions

τ(σϑ ) = 0 on∂B.

7 Let 1≤ p ≤ ∞. Then there is a uniquely determined mapS: H1,p(B̊,R) → Lp(B̊,R) such that
‖S(φ)‖Lp(∂B) ≤C‖φ‖H1,2(B̊). Additionally it holdsS(φ) = φ

∣∣
∂B if φ ∈ H1,2(B̊,R)∩C0(B,R)). The

mapS is called the trace mapping.
8 Its one-dimensional version is the following: Letf ∈ L1((a,b),R) and assume that∫ b

a f (x)ϕ(x)dx= 0 for all ϕ ∈C∞([a,b],R). Then it holdsf ≡ const almost everywhere.
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2. Thus the integral functionsτ(σϑ ) are weak solutions of the second-order system

∆τ(σϑ ) = −Tϑ
σ ,2,u+Tϑ

σ ,1,v = −Nσ ,v ·Nϑ ,u +Nσ ,u ·Nϑ ,v in B̊

where the second identity follows by direct differentiation. By a result Coifman,
Lions, Meyer and Semmes [34],9 the right-hand side of div-curl type belongs
to the Hardy spaceH 1

loc(B̊,R) and, hence, theτ(σϑ ) belong toH2,1
loc(B̊,R) by

a result of Fefferman and Stein[name]Stein, E.M. [55].10 Consequently we find
Tϑ

σ ,i ∈ H1,1
loc(B̊,R)∩L2(B̊,R). Next, we employ the Weingarten equations

Nσ ,ui = −
2

∑
j ,k=1

Lσ ,i j g
jk Xuk +

n

∑
ϑ=1

Tϑ
σ ,iNϑ

in a weak form. For the coefficientsLσ ,i j of the second fundamental form
we haveLσ ,i j = Nσ · Xuiu j leading toLσ ,i j ∈ H1,2(B̊,R) and taking account
of N ∈ H1,2(B̊)∩ L∞(B̊) and Xuiu j ∈ L∞(B̊,Rn+2). Hence we arrive atNσ ,ui ∈
H1,1

loc(B̊,Rn+2) and N ∈ H2,1
loc(B̊) for our weak normal Coulomb frame. Note

that Tϑ
σ ,i ∈ H1,1

loc(B̊,R)∩L2(B̊,R) andNϑ ∈ H1,2(B̊,Rn+2)∩L∞(B̊,Rn+2) imply

Tϑ
σ ,iNϑ ∈ H1,1

loc(B̊,Rn+2) by a careful adaption of the classical product rule in
Sobolev spaces which is explained in the lemma following immediately. We have
proved the statement.⊓⊔

Lemma 8.2.Under the assumptions of the foregoing proposition it holds

n

∑
ϑ=1

Tϑ
σ ,iNϑ ∈ H1,1(B̊,Rn+2).

Proof. Note thatTϑ
σ ,iNϑ ∈ L2(B̊,Rn+2) sinceTϑ

σ ,i ∈ L2(B̊,R) andNϑ ∈ L∞(B̊,Rn+2).

We show thatTϑ
σ ,iNϑ has a weak derivative, i.e. we prove that

Tϑ
σ ,iNϑ ,u j +Nϑ ∂u j Tϑ

σ ,i ∈ L1(B̊,Rn+2)

is the weak derivative ofTϑ
σ ,iNϑ . In other words

∫∫

B

(Tϑ
σ ,iNϑ ,u j +Nϑ ∂u j Tϑ

σ ,i)ϕ dudv= −
∫∫

B

(Tϑ
σ ,iNϑ )ϕu j dudv

for all ϕ ∈C∞
0 (B,R). For such a test functionϕ define

ψ := Tϑ
σ ,iϕ ∈W1,1

0 (B̊,R)∩L2(B̊,R).

9 Let φ : H1,2(R2,R). Then f := det(∇φ) ∈ H 1(R2,R), and it holds‖ f ‖H 1(R2) ≤C‖φ‖H1,2(R2).
10 Let φ ∈ L1(R2,R) be a solution of−∆φ = f ∈ H 1(R2,R). Then all second derivatives ofφ
belong toL1(R2,R), and it holds‖φxα xβ ‖L1(Rm) ≤C‖ f ‖L1(Rm) for all α ,β = 1,2.
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We claim ∫∫

B

Nu j ψ dudv= −
∫∫

B

Nψu j dudv.

For the proof of this relation we approximateψ with smooth functionsψε ∈
C∞

0 (B,R) in the sense of Friedrichs. Thenψε → ψ in H1,1(B̊,R)∩ L2(B̊,R), and
ψ = 0 outside some compact setK ⊂⊂ B̊. We estimate as follows

∣∣∣∣∣∣

∫∫

B

(Nϑ ,u j ψ +Nϑ ψu j )dudv

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∫∫

B

(Nϑ ,u j ψε +Nϑ ψε
u j )dudv

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∫∫

B

Nϑ ,u j (ψ −ψε)dudv

∣∣∣∣∣∣

+

∣∣∣∣∣∣

∫∫

B

Nϑ (ψε
u j −ψu j )dudv

∣∣∣∣∣∣

≤ ‖Nϑ ,u j‖L2(B̊)‖ψ −ψε‖L2(B̊) +‖Nϑ‖L∞(B̊)‖ψε
u j −ψu j‖L1(B̊)

taking ∫∫

B

Nu j ψε dudv= −
∫∫

B

Nψε
u j dudv

into account. Since‖ψ −ψε‖L2(B̊) → 0 and‖ψε
u j −ψu j‖L1(B̊) → 0 for ε → 0 we

arrive at the stated identity. Now we use the product rule andcalculate
∫∫

B

(Tϑ
σ ,iNϑ ,u j +Nϑ ∂u j Tϑ

σ ,i)ϕ dudv=
∫∫

B

Nϑ ,u j ψ dudv+
∫∫

B

Nϑ ∂u j Tϑ
σ ,iϕ dudv

= −
∫∫

B

(Tϑ
σ ,iϕ)u j Nϑ dudv+

∫∫

B

Nϑ ∂u j Tϑ
σ ,iϕ dudv

= −
∫∫

B

∂u j Tϑ
σ ,iNϑ ϕ dudv−

∫∫

B

Tϑ
σ ,iϕu j N dudv+

∫∫

B

Nϑ ∂u j Tϑ
σ ,iϕ dudv

= −
∫∫

B

(Tϑ
σ ,iNϑ )ϕu j dudv.

This proves the statement.⊓⊔
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8.9 Classical regularity of normal Coulomb frames

Our main result of this chapter is a proof of classical regularity of normal Coulomb
frames. Up to now we only know regularity in the sense of Sobolev spaces. An
essential tool on our road to regularity are again the Weingarten equations.

Theorem 8.3.For any conformally parametrized immersion X∈ Ck,α(B,Rn+2)
with k ≥ 3 and α ∈ (0,1) there exists a normal Coulomb frame N∈ Ck−1,α(B)
minimizing the functionalTX[N] of total torsion.

Proof. 1. We fix some normal framẽN ∈ Ck−1,α(B), and as above we construct
a weak normal Coulomb frameN from the regularity classH1,2(B̊)∩ L∞(B̊).

Furthermore we then knowN ∈ H2,1
loc(B̊). Defining the orthogonal mappingR =

(rσϑ )σ ,ϑ=1,...,n by rσϑ := Nσ · Ñϑ we thus find

Nσ =
n

∑
ϑ=1

rσϑ Ñϑ and R ∈ H2,1
loc(B̊,SO(n))∩H1,2(B̊,SO(n)) .

In particular, we can assign a normal curvature matrixS12 = (Sϑ
σ ,12)σ ,ϑ=1,...,n ∈

L1
loc(B̊,Rn×n) to N by the formula

Sϑ
σ ,12 = ∂vT

2
σ ,1− ∂uTϑ

σ ,2 +
n

∑
ω=1

(Tω
σ ,1Tϑ

ω,2−Tω
σ ,2T

ϑ
ω,1).

From the previous section we then inferS12 ∈ L∞(B̊,Rn×n).

2. Introduceτ = (τ(σϑ ))σ ,ϑ=1,...,n ∈ H1,2(B̊,Rn×n) by

∂uτ(σϑ ) = −Tϑ
σ ,2 , ∂vτ(σϑ ) = Tϑ

σ ,1 in B̊,

τ(σϑ ) = 0 on∂B.

The above definition of the normal curvature marix gives us the nonlinear elliptic
system

∆τ(σϑ ) = −
n

∑
ω=1

(∂uτ(σω∂vτ(ωϑ ) − ∂vτ(σω)∂uτ(ωϑ ))+Sϑ
σ ,12 in B̊,

τ(σϑ ) = 0 on∂B.

On account ofS12 = (Sϑ
σ ,12)σ ,ϑ=1,...,n ∈ L∞(B̊,Rn×n), a part of Wente’s inequal-

ity yieldsτ ∈C0(B,Rn×n), see e.g. Brezis and Coron [19]; compare also Rivière
[136] and the corresponding boundary regularity theorem inMüller and Schiko-
rra [124] for more general results. By appropriate reflection of τ andS12 (the
reflected quantities are again denoted byτ andS12) we obtain a weak solution
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τ ∈ H1,2(B̊1+d,R
n×n)∩C0(B̊1+d,R

n×n) of

∆τ = f (w,∇τ) in B̊1+d := {w∈ R
2 : |w| < 1+d}

with somed > 0 and a right-hand sidef satisfying

| f (w, p)| ≤ a|p|2 +b for all p∈ R
2n2

, w∈ B̊1+d

with some realsa,b > 0. Now applying Tomi’s regularity result from [157] for
weak solutions of this non-linear system possessing small variation locally in
B̊1+d, we findτ ∈ C1,ν(B,Rn×n) for any ν ∈ (0,1) (note that Tomi’s result ap-
plies for such systems withb = 0, but his proof can easily be adapted to our
inhomogeneous caseb > 0).

3. From the first-order system forτ(σϑ ) we infer T i ∈ Cα(B,Rn×n). Thus the
Weingarten equations forNσ ,ui yield N ∈ W1,∞(B̊) on account ofN ∈ L∞(B̊),
and we obtainN ∈ Cα(B) by Sobolev’s embedding theorem. Inserting this
again into the Weingarten equations we findN ∈ C1,α(B). Hence we conclude
R = (Nσ · Ñϑ )σ ,ϑ=1,...,n ∈C1,α(B,Rn×n), and the transformation ruleS12 = R ◦
S̃12◦Rt impliesS12 = (Sϑ

σ ,12)σ ,ϑ=1,...,n ∈Cα(B,Rn×n) (noteS̃12 ∈Cα(B,Rn×n)

for k = 3; in casek ≥ 4 we even getS12 ∈ C1,α(B,Rn×n)). Now the right-hand
side of the equation for∆τ(σϑ ) belongs toCα(B,R), and potential theoretic
estimates ensureτ ∈ C2,α(B,Rn×n). Involving again our first-order system for
the τ(σϑ ) givesT i ∈ C1,α(B,Rn×n) which provesN ∈ C2,α(B) using the Wein-
garten equations once more. Finally, fork ≥ 4, we can bootstrap by concluding
R ∈C2,α(B,SO(n)) andS12 ∈C1,α(B) from the transformation rule forS12 and
repeating the arguments above. This completes the proof.⊓⊔
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In this chapter we consider minimal surfaces as critical points of the area functional in parametric
and non-parametric form. We investigate analytical and geometric properties of these immersions,

and we present various proofs for establishing curvature estimates and theorems of Bernstein type.

9.1 Minimal surfaces

Minimal surfaces are critical points of the area functional

A [X] :=
∫∫

B

W dudv

which implies their characteristic propertyH ≡ 0 as the following theorem shows.

Theorem 9.1.The functional

δN̂A [X;ϕ ] :=
d
dε

A [X + εϕN̂]
∣∣∣
ε=0

of the first variation ofA [X] w.r.t. perturbations

X̃(u,v) = X(u,v)+ εϕ(u,v)N̂(u,v)

with an arbitrary unit normal vector̂N, a smooth functionϕ ∈ C∞
0 (B,R) and a

parameterε ∈ (−ε0,+ε0) is given by

δN̂A [X;ϕ ] = −2
∫∫

B

HN̂Wϕ dudv

with the mean curvature ĤN alongN̂. Thus critical points X: B → Rn+2 of A [X]
necessarily satisfy

H ≡ 0 in B.

Proof. Let (u,v) ∈ B be conformal parameters. Choose an ONFN = (N1, . . . ,Nn)
and consider normal variations

X̃(u,v) = X(u,v)+ εϕ(u,v)Nγ̂(u,v)
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with arbitraryϕ ∈C∞
0 (B,R) andε ∈ (−ε0,ε0), where we set

Nγ̂ (u,v) :=
n

∑
σ=1

γ̂σ (u,v)Nσ (u,v),
n

∑
σ=1

γ̂σ (u,v)2 = 1.

We compute
X̃u = Xu + εϕuNγ̂ + εϕNγ̂,u ,

X̃v = Xv + εϕvNγ̂ + εϕNγ̂,v

as well as

X̃2
u = W+2εϕXu ·Nγ̂,u + ε2ϕ2

u + ε2ϕ2N2
γ̂ ,u ,

X̃2
v = W+2εϕXv ·Nγ̂,v + ε2ϕ2

v + ε2ϕ2N2
γ̂ ,v ,

X̃u · X̃v = ε
{

Xu ·Nγ̂,v +Xv ·Nγ̂ ,u

}
ϕ + ε2ϕuϕv + ε2ϕ2Nγ̂,u ·Nγ̂,v .

(9.1)

Let us now introduce the following auxiliary forms

Lγ̂ ,i j := Xuiu j ·Nγ̂ = −Xui ·Nγ̂,u j = −Xu j ·Nγ̂,ui

taking
Nγ̂ ,ui ·Nγ̂ = 0 (becauseN2

γ̂ = 1)

Xui ·Nγ̂ ,u j = −Xuiu j ·Nγ̂ (becauseXui ·Nγ̂ = 0)

into account as well asXu·Nγ̂ ,v = Xv ·Nγ̂ ,u due to the symmetrie ofLσ ,i j . In particular,
it holds

Lγ̂ ,i j = −Xui ·Nγ̂,u j = −Xui ·
(

n

∑
σ=1

γ̂σ
u j Nσ +

n

∑
σ=1

γ̂σ Nσ ,u j

)

= −
n

∑
σ=1

γ̂σ Xui ·Nσ ,u j =
n

∑
σ=1

γ̂σ Lσ ,i j

for i, j = 1,2 which showsLγ̂,i j = Lγ̂ , ji . We rewrite the equations (9.1) into the form

X̃2
u = W−2εϕLγ̂,11+ ε2ϕ2

u + ε2ϕ2N2
γ̂ ,u ,

X̃2
v = W−2εϕLγ̂,22+ ε2ϕ2

v + ε2ϕ2N2
γ̂ ,v ,

X̃u · X̃v = −2εϕLγ̂,12+ ε2ϕuϕv + ε2ϕ2Nγ̂ ,u ·Nγ̂,v

which implies

δg11 = −2ϕLγ̂,11, δg12 = −2ϕLγ̂,12, δg22 = −2ϕLγ̂,22
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with the settings

δg11 :=
∂ g̃11

∂ε

∣∣∣
ε=0

etc. Now in view of

2WδW = g22δg11−2g12δg12+g11δg22

with g11 = g22 andg12 ≡ 0 we arrive at the first variation formula

δW =
1
2

δg11+
1
2

δg22 = −
{

Lγ̂,11+Lγ̂,22

}
ϕ = −2Hγ̂Wϕ (9.2)

where we set

Hγ̂ :=
Lγ̂ ,11g22−Lγ̂,12g12+Lγ̂,22g11

2W2 .

This proves the statement.⊓⊔

9.2 The first variation of non-parametric functionals. Mini mal
graphs

The general problem

In this section we want to consider surface graphs of the form

X(x,y) = (x,y,ζ1(x,y), . . . ,ζn(x,y)), Ω ⊂ R
2 ,

which are critical for the non-parametric area functional.We start with computing
the first variation of a general non-parametric functional before we treat the special
case of minimal surfaces.

We introduce the following abbreviations

pσ :=
∂ζσ
∂x

, qσ :=
∂ζσ
∂y

, σ = 1, . . . ,n,

as well as

ζ = (ζ1, . . . ,ζn), p = (p1, . . . , pn), q = (q1, . . . ,qn),

r = (r1, . . . , r2n) = (p1,q1, . . . , pn,qn).

Let us now consider the general non-parametric functional

F [ζ ] :=
∫∫

Ω

F(x,y,ζ ,∇ζ )dxdy=

∫∫

Ω

F(x,y,ζ , r)dxdy.
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For the next computations we refer the reader to Fomin and Gelfand [61], Funk
[68] or Evans [53].

Theorem 9.2.The system of n Euler-Lagrange equations for the functionalF [ζ ]
reads

dFpσ (x,y,ζ , r)

dx
+

dFqσ (x,y,ζ , r)

dy
= Fzσ (x,y,ζ , r) for σ = 1, . . . ,n.

Proof. Let ε ∈ (−ε0,ε0). We consider perturbations

ζ̃σ = ζσ + εϕσ

with ϕσ ∈C∞
0 (Ω ,R) for σ = 1, . . . ,n. Let ϕ = (ϕ1, . . . ,ϕn). Then it follows

F [ζ̃ ]−F [ζ ]

=

∫∫

Ω

F(x,y,ζ + εϕ ,∇ζ + ε∇ϕ)dxdy−
∫∫

Ω

F(x,y,ζ ,∇ζ )dxdy

= ε
n

∑
σ=1

∫∫

Ω

Fzσ (x,y,ζ ,∇ζ )ϕσ dxdy

+ε
n

∑
σ=1

∫∫

Ω

{
Fpσ (x,y,ζ ,∇ζ )ϕσ ,x +Fqσ (x,y,ζ ,∇ζ )ϕσ ,y

}
dxdy+o(ε).

Notice that

Fpσ (x,y,ζ ,∇ζ )ϕσ ,x =
d
dx

[
Fpσ (x,y,ζ ,∇ζ )ϕσ

]
− dFpσ (x,y,ζ ,∇ζ )

dx
ϕσ ,

Fqσ (x,y,ζ ,∇ζ )ϕσ ,y =
d
dy

[
Fqσ (x,y,ζ ,∇ζ )ϕσ

]
− dFqσ (x,y,ζ ,∇ζ )

dy
ϕσ

as well as
∫∫

Ω

div
(
Fpσ (x,y,ζ ,∇ζ )ϕσ ,Fqσ (x,y,ζ ,∇ζ )ϕσ

)
dxdy= 0 for all σ = 1, . . . ,n

due to the choice of the test functionsϕσ . Thus we arrive at

F [ζ̃ ]−F [ζ ] = ε
n

∑
σ=1

∫∫

Ω

Fzσ (x,y,ζ ,∇ζ )ϕσ dxdy

−ε
n

∑
σ=1

∫∫

Ω

{
dFpσ (x,y,ζ ,∇ζ )

dx
+

dFqσ (x,y,ζ ,∇ζ )

dy

}
ϕσ dxdy+o(ε).

The fundamental lemma of the calculus of variations proves the statement. ⊓⊔
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Minimal graphs

We want to specify the foregoing considerations to the problem of establishing the
Euler-Lagrange equations for area functional. LetX(x,y) be a surface graph with
tangential vectors

Xx = (1,0,ζ1,x, . . . ,ζn,x), Xy = (0,1,ζ1,y, . . . ,ζn,y).

For the coefficientsgi j of its first fundamental form we therefore compute

g11 = 1+
n

∑
σ=1

ζ 2
σ ,x , g12 =

n

∑
σ=1

ζσ ,xζσ ,y , g22 = 1+
n

∑
σ=1

ζ 2
σ ,y ,

and the squared area elementW(x,y) takes the form

W2 = g11g22−g2
12

= 1+
n

∑
σ=1

ζ 2
σ ,x +

n

∑
σ=1

ζ 2
σ ,y +

n

∑
σ=1

ζ 2
σ ,x

n

∑
σ=1

ζ 2
σ ,y−

(
n

∑
σ=1

ζσ ,xζσ ,y

)2

.

Thus the non-parametric area functional reads

A [ζ ] =

∫∫

Ω

√√√√1+
n

∑
σ=1

ζ 2
σ ,x +

n

∑
σ=1

ζ 2
σ ,y +

n

∑
σ=1

ζ 2
σ ,x

n

∑
σ=1

ζ 2
σ ,y−

(
n

∑
σ=1

ζσ ,xζσ ,y

)2

dxdy.

(9.3)

In the special casen = 1 of one codimension there is only one functionζ (x,y)
generating the surface graph, and the area functional can bewritten in the simpler
form

A [ζ ] =

∫∫

Ω

√
1+ ζ 2

x + ζ 2
y dxdy.

The system ofn Euler-Lagrange equations then reduces to one single equation.

Now back to the case of arbitrary codimension. Using our abbreviationsp∈ Rn

andq∈ Rn from above we infer

W ≡ F(p,q) =
√

1+ p2+q2+ p2q2− (p ·q)2

for the integrand of the functionalA [ζ ]. Differentiation gives

∂F(p,q)

∂ pσ
=

pσ + pσ q2−qσ(p ·q)

W
,

∂F(p,q)

∂qσ
=

qσ +qσ p2− pσ(p ·q)

W
.

Note furthermoreFzσ (p,q) ≡ 0 for σ = 1, . . . ,n.
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Corollary 9.1. The non-parametric minimal surface system reads

div
∇ζσ
W

= −div

(
ζσ ,xq2− ζσ ,y p ·q, ζσ ,y p2− ζσ ,x p ·q

)

W
in Ω (9.4)

for σ = 1, . . . ,n.

Note that the right hand side of this Euler-Lagrange system vanishes identically
in casen = 1 of one codimension. Then we particularly get

div
∇ζ
W

= 0 in Ω . (9.5)

Let us finally note down (9.4) for graphsX(x,y) = (x,y,ϕ(x,y),ψ(x,y)) :

div
∇ϕ
W

= −div

(
(ϕxψy−ϕyψx)ψy,(ϕyψx−ϕxψy)ψx

)

W
,

div
∇ψ
W

= −div

(
(ϕyψx−ϕxψy)ϕy,(ϕxψy−ϕyψx)ϕx

)

W
.

9.3 Geometry of minimal surfaces

Following section 2.3, the characteristic propertyH ≡ 0 for a conformally parametrized
minimal immersionX : B→ Rn+2 is equivalent to

∆X(u,v) = 0 in B.

From this Laplace equation we will derive some interesting geometric properties
of minimal surfaces.

Embedding into subspaces

A first remarkable consequence is the following:

Let a minimal surface X: B → R4 with X(∂B) ⊂ R3 be given. Then the whole
surface X(B) is also contained in the subspaceR3.

The general situation is the contents of the

Proposition 9.1.Let the minimal surface X: B→ Rn+2 satisfy

Xu(u,v) ·e= Xv(u,v) ·e= 0 on ∂B

with a fixed vector e∈ Rn+2. Then there hold

Xu(u,v) ·e= Xv(u,v) ·e= 0 in B.
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Proof. Introduce conformal parameters(u,v) ∈ B, and letΦi := Xui ·e for i = 1,2.
Then we compute

∆Φi = (Xuiuu+Xuivv) ·e= (Xuu+Xvv)ui ·e= (∆X ·e)ui = 0.

Thus theΦi are harmonic functions, and the maximum principle proves the state-
ment. ⊓⊔

The convex hull property

Next let a minimal surfaceX : B → Rn+2 together with an ONFN be given. Then
H ≡ 0 immediately implies

κσ ,1+ κσ ,2 ≡ 0

for the principal curvaturesκσ ,1 andκσ ,2 along an unit normal vectorsNσ of N.
Thus we obtain

Kσ = κσ ,1κσ ,2 ≤ 0

for the Gauss curvatures alongNσ , and we infer

K =
n

∑
σ=1

Kσ ≤ 0 in B

for the Gauss curvature of the minimal immersion.

But surfaces with non-positive curvature satisfy the so-called convex hull prop-
erty. In particular, using an idea which goes back to S. Hildebrandt we prove the

Proposition 9.2.Let the minimal surface X: B→ Rn+2 be given. Then it holds

X(B) ⊂ convX(∂B)

with convX(∂B) denoting the convex hull of the curve X(∂B).

Proof. Use conformal parameters(u,v) ∈ B. Choose a unit vectorZ ∈ Rn+2 with
|Z| = 1 and a real numberh∈ R such that

X(∂B) ⊂ HZ,h :=
{

X ∈ R
n+2 : Z ·X−h≤ 0

}
.

Along with the minimal immersionX(u,v) we now define the function

Φ(u,v) := Z ·X(u,v)−h, (u,v) ∈ B,

which satisfies

∆Φ(u,v) = 0 in B, Φ(u,v) ≤ 0 on∂B.
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Thus the maximum principle impliesΦ(u,v) ≤ 0 in B, thereforeX(B) ⊂ HZ,h. But
on the other it holds

convX(∂B) =
⋂

Z,h

HZ,h ,

i.e. it followsX(B) ⊂ HZ,h for all half spacesHZ,h proving the statement.⊓⊔

Various geometric enclosure theorems for minimal surfacescan be found e.g.
in the monograph Burago and Zalgaller [20]. We also want to refer to Dierkes et
al. [44], Nitsche [126], and Osserman [130]. For further developments we refer to
Dierkes [42], [43].

In particular, enclosure theorems of this kind are useful for establishing curvature
estimates as we will elaborate shortly.

9.4 A priori estimates for elliptic systems with quadratic growth

For this purpose we need some additional analytical facts from the theory ofquasi-
linear elliptic systems of second order with quadratic growth in the gradient.We
refer the reader to the work of Heinz [80] as well as to Schulz [146], Dierkes et al.
[44], and Sauvigny [143].

Such elliptic systems played an important role for our considerations from chap-
ter 8. In particular, the model problem

∆Φ(u,v) = r(u,v) in B

with the right hand side

r =
∂a
∂u

∂b
∂v

− ∂a
∂v

∂b
∂u

discussed theregrowth quadratically in the gradients of aandb, i.e.

|∆Φ| ≤ 1
2

(|au|2 + |bv|2 + |av|2 + |bv|2) =
1
2

(|∇a|2 + |∇b|2).

In the following we consider mappingsX : B→ Rn+2 satisfying

|∆X| ≤ λ |∇X|2 + µ in B (9.6)

with non-negative realλ ,µ ∈ [0,∞).

The following results are taken from Sauvigny [143], chapter 12.
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Interior gradient estimates

Assume that the smallness condition

λ · sup
(u,v)∈B

|X(u,v)| < 1 in B

holds true. Let
δ (w) := dist(w,∂B), d := sup

w∈B
δ (w).

Then there exists a constant c1 = c1(λ ,µ ,M,d) ∈ [0,∞) such that

δ (w)|∇X(w)| ≤ c1(λ ,µ ,M,d), M := sup
(u,v)∈B

|X(u,v)|.

Likewise it holds

‖X‖C1+α(Kε ) ≤ c2(λ ,µ ,M,d,ε,α) ∈ [0,∞) for α ∈ (0,1)

for all compact domains Kε ⊂⊂ B̊.

Global gradient estimates

If we otherwise assume additionally

X(u,v) = 0 on∂B

we can made a statement about a gradient estimate up to∂B. Namely it holds

‖X‖C1+α(B) ≤ c3(λ ,µ ,M,α) for α ∈ (0,1)

with a real constant c3 ∈ [0,∞). The proof uses a reflection principle for (9.6).

Interior estimates for the Jacobian

Now consider aplane mapping X: B → B solving system (9.6) withλ ∈ [0, 1
2),

X : ∂B→ ∂B topologically and positively oriented,X(0,0) = (0,0), and

JX(u,v) =
∂ (x,y)
∂ (u,v)

> 0 in B

for its Jacobian.Then it holds

c4(λ ,µ , r) ≤ |∇X(w)| ≤ c5(λ ,µ , r) for all compact Br ⊂⊂ B̊

with positive constants c4,c5 ∈ (0,∞).
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If additionally ∫∫

B

(X2
u +X2

v )dudv≤ N

with a real constant N∈ (0,∞), then the latter estimate is true for0≤ λ < 1, i.e.

c∗4(λ ,µ , r,N) ≤ |∇X(w)| ≤ c∗5(λ ,µ , r,N) for all compact Br ⊂⊂ B̊

with constants c∗4,c
∗
5 ∈ (0,∞).

9.5 A curvature estimate for minimal graphs with subquadratic
growth

Using the analytical tools for nonlinear elliptic systems just presented together with
a classical Schauder estimate from Gilbarg and Trudinger [71] we can proof our first
curvature estimate.

Theorem 9.3.Let the minimal graph

X(x,y) = (x,y,ζ1(x,y), . . . ,ζn(x,y))

on the disc closed disc BR = {(x,y) ∈ R2 : x2 +y2 ≤ R} be given. Let

X = X(u,v) : B−→ R
n+2

be a reparametrization of this graph such that X(u,v) is conformally parametrized.
Then there exists a real constantΘ ∈ [0,+∞) such that for the Gaussian curvature
KN(0,0) of X(u,v) along an arbitrary unit normal vector N it holds

|KN(0,0)| ≤ Θ
R4 ‖X‖2

C0(BR) .

Proof. 1. Consider the conformal representationX(u,v) of the graph. Then we can
ensure that

f (u,v) := (x(u,v),y(u,v)), (u,v) ∈ B,

maps the boundary∂B topologically and positively orientied onto∂BR, and it
satisfiesf (0,0) = (0,0) as well asJf (w) > 0 in B for the Jacobian off (u,v)
sinceX(u,v) represents a surface graph; see Sauvigny [143]. Due to

△ f (u,v) = 0 in B

there exists a real constantC1 ∈ (0,+∞) such that

|∇ f (0,0)| ≥C1R.
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We infer

W(0,0) =
1
2
|∇X(0,0)|2 ≥ 1

2
|∇ f (0,0)|2 ≥ 1

2
C2

1R2 .

2. Using conformal parameters it holds

|KN(0,0)| ≤ |N(0,0) ·Xuu(0,0)||N ·Xvv(0,0)|+ |N ·Xuv(0,0)|2
W(0,0)2

≤ |Xuu(0,0)||Xvv(0,0)|+ |Xuv(0,0)|2
W(0,0)2 .

Due to△X(u,v) = 0 in B there is a universal constantC2 ∈ (0,+∞) with the
property (see e.g. Gilbarg and Trudinger [71], Theorem 4.6)

|Xuiu j (0,0)| ≤C2‖X‖C0(BR) for i, j = 1,2. (9.7)

Note here that the supremum norm does not depend on the choiceof the param-
eters. Putting all estimates together we arrive at

|KN(0,0)| ≤ 8C2
2

C4
1R4

‖X‖2
C0(BR) =:

Θ
R4 ‖X‖2

C0(BR)

settingΘ := 8C2
2C−4

1 . The statement is proved.⊓⊔

9.6 A theorem of Bernstein-type

Complete geodesic discs

For our curvature estimates later we need some new terminology the reader can find
in any textbook on Riemannian geometry or geometric analysis. Let us refer e.g. to
Klingenberg [106] or Sauvigny [140].

We consider twodimensional simply connected and complete immersionsM2 in
the following sense.

Definition 9.1. The regular surfaceM2 ⊂ Rn+2 is calledcompleteif for every point
p ∈ M2 any geodesic curveγ : [0,ε) → M2 with γ(0) = p can be extended to a
parametric geodesic curvẽγ : R → M2 defined on the whole real lineR.

Elementary examples of complete surfaces are the planeR2, the cylinder, or the
sphere. The minimal surface(w,w2) is also complete.

Geodesic curves are defined by means of the so-calledexponential map

expp : TM2(p) −→ M2

on the twodimensional tangential spaceTM2(p) of M2 at p∈ M2.
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For sufficiently smallr > 0 satisfying

r
√

K0 < π

with a real constantK0 such that

K(p) ≤ K0 for all p∈ M2 ,

the exponential map represents a local diffeomorphism of a closed disc Br(p) of
radius r> 0 with center p∈ M2 into the surface M2 ⊂Rn+2, i.e. it maps one-to-one
onto thegeodesic disc

Br(p) := expp(Br(p)).

In particular, if it holds K≤ 0 for the Gaussian curvature of M2 ⊂ Rn+2 then the
exponental map is injective for all r∈ (0,+∞) by a theorem of Hadamard.

A Bernstein-type result

The following corollary generalizes a well-known result ofLiouville which states
that every entire and bounded holomorphic functions must beconstant.

Corollary 9.2. Let X: R2 →Rn+2 be a minimal graph of class C2(R2,R) satisfying
the growth condition

‖X‖C0(BR) ≤ Ω∗Rε , ε ∈ (0,2), (9.8)

for all BR ⊂ R2 with a real constantΩ∗ ∈ (0,+∞). Then it holds

lim
R→∞

|KN(0,0)| = 0 for all unit normal vectors N,

i.e. a complete minimal graph defined on the whole planeR2 represents a plane.

Proof. Since the minimal graph is defined over the whole planeR2 we may consider
discsBR with radiusR> 0 arbitrarily large due to Hadamard’s theorem mentioned
above. The previous curvature estimate then implies

|KN(0,0)| ≤ ΘΩ2
∗

R4 R2ε −→ 0 for R→ ∞

for all unit normal vectorsN proving the statement.

Remark 9.1.

1. This result is sharp in the following sense:The mapping(w,w2) for w∈ C does
not satisfy the assumed growth condition,and obviously it is not a plane.

2. Since holomorphic mappings(x,y) 7→ (ϕ(x,y),ψ(x,y)) generate minimal graphs
(x,y,ϕ ,ψ) in R4 we may considerer our corollary as a generalisation of Liou-
ville’s theorem.
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We want to point out thatit is not necessary to suppose the growth condition
(9.8) in case n= 1 of one codimension.Rather it holds the

Proposition 9.3.Ever minimal graph X∈C2(R2,R3) represents a plane.

The nonlinearity of the minimal surface equation

(1+ ζ 2
y )ζxx−2ζxζyζxy+(1+ ζ 2

x )ζyy = 0

in casen = 1 allows us to skip such growth or boundness conditions. But minimal
graphs inRn+2 are solutions ofsystems of quasilinear elliptic equationsforcing us
to additional assumptions.

For example, Kawai in [105] bringsstability into play which will be our subject
in the next chapters.

Proposition 9.4.Given the complete and stable minimal graph X: R2 → R4. Then
either it is a plane or it is a graph generated by a holomorphicor anti-holomorphic
function.

9.7 Osserman’s curvature estimate for minimal surfaces

In this section we want to present Osserman’s curvature estimate for minimal sur-
facesX : B→ Rn+2 from [127].

Theorem 9.4.Let X: B → Rn+2 be a conformally parametrized minimal surface
representing a geodesic discsBr(X0) of radius r> 0 and with center X0 := X(0,0).
Assume that the unit normal vectors at each point of the immersion make an angle
ω > 0 with some fixed direction in space. Then it holds the curvature estimate

|K(0,0)| ≤ 1
r2

32(n+1)

sin4 ω
.

An estimate for the complex valued surface vector

Let the conformally parametrized minimal immersionX : B→ Rn+2 be given. Set

ϕk := xk
u− ixk

v , k = 1, . . . ,n+2,

andϕ = (ϕ1, . . . ,ϕn+2) ∈ Cn+2. In particular, it holds

|ϕ |2 =
n+2

∑
k=1

|ϕk|2 =
n+2

∑
k=1

xk
u +

n+2

∑
k=1

xk
v = X2

u +X2
v = 2W

with the area elementW > 0 of the surface.
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The following two results and their proofs are taken from Osserman [127],
Lemma 1.1 and Lemma 1.2. The first lemma was formulated there for conformally
parametrized minimal surfaces, but it also holds true for all immersions.

Lemma 9.1.Let the conformally parametrized immersion X: B→ Rn+2 be given.
Then every normal vector N(w) at w∈ B makes an angle of at leastω > 0 with the
xn-axis if and only if

|ϕn+2(w)|2
|ϕ(w)|2 ≥ 1

2
sin2 ω .

Proof. Let en+2 = (0, . . . ,0,1) be the unit vector in the positivexn+2-direction. The
condition that an arbitrary unit vectorZ = (z1, . . . ,zn+2) ∈ Rn+2 makes an angle of
at leastω > 0 with thexn+2-axis is

|zn+2| ≤ cosω .

Assume thaten+2 lies in the tangential plane atX(w). Then we setω = π
2 . Thus

suppose in the following thaten+2 does not lie in the tangential plane at the point
X(w). Choose an orthonormal frame{V1,V2,V3} as a basis of the three-dimensional
space Span{Xu,Xv,en+2} such that

V3 := en+2 .

Let furthermoreZ ∈ span{V1,V2,V3} be a unit vector with the propertyZ ⊥ X1,X2

where we set

X1 :=
Xu√
W

, X2 :=
Xv√
W

, X3 := Z.

Now we define coefficientsvik by

X1 =
3

∑
k=1

v1kVk , X2 =
3

∑
k=1

v2kVk , X3 =
3

∑
k=1

v3kVk .

Then (vik)i,k=1,2,3 ∈ R3×3 is an orthogonal matrix withv2
13 + v2

23 + v2
33 = 1 since

{X1,X2,X3} and{V1,V2,V3} are orthonormal frames. But on the other hand

vi3 = Xi ·V3 = Xi ·en+2 = xn+2
i ,

and therefore

|ϕn+2|2 = (xn+2
u )2 +(xn+2

v )2 =
[
(X1 ·V3)

2 +(X2 ·V3)
2]W.

Thus we infer
|ϕn+2|2
|ϕ |2 =

1
2

(v2
13+v2

23) =
1
2

(1−v2
33).

But v33 = z3 = cosϑ with ϑ being the angle between the unit normal vectorZ and
theen-axis.
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Now if all normals make an angle of at leastω then|v33| ≤ cosω , and it follows

|ϕn+2|2
|ϕ |2 ≥ 1

2
(1−cos2 ω) =

1
2

sin2 ω .

Conversely, if the inequality from the lemma holds true we find |v33| ≤ cosω . We
extend{X1,X2,X3} to an orthonormal basis{X1, . . . ,Xn+2} of Rn+2 such that

N = λ3X3 + . . .+ λn+2Xn+2

for an arbitrary unit normal vectorN of the surface with suitable coefficients
λ3, . . . ,λn+2. We inferXk ·en+2 = 0 for all k = 4, . . . ,n+ 2. Hence the angleϑ be-
tweenN anden+2 satisfies

cosϑ = N ·en+2 = λ3X3 ·en+2 = λ3cosω ≤ cosω

sinceλ3 = N ·X3 ≤ 1. The lemma is proved.⊓⊔

Lemma 9.2.Let the conformally parametrized minimal surface X: B→ Rn+2 rep-
resent a geodesic disc of radius r> 0 with center X0 = X(0,0). Assume that every
normal vector makes an angle of at leastω > 0 with the xn+2-axis. Then it holds

|ϕn+2(0,0)| ≥ r sinω .

Proof. Denote byΓ (B) the set of all continuously differentiable curvesγ in B con-
necting the origin(0,0) ∈ B with the boundary∂B.

1. Now consider a smooth embedded curve

c∗(t) =
(
u(t),v(t)

)
: I ⊂ R −→ B

from the setΓ (B) with c(0) = (0,0). Its length on the surface is given by

L [c∗] =
∫

c∗

√
W(ζ )dζ

with the positive line elementdζ =
√

u̇2 + v̇2dt. Using the complex-valued func-
tionsϕ andϕn+2 from the previous lemma we infer

∫

c∗

√
W(ζ )dζ =

1√
2

∫

c∗

|ϕ(ζ )|dζ ≤ 1
sinω

∫

c∗

|ϕn+2(ζ )|dζ .

2. We want to estimate|ϕn+2(ζ )|. For this purpose consider the complex-valued
integral

F(w) :=

w∫

0

ϕn+2(ζ )dζ , w∈ B.
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Sinceϕn+2(ζ ) 6= (0,0) by the foregoing lemma, the complex-valued derivative
F ′(w) does not vanish:

|F ′(w)| 6= 0 in B, whereF ′(w) = ∂wF(w) =
1
2

[
Fu(w)− iFv(w)

]
.

Thusσ = F(w) has an inversew = G(σ) in some circle aboutσ = (0,0). If
R> 0 denotes the radius of the largest of such circles, we find a point σ0 ∈ C

with |σ0| = R such thatG(σ) can not be extended to a neighborhood ofσ0.
Now letγ denote the line segment connectingσ = (0,0) andσ0, and consider its
imagec∗ under the mappingG. In particular,c∗ is a curve going fromw = (0,0)
to ∂B, and|σ |< R is mapped into|w|< 1. Finally it holdsG(0,0) = (0,0). Thus
Schwarz’ lemma1 yields

|G′(0,0)| ≤ 1
R

.

We infer

r ≤ inf
c∈Γ (B)

∫

c

√
W dζ ≤

∫

c∗

√
W dζ ≤ 1

sinω

∫

c∗

|ϕn+1|dζ ≤ 1
sinω

∫

γ

dσ

=
R

sinω
≤ 1

|G′(0,0)|sinω
=

|F ′(0,0)|
sinω

=
|ϕn+2(0,0)|

sinω

from where the statement follows.⊓⊔

A representation of the Gauss curvature

The following representation of the Gaussian curvatureK of a conformally para-
metrized minimal surface using the complex-valued functionsϕk from above goes
also back to Osserman [127].

Lemma 9.3.Let the conformally parametrized minimal surface X: B → Rn+2 be
given. Then it holds

−2KW2 =
1

2W

n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2

for its Gaussian curvature K.

Proof. From section 3.5 we recall the conformal representation

−2KW =

(
Wu

W

)

u
+

(
Wv

W

)

v
=

1
W

∆W− 1
W2 (W2

u +W2
v ).

1 Let the holomorphic functionφ : BR → B with φ(0,0) = (0,0) be given. Then|φ ′(0,0)| ≤ 1
R .
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Furthermore, the complex-valued vectorϕ = (ϕ1, . . . ,ϕn+2) with the holomorphic
functionsϕk satisfies

|ϕ |2 =
n+2

∑
k=1

|ϕk|2 = 2W.

We start with evaluating the Laplacian (letϕ ′ = ϕw and noteϕw ≡ 0)

1
4

∆W = Www =
1
2

∂ww|ϕ |2 =
1
2

∂w

n+2

∑
k=1

{
ϕkϕk,w + ϕkϕk,w

}

=
1
2

∂w

n+2

∑
k=1

ϕkϕk,w =
1
2

∂w

n+2

∑
k=1

ϕkϕ ′
k =

1
2

n+2

∑
k=1

ϕ ′
kϕ ′

k .

Taking next
W2

u +W2
v = 4WwWw

into account we compute

Ww =
1
2

∂w|ϕ |2 =
1
2

n+2

∑
k=1

{
ϕk,wϕk + ϕkϕk,w

}
=

1
2

n+2

∑
k=1

ϕ ′
kϕk ,

and analogously

Ww =
1
2

n+2

∑
k=1

ϕkϕ ′
k .

It follows that

Www−
1
W

WwWw =
1
2

n+2

∑
k=1

ϕ ′
kϕ ′

k−
1

4W

n+2

∑
k,ℓ=1

ϕ ′
kϕkϕℓϕ ′

ℓ

=
1
2

n+2

∑
k=1

ϕ ′
kϕ ′

k−

n+2

∑
k,ℓ=1

ϕ ′
kϕkϕℓϕ ′

ℓ

2
n+2

∑
ℓ=1

ϕℓϕℓ

=
1
2

n+2

∑
k,ℓ=1

(
ϕ ′

kϕ ′
kϕℓϕℓ−ϕ ′

kϕkϕℓϕ ′
ℓ

)

n+2

∑
ℓ=1

ϕℓϕℓ

.

On the other hand we calculate

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2 = (ϕkϕ ′
ℓ−ϕ ′

kϕℓ)(ϕkϕ ′
ℓ −ϕ ′

kϕℓ)

= ϕkϕkϕ ′
ℓϕ ′

ℓ−ϕkϕ ′
ℓϕ ′

kϕℓ−ϕkϕ ′
ℓϕ

′
kϕℓ + ϕ ′

kϕℓϕ ′
kϕℓ .
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We thus infer

n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2

=
n+2

∑
k,ℓ=1

{
ϕkϕkϕ ′

ℓϕ ′
ℓ + ϕ ′

kϕℓϕ ′
kϕℓ

}
−

n+2

∑
k,ℓ=1

{
ϕkϕ ′

ℓϕ ′
kϕℓ + ϕkϕ ′

ℓϕ
′
kϕℓ

}

= 2
n+2

∑
k,ℓ=1

{
ϕ ′

kϕ ′
kϕℓϕℓ−ϕkϕ ′

kϕℓϕ ′
ℓ

}
.

Altogether we have derived

−2KW2 = ∆W− |∇W|2
W

= 4Www−
4
W

WwWw =
1

|ϕ |2
n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ −ϕ ′

kϕℓ|2

=
1

2W

n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2

which proves the statement.⊓⊔

Now introduce the meromorphic function

fk(w) :=
ϕk(w)

ϕn+2(w)
, k = 1, . . . ,n+1.

For its derivatives we compute

f ′k =
ϕ ′

kϕn+2−ϕkϕ ′
n+2

ϕ2
n+2

, k = 1, . . . ,n+1,

as well as

fk f ′ℓ − f ′k fℓ =
(ϕ ′

ℓϕn+2−ϕℓϕ ′
n+2)ϕk− (ϕ ′

kϕn+2−ϕkϕ ′
n+2)ϕℓ

ϕ4
n+2

=
ϕ ′

ℓϕk−ϕ ′
kϕℓ

ϕ3
n+2

for k, ℓ = 1, . . . ,n+1.

Lemma 9.4.The Gaussian curvature K of the conformally parametrized minimal
surface satisfies

K = − 2
|ϕn+2|2

n+1

∑
k,ℓ=1

| fk f ′ℓ − f ′k fℓ|2 +2
n+1

∑
k=1

| f ′k|2

(
1+

n+1

∑
k=1

| fk|2
)3 .
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Proof. We compute

K = − 1
4W3

n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ −ϕ ′

kϕℓ|2 = − 2
(

n+2

∑
k=1

|ϕk|2
)3

n+2

∑
k,ℓ=1

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2

= −2

n+1

∑
k,ℓ=1

|ϕkϕ ′
ℓ−ϕ ′

kϕℓ|2 +2
n+1

∑
k=1

|ϕkϕ ′
n+2−ϕ ′

kϕn+2|2

(
|ϕn+2|2 +

n+1

∑
k=1

|ϕk|2
)3

= −2|ϕn+2|4

n+1

∑
k,ℓ=1

| fk f ′ℓ − f ′k fℓ|2 +2
n+1

∑
k=1

| f ′k|2

|ϕn+2|6
(

1+
n+1

∑
k=1

|ϕk|2
|ϕn+2|2

)3

= − 2
|ϕn+2|2

n+1

∑
k,ℓ=1

| fk f ′ℓ − f ′k fℓ|2 +2
n+1

∑
k=1

| f ′k|2

(
1+

n+1

∑
k=1

| fk|2
)3

This is the stated formula.⊓⊔

Proof of Osserman’s curvature estimate

Under the assumptions of Theorem 9.4 we infer from Lemma 9.1

|ϕn+2(w)|2
n+1

∑
k=1

| fk(w)|2 =
n+1

∑
k=1

|ϕk(w)|2 ≤
n+2

∑
k=1

|ϕk(w)|2 = |ϕ(w)|2 ≤ 2|ϕn+2(w)|2
sin2 ω

showing the uniform estimate

n+1

∑
k=1

| fk(w)|2 ≤ 2

sin2 ω
or

n+1

∑
k=1

‖ fk‖2
C0(B) ≤

2

sin2 ω
.

Now Schwarz’ lemma implies

| f ′k(0,0)| ≤ ‖ fk‖C0(B)−
| fk(0,0)|2
‖ fk‖C0(B)

=: ηk‖ fk‖C0(B)
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with the abbreviation

ηk := 1− | fk(0,0)|2
‖ fk‖2

C0(B)

.

We estimate the Gauss curvature at the pointw= (0,0). For this purpose we use the
Cauchy-Schwarz inequality to get

| fk(0,0) f ′ℓ(0,0)− f ′k(0,0) fℓ(0,0)|2

≤
(
| fk(0,0)|| f ′ℓ(0,0)|+ | f ′k(0,0)|| fℓ(0,0)|

)2

≤ 2
(
| fk(0,0)|2|| f ′ℓ(0,0)|2 + | f ′k(0,0)|2| fℓ(0,0)|2

)

which in turn gives

n+1

∑
k,ℓ=1

| fk(0,0) f ′ℓ(0,0)− f ′k(0,0) fℓ(0,0)|2

≤ 4
n+1

∑
k,ℓ=1

| fk(0,0)|2| fℓ(0,0)|2 ≤ 4
n+1

∑
k=1

| fk(0,0)|2
n+1

∑
ℓ=1

| f ′ℓ(0,0)|2 .

Thus we infer

n+1

∑
k,ℓ=1

| fk(0,0) f ′ℓ(0,0)− f ′k(0,0) fℓ(0,0)|2 +
n+1

∑
ℓ=1

| f ′ℓ(0,0)|2

≤ 4
n+1

∑
k=1

| fk(0,0)|2
n+1

∑
ℓ=1

| f ′ℓ(0,0)|2 +
n+1

∑
ℓ=1

| f ′ℓ(0,0)|2

=

(
4

n+1

∑
k=1

| fk(0,0)|2 +1

)
n+1

∑
ℓ=1

| f ′ℓ(0,0)|2

≤
(

4
n+1

∑
k=1

| fk(0,0)|2 +1

)
n+1

∑
ℓ=1

η2
ℓ ‖ fℓ‖2

C0(B)

≤ 4

(
n+1

∑
k=1

| fk(0,0)|2 +1

)
n+1

∑
ℓ=1

‖ fℓ‖2
C0(B)

n+1

∑
ℓ=1

η2
ℓ

≤ 8

sin2 ω

n+1

∑
ℓ=1

η2
ℓ

(
n+1

∑
ℓ=1

| fℓ(0,0)|2 +1

)
.
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Inserting into the above repesentation for the Gaussian curvature yields

|K(0,0)| ≤ − 4
|ϕn+2|2

n+1

∑
k,ℓ=1

| fk f ′ℓ − f ′k fℓ|2 +
n+1

∑
k=1

| fk|2

(
1+

n+2

∑
k=1

| fk|2
)3

∣∣∣
w=(0,0)

≤ 32

sin2 ω

n+1

∑
k=1

η2
k

|ϕn+2|2
(

1+
n+1

∑
k=1

| fk|2
)2

∣∣∣
w=(0,0)

≤ 32(n+1)

sin2 ω |ϕn+2(0,0)|2

sinceηk ∈ [0,1] for all k = 1, . . . ,n+1. But from Lemma 9.2 we know

|ϕn+2(0,0)|2 ≥ r2sin2 ω

with the geodesic radiusr > 0 of the minimal disc. The finally proves the curvature
estimate. ⊓⊔

9.8 A theorem of Bernstein type due to Osserman

From Osserman’s curvature estimate we want to derive our next theorem of Bern-
stein type for twodimensional minimal surfaces inRn+2.

Corollary 9.3. Let the minimal graph X: R2 → Rn+2 be given. Assume that its unit
normal vectors at each point make an angleω > 0 with some fixed direction in
space. Then X represents a plane.

Proof. Due to Hadamard’s theorem (see section 9.6) we may introducegeodesic
minimal discsBr(X0) for all r > 0 with X0 := X(0,0). The curvature estimate

|K(0,0)| ≤ 1
r2

32(n+1)

sin4 ω

implies
lim
r→∞

K(0,0) = 0.

But X0 = X(0,0) is chosen arbitrarily. The statement follows.⊓⊔
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9.9 Gradient estimates for minimal graphs

We conclude this chapter with elementary gradients estimates for minimal graphs.
Such a-priori bounds are sufficient for solving the Dirichlet problem for this class
of quasilinear equations. For we do not elaborate on this existence problem we want
to refer the reader e.g. to Taylor [155] for detailed studies.

Gradient estimates on the boundary

Let us restrict to minimal graphs defined on the closed disc

BR :=
{
(x,y) ∈ R

2 : x2 +y2 ≤ R2} .

We want to start with establishing gradient estimates on theboundary.

Theorem 9.5.Letζσ ∈C2(BR,R), σ = 1, . . . ,n, be a solution of the minimal surface
system
(

1+
n

∑
ω=1

ζ 2
ω,y

)
ζσ ,xx+2

n

∑
ω=1

ζω,xζω,yζσ ,xy+

(
1+

n

∑
ω=1

ζ 2
ω,x

)
ζσ ,yy = 0 in BR

for σ = 1, . . . ,n. Then there exists a real constant

C = C(‖ζ1‖C2(∂BR), . . . ,‖ζn‖C2(∂BR),R)

such that

max
{
|∇ζ1(z)|, . . . , |∇ζn(z)|

}
≤C(‖ζ1‖C2(∂BR), . . . ,‖ζn‖C2(∂BR),R) (9.9)

for all z∈ ∂BR.

Proof. Choose a pointz0 = (x0,y0) ∈ ∂BR. For real parametersc1,c2 ∈ (0,+∞)
consider the auxiliary functions

S−ζσ
(z) := c1 log

(
1+c2dΓ (z)

)
−
{

ζσ (z)− ζσ (z0)
}
, z= (x,y) ∈ BR,

fo σ = 1, . . . ,n wheredΓ = dΓ (z) means the distance ofz∈ BR to the tangential line
Γ ⊂ R

2 on ∂BR atz0 ∈ ∂BR. We have

S−ζσ
(z0) = 0 for all σ = 1, . . . ,n. (9.10)

Now we considerζ := ζ1. Let Cζ ∈ [0,+∞) be defined as

Cζ := ‖ζ‖C2(∂BR) . (9.11)



9.9 Gradient estimates for minimal graphs 183

Then we may choosec1 = c1(Cζ ,R) andc2 = c2(Cζ ,R) such that

S−ζ > 0 for all z∈ ∂BR\ {z0}. (9.12)

Let us now abbreviate

M [ζω ] := a11ζω,xx+2a12ζω,xy+a22ζω,yy, ω = 1, . . . ,n,

for the minimal surface operator with coefficients

a11 := 1+
n

∑
σ=1

ζ 2
σ ,y , a12 :=

n

∑
σ=1

ζσ ,xζσ ,y , a22 := 1+
n

∑
σ=1

ζ 2
σ ,x .

There hold
M [ζσ ] = 0 in BR

for σ = 1, . . . ,n. We compute the partial derivatives

S−ζ ,x =
c1c2

1+c2dΓ
dΓ ,x− ζx , S−ζ ,y =

c1c2

1+c2dΓ
dΓ ,y− ζy

as well as

S−ζ ,xx = − c1c2
2

(1+c2dΓ )2 d2
Γ ,x− ζxx,

S−ζ ,xy = − c1c2
2

(1+c2dΓ )2 dΓ ,xdΓ ,y− ζxy,

S−ζ ,yy = − c1c2
2

(1+c2dΓ )2 d2
Γ ,y− ζyy.

Thus it follows

M [S−ζ ] = a11S
−
ζ ,xx+2a12S

−
ζ ,xy+a22S

−
ζ ,yy

= − c1c2
2

(1+c2dΓ )2 (a11d
2
Γ ,x +2a12dΓ ,xdΓ ,y +a22d

2
Γ ,y)−M [ζ ]

= − c1c2
2

(1+c2dΓ )2 (a11d
2
Γ ,x +2a12dΓ ,xdΓ ,y +a22d

2
Γ ,y).

Taking the ellipticity conditiona11a22−a2
12 > 0 together witha11 > 0 into account

we conclude
M [S−ζ ] ≤ 0 in BR.

Along with (9.10) and (9.12), the maximum principle yieldsS−ζ (z) ≥ 0 in BR, i.e.

ζ (z)− ζ (z0) ≤ c1 log
(
1+c2dΓ (z)

)
for all z∈ BR. (9.13)



184 9 Minimal surfaces

Analogously we proceed with the function

S+
ζ (z) := c1 log

(
1+c2dΓ (z)

)
+
{

ζ (z)− ζ (z0)
}

and arrive at

M [S+
ζ ] ≤ 0 in BR, S+

ζ (Z) ≥ 0 for all z∈ ∂BR,

i.e.S+
ζ ≥ 0 in BR resp.

−c1 log
(
1+c2dΓ (z)

)
≤ ζ (z)− ζ (z0) for all z∈ BR. (9.14)

Taking the estimates (9.13) and (9.14) together gives

|ζ (z)− ζ (z0)| ≤ c1 log
(
1+c2dΓ (z)

)
for all z∈ BR.

Finally, for the outer unit normal vectorν atz0 ∈ ∂B we choose a pointz∈ BR such
that

∣∣∣∣
∂ζ
∂ν

(z0)

∣∣∣∣≤ lim
dΓ (z)→0

|ζ (z)− ζ (z0)|
dΓ (z)

≤ lim
dΓ (z)→0

c1 log
(
1+c2dΓ (z)

)

dΓ (z)
= c1c2 .

Together with (9.11), the choice ofc1 andc2, and finally a similar calculation for
ζ2,ζ3, . . . ,ζn we get the statement.⊓⊔

Barrier constructions for minimal immersions and surfaceswith prescribed mean
curvature as presented here can be found e.g. in Dierkes [43], Jorge and Tomi [100],
or Bergner [11].

Global gradient estimates

Finally we discuss a global gradient estimate for minimal graphs on strictly convex
domains of definition. A suitable three-point-condition which already goes back to
Schauder [144] ensures that the minimal surface system decouples.

Theorem 9.6.Let ζσ ∈ C2(B̊R,R)∩C1(BR,R), σ = 1, . . . ,n, be a minimal graph
together with Dirichlet boundary conditionsζR,σ ∈C1(∂BR,R). Let

C∗
ζ := max

σ=1,...,n
‖ζR,σ‖C1(∂BR) .

Then there exists a real constant C= C(C∗
ζ ,R) ∈ (0,+∞) such that it holds

[ζσ ]C1(B̊R) ≤C(ζσ ,R) .
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Sketch of the proof.Insert(ζ1, . . . ,ζn) and its gradient into the minimal surface sys-
tem to get the decoupled system

a1(x,y)ζ1,xx+2b1(x,y)ζ1,xy+c1(x,y)ζ1,yy = 0,

a2(x,y)ζ2,xx+2b2(x,y)ζ2,xy+c2(x,y)ζ2,yy = 0,

...

an(x,y)ζn,xx+2bn(x,y)ζn,xy+cn(x,y)ζn,yy = 0.

Here there holdaσ cσ −b2
σ > 0 for all σ = 1, . . . ,n. The solutionsζσ of this linear

system can be considered asaddle surfaces(x,y,ζσ (x,y)) overBR ⊂ R2. For such
surfaces we find the following result: LetΓσ ⊂ R3 be the spatial curves generated
by (x,y,ζR,σ ) ∈ R3. Each of these curves satisfies a three-point-condition witha
constantΛ ∈ R in the sense that any planez= αx+ βy+ γ passing three different
points onΓσ permits an uniform estimate of the form

√
α2 + β 2 ≤ Λ .

Then by a theorem of Radó there is a constantc1 = c1(Λ) ∈ (0,+∞) with

[ζσ ]C1(B̊R) ≤ c1(Λ) for Λ = 1, . . . ,n

for the half-norms[ζσ ]C1(B̊R), see e.g. Gilbarg and Trudinger [71]. On the other hand,

Schauder [144] ensures thatΓσ ⊂ R3 actually satisfies a three-point-condition over
the strictly convex domainBR⊂R

2 with a constantΛ = Λ(C∗
ζ ,R) which leads us to

[ζσ ]C1(B̊R) ≤ c2(C
∗
ζ ,R) for all σ = 1, . . . ,n.

This proves the statement.⊓⊔
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In this chapter we consider critical points of functionals of Gulliver type in parametric and non-
parametric form. Such surfaces represent special immersions with prescribed mean curvature

fields. We discuss various analytical and geometric properties, and we present a curvature esti-
mate for graphs.

10.1 Critical points of parametric Gulliver-type function als

Preparations

Following Gulliver [75] and Böhme, Hildebrandt and Tausch[16] we consider the
following functional of mean-curvature-type

G [X] :=
∫∫

B

{
Γ (X)W+2Xu◦A(X)◦Xv

}
dudv (10.1)

which generalizes the usual area functional

A [X] =

∫∫

B

W dudv,

and where
Γ ∈C3+α(R3,(0,∞)), α ∈ (0,1)

is a positive weight function and

A ∈C3+α(Rn,Rn×n), α ∈ (0,1)

a real-valued and skew-symmetric matrix.

Before we come to the computation of the Euler-Lagrange equations of critical
points forG [X] we want to convince ourself of its geometric character.

Proposition 10.1.The Gulliver-type functionalG [X] is invariant w.r.t. parameter
transformations of classP.

Proof. It is sufficient to prove the invariance for the termXu ◦A(X) ◦Xv. Thus let
ui(vα) ∈ P be such a parameter transformation.
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Then we compute

Xv1 ◦A(X)◦Xv2 =
[
Xu1u1

v1 +Xu2u2
v1

]
◦A(X)◦

[
Xu1u1

v2 +Xu2u2
v2

]

= (u1
v1u2

v2 −u1
v2u

2
v1)Xu1 ◦A(X)◦Xu2 .

The transformation formula for multiple integrals yields the claim. ⊓⊔

In particular, the forme1 ◦A(X) ◦e2 does not depend on the choice of the or-
thonormal frame(e1,e2) as the following lemma emphasizes.

Lemma 10.1.Let a point w∈B be given as well as two orthonormal frames{e1,e2}
and(ẽ1, ẽ2) spanning the tangential planeTX(w). Then it holds

e1◦A(X)◦e2 = ẽ1◦A(X)◦ ẽ2.

Proof. Consider theSO2-action

ẽ1 = cosϕ e1−sinϕ e2 , ẽ2 = sinϕ e1 +cosϕ e2

with a rotation angleϕ . Then we infer

ẽ1◦A(X)◦ ẽ2 = cos2 ϕ e1◦A(X)◦e2+sin2 ϕ e1◦A(X)◦e2

due to the skew-symmetry ofA(X), in particularek◦A(X)◦ek = 0 for k = 1,2. ⊓⊔

Example: Hildebrandt’s functional

In casen = 1 of one codimension, Hildebrandt in [85] considered the functional
∫∫

B

{
|Xu×Xv|+2Q(X) · (Xu×Xv)

}
dudv

with a smooth vector fieldQ: R
3 → R

3. As it will turn out later critical points
X : B→ R3 have the scalar mean curvature

H(X) = 2divXQ(X) := 2

(
∂q1(X)

∂x1 +
∂q2(X)

∂x2 +
∂q3(X)

∂x3

)

with the spatial divergence operator divX and satisfy

∆X = 2H(X)WN in B

using conformal parameters(u,v) ∈ B.
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In terms of our skew-symmetric matrixA(X) we immediately verify

A(X) =




0 q3(X) −q2(X)

−q3(X) 0 q1(X)

q2(X) −q1(x) 0


 .

Euler-Lagrange equations

We come to the calculation of the first variation ofG [X].

Theorem 10.1.Let a conformally parametrized immersion X: B→ Rn+2 together
with an ONF N be given. Assume that it is critical for the functional G [X]. Then it
satisfies the Euler-Lagrange system

△X = 2
n

∑
σ=1

HσWNσ in B (10.2)

with the mean curvature field

Hσ =
1

Γ (X)W

n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
σ +xm

u xk
vn

ℓ
σ +xℓ

uxm
v nk

σ )+
ΓX(X) ·Nσ

2Γ (X)
(10.3)

for σ = 1, . . . ,n and with the skew-symmetric matrixA(X) = (akℓ(X))k,ℓ=1,...,n.

Proof. In view of our results from the previous chapter it remains toevaluate the
variations ofΓ (X) and the formXu◦A(X)◦Xv. For this purpose we again consider
normal variations of the form

X̃(u,v) = X(u,v)+ εϕ(u,v)Nγ̂(u,v)

where

Nγ̃ =
n

∑
σ=1

γ̂(u,v)Nσ (u,v),
n

∑
σ=1

(γ̂σ )2 = 1

with arbitraryϕ ∈C∞
0 (B,R) andε ∈ (−ε0,+ε0). First it holds

δΓ (X) :=
∂

∂ε
Γ (X̃)

∣∣∣
ε=0

= ΓX(X) ·Nγ̂ ϕ

such that, together with (9.2), we arrive at

δ [Γ (X)W] = −2Γ (X)Hγ̂Wϕ +ΓX(X) ·Nγ̂ Wϕ . (10.4)

It remains to compute the first variation ofXu◦A(X)◦Xv.
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We calculate (note thatXu◦A(X)◦Xu = Xv◦A(X)◦Xv = 0)

δ [Xu◦A(X)◦Xv] = δXu◦A(X)◦Xv+Xu◦A(X)◦ δXv+Xu◦ δA(X)◦Xv

=
{

ϕuNγ̂ + ϕNγ̂,u
}
◦A(X)◦Xv+Xu◦A(X)◦

{
ϕvNγ̂ + ϕNγ̂,v

}

+Xu◦ δA(X)◦Xv

= div
(
Nγ̂ ◦A(X)◦Xvϕ ,Xu◦A(X)◦Nγ̂ ϕ

)

−Nγ̂ ◦A(X)u◦Xvϕ −Xu◦A(X)v◦Nγ̂ ϕ +Xu◦ δA(X)◦Xv .

SettingNγ̂ = (n1
γ̂ , . . . ,n

n+2
γ̂ ) we have

n+2

∑
k,ℓ,m=1

Xu◦ δA(X)◦Xv = akℓ,xmnm
γ̂ xℓ

vx
k
u ϕ ,

n+2

∑
k,ℓ,m=1

Nγ̂ ◦A(X)u◦Xv = akℓ,xmxm
u xℓ

vn
k
γ̂ ,

n+2

∑
k,ℓ,m=1

Xu◦A(X)v◦Nγ̂ = akℓ,xmxm
v nℓ

γ̂xk
u

and we arrive at

δ [Xu◦A(X)◦Xv] = div
(
Nγ̂ ◦A(X)◦Xvϕ ,Xu◦A(X)◦Nγ̂ ϕ

)

+
n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
γ̂ −xm

u xℓ
vn

k
γ̂ −xk

uxm
v nℓ

γ̂)ϕ

= div
(
Nγ̂ ◦A(X)◦Xvϕ ,Xu◦A(X)◦Nγ̂ ϕ

)

+
n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
γ̂ +xm

u xk
vn

ℓ
γ̂ +xℓ

uxm
v nk

γ̂)ϕ .

Together with (10.4) we conclude

δ G [X] =

∫∫

B

div
(
Nγ̂ ◦A(X)◦Xvϕ ,Xu ◦A(X)◦Nγ̂ ϕ

)
dudv

−2
∫∫

B

Γ (X)Hγ̂Wϕ dudv+
∫∫

B

ΓX(X) ·Nγ̂Wϕ dudv

+2
n+2

∑
k,ℓ,m=1

∫∫

B

akℓ,xm(xk
uxℓ

vn
m
γ̂ +xm

u xk
vn

ℓ
γ̂ +xℓ

uxm
v nk

γ̂)ϕ dudv

for all ϕ ∈C∞
0 (B,R).
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Vanishing of the first variations now means

Hγ̂ =
1

Γ (X)W

n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
γ̂ +xm

u xk
vn

ℓ
γ̂ +xℓ

ux
m
v nk

γ̂)+
ΓX(X) ·Nγ̂

2Γ (X)
.

Let γ̂σ ≡ 1 for some indexσ ∈ {1, . . . ,n} andγ̂ω ≡ 0 for all ω 6= σ . Then we have
Nγ̂ = Nσ , nℓ

γ̂ = nℓ
σ andHγ̂ = Hσ . We therefore conclude

Hσ =
1

Γ (X)W

n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
σ +xm

u xk
vn

ℓ
σ +xℓ

ux
m
v nk

σ )+
ΓX(X) ·Nσ

2Γ (X)
.

This holds for allσ = 1, . . . ,n. ⊓⊔

Invariance of the Euler-Lagrange equations

As in Lemma 10.1 we immediately verify that this special mean-curvature field
H = (H1, . . . ,Hn) from the previous proof is invariant w.r.t. dilatations of the tangent
vectorsXu andXv as well as w.r.t. rotations of the basis{Xu,Xv}, i.e. there hold

H(X,λe1,µe2,Nσ ) = H(X,e1,e2,Nσ ) for realλ ,µ ∈ (0,+∞)

as well as
H(X, ẽ1, ẽ2,Nσ ) = H(X,e1,e2,Nσ ).

Secondly, the reader is invited to verify the mean curvatureH for critical points
X of Hildebrandt’s functional

∫∫

B

{
|Xu×Xv|+2Q(X) · (Xu×Xv)

}
dudv

from above in casen = 1, i.e. to prove

H(X) =
∂
∂z

q3(X)+
∂
∂y

q2(X)+
∂
∂x

q1(X).

And finally we want to show explicitely the invariance of the mean curvature
system (10.2), (10.3) w.r.t. rotations of the ONFN. For this we write (10.3) as an
inner product in the form

Hσ =
1

Γ (X)

{
1
W

n+2

∑
k,ℓ,m=1

(akℓ,xm +aℓm,xk +amk,ℓ)x
k
uxℓ

v +
Γ m

X (X)

2

}
nm

σ

=: Γ ∗(X,Xu,Xv) ·Nσ

settingΓX = (Γ 1
X , . . . ,Γ n+2

X ).
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Applying then an orthogonal mappingR we arrive at

∆X = 2
n

∑
σ=1

HσWNσ = 2W
n

∑
σ=1

{
Γ ∗(X,Xu,Xv) ·Nσ

}
Nσ

= 2W
n

∑
σ=1

{
Γ ∗(X,Xu,Xv) ·

(
n

∑
ω=1

rσωNω

)}
n

∑
ω ′=1

rσω ′Nω ′

= 2W
n

∑
ω=1

(
n

∑
σ=1

r2
σω

){
Γ ∗(X,Xu,Xv) ·Nω

}
Nω

+2W
n

∑
ω,ω ′=1
ω 6=ω ′

(
n

∑
σ=1

rσω rσω ′

){
Γ ∗(X,Xu,Xv) ·Nω

}
Nω ′

= 2W
n

∑
ω=1

{
Γ ∗(Xu,Xu,Xv) ·Nω

}
Nω

=
n

∑
ω=1

HωWNω .

Proposition 10.2.The mean curvature system (10.2) together with the mean curva-
ture field (10.3) is invariant w.r.t. the choice of an ONF N.

Surfaces inR3

In particular, critical pointsX : B→ R3 of the functional
∫∫

B

{
Γ (X)|Xu×Xv|+2Q(X) · (Xu×Xv)

}
dudv

have the scalar mean curvature

H(X) =
1

Γ (X)

{
ΓX(X) ·N+2divXQ(X)

}

with the unit normal vectorN. By the way, the special functional
∫∫

B

Γ (X)W dudv

possesses an interesting geometric application.
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Namely it can be considered asthe area of a surface X: B→ R3 immersed in the
threedimensional spaceR3 which is equipped with the non-Euclidean metric

ds̃2 = Γ (x1,x2,x3)
{

(dx1)2 +(dx2)2 +(dx3)2
}

.

For example, the stereographic projection of the sphereS2 ⊂ R3 would yield the
special weight function

Γ (X) =
4

(
1+ |X|2

)2 ,

see e.g. Bergner [11] or Böhme, Hildebrandt and Tausch [16].

10.2 A geometric maximum principle

Following of Dierkes [42], [43] and Hildebrandt [84] we wantto establish a ge-
ometric maximum principle for immersions with prescribed mean curvature fields
generalizing our results for minimal surfaces from section9.3.

Theorem 10.2.Let the conformally parametrized immersion X: B → Rn+2 with
prescribed mean curvature H= (H1, . . . ,Hn) w.r.t. to an ONF N be given. Assume

h0 sup
(u,v)∈B

|X(u,v)| ≤ 1
n

is satisfied with

sup
(u,v)∈B

|Hσ (u,v)| ≤ h0 for all σ = 1, . . . ,n.

Then it holds
△|X|2 ≥ 0 in B.

In particular, the function|X|2 is subject to the maximum principle

sup
(u,v)∈B

|X(u,v)|2 = sup
(u,v)∈∂B

|X(u,v)|2 .

Proof. Namely, we compute

△|X|2 = 2|∇X|2+2X ·△X = 2|∇X|2+4
n

∑
σ=1

HσWX·Nσ

≥ 2

{
1−

n

∑
σ=1

|Hσ ||X|
}
|∇X|2 ≥ 2

{
1−nh0|X|

}
|∇X|2 ,

and the statement follows.⊓⊔
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Thus in casen = 1 of one codimension we have to assure

h0 sup
(u,v)∈B

|X(u,v)| ≤ 1.

The limit case is represented by the half sphere with scalar mean curvatureH ≡ 1.

10.3 A curvature estimate for surfaces with prescribed mean
curvature

We want to present a curvature estimate from Bergner and Fröhlich [13] for twodi-
mensional graphs with prescribed mean curvature fields of the special form

H ∈C0(Rn×Sn+1,R)

which additionally satisfy the following Hölder- and Lipschitz conditions:

|H(X,Z)| ≤ h0 for all X ∈ R
n , Z ∈ Sn+1 as well as

|H(X1,Z1)−H(X2,Z2)| ≤ h1|X1−X2|α +h2|Z1−Z2|

for all X1,X2 ∈ Rn and Z1,Z2 ∈ Sn+1 .

(10.5)

Our proof essentially uses method from Osserman [127] already applied in sec-
tion 9.7 above, and from Sauvigny [140], [141]; see also Fröhlich [62].

The curvature estimate

Theorem 10.3.Let the immersion X: B → Rn+2 with prescribed mean curvature
field H= H(X,Z) satisfying the properties (10.5), together with an ONF N be given.
Assume furthermore

(A1) X represents a conformal reparametrization of a surface graph

(x,y,ζ1(x,y), . . . ,ζn(x,y)), ζσ ∈C3+α(Ω ,R) for σ = 1, . . . ,n

on a bounded, simply connected and regular domainΩ ⊂ R2;

(A2) X represents a geodesic discBr(X0) of geodesic radius r> 0 with center
X0 := X(0, . . . ,0), and with a real constant d0 > 0, independent of the radius r,
it holds the growth estimate

A [X] ≤ d0r2 (10.6)

for the area of X;
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(A3) at each point w∈ B every unit normal vector N of the surface makes an angle
of at leastω > 0 with the x1-axis.

Then there exists a real constant

Θ = Θ(h0r,h1r1+α ,h2r,d0,sinω ,n,α) ∈ (0,+∞),

with the constant h0 ∈ [0,∞) from the previous section, such that it holds the curva-
ture estimate

κσ ,1(0,0)2 + κσ ,2(0,0)2 ≤ 1
r2

{
(h0r)2 +Θ

}
(10.7)

for the principal curvatureκσ ,1 undκσ ,2 w.r.t. the ONF N and for allσ = 1, . . . ,n.

Remarks

Before we come to the proof of our curvature estimate we briefly want to discuss
the assumptions of the theorem.

1. The regularity conditions (10.5) can particularly be verified by means of the mean
curvature field

H(X,Z) =
ΓX(X) ·Z
2Γ (X)

for critical points of the Gulliver-type functional

G [X] =

∫∫

B

Γ (X)W dudv,

at least ifΓX(X) andΓ (X) are regular enough.

2. Growth estimates for the area as assumed in (10.6) can be found in chapter 14.
For the purpose of a curvature estimate the quality of the constantd0 is inessen-
tial; in particular it could also depend on the radiusr. But later when we apply
our curvature estimate to establish a theorem of Bernstein type we are forced to
require the growth estimate (10.6) in its sharp form.

3. The condition (A3) comes from Osserman’s curvature estimate presented in sec-
tion 9.7. Let us verify it by means of the minimal graph(w,w2) for w∈ BR. For
this purpose we introduce the two unit normal vectors

N1 :=
1√

1+4u2+4v2
(−2u,2v,1,0),

N2 :=
1√

1+4u2+4v2
(−2v,−2u,0,1).
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Along the line{v = 0} we especially infer

|N1 · (1,0, . . . ,0)| = 2|u|√
1+4u2

−→ 1 for |u| → ∞.

Thus (A3) is not fulfilledfor R→ ∞ since according to this condition it should
hold contradictorily

|N1 · (1,0, . . . ,0)| ≤ cosω < 1.

Unfortunately we can not apply our theorem.

Proof of the curvature estimate

First it holds

κσ ,1(0,0)2 + κσ ,2(0,0)2 = 4Hσ (0,0)2−2Kσ (0,0) ≤ 4h2
0 +2|Kσ (0,0)|

=
1
r2

{
(2h0r)2 + r2|Kσ (0,0)|

}

for σ = 1, . . . ,n. Then the desired estimate follows from the identity

Kσ (0,0) =
(Xuu ·Nσ )(Xvv ·Nσ )− (Xuv·Nσ )2

W2

∣∣∣
(u,v)=(0,0)

if an upper and a lower bounds for the nominator resp. the denominator of the frac-
tion on the right hand side are proved.

1. In the first part of our proof we show

W(w)

r2 ≥C1 for w∈ B1
2
(0,0)

with a constantC1 = C1(h0r,d0,sinω ,n) > 0.

1.1 As usual we construct a global orthonormal normal frameN as follows:
The basis vectors

e3 := (0,0,1,0, . . . ,0), . . . ,en+2 := (0, . . . ,0,1)

are not tangential to the surface. Its projections

N∗
1 := e3−

e3 ·Xu

|Xu|2
Xu−

e3 ·Xv

|Xv|2
Xv , N∗

2 := e4−
e4 ·Xu

|Xu|2
Xu−

e4 ·Xv

|Xv|2
Xv

etc. can be transformed into such an ONF{N1, . . . ,Nn}. We use this frame in
the first part of the proof.
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1.2 Using conformal parameters(u,v) ∈ B we recall the estimate

|△X(u,v)| ≤ nh0|∇X(u,v)|2 in B. (10.8)

1.3 Assumption (A2) yields: LetΓ (B) denotes the set of all continuous and
piecewise continuously differentiable curvesγ : [0,1] → B with γ(0) = (0,0)
andγ(1) ∈ ∂B. Then it holds

inf
γ∈Γ (B)

1∫

0

∣∣∣∣
d
dt

X ◦ γ(t)

∣∣∣∣ dt ≥ r.

1.4 Assumption (A3) ensures the estimate

|∇x1|2 ≥Wsin2 ω in B,

see the proof of Osserman’s curvature estimate from section9.7. This inequal-
ity actually is true for immersions which are not necessarily minimal for its
proof makes only use of the conformality relations.

To construct a lower bound for the area element we will employvarious results
from Heinz [80], see section 9.4.

1.5 We define the plane mapping

F∗(u,v) := (x1(u,v),x2(u,v)) : B−→ R
2 .

(i) First we infer

|∆F∗(w)| ≤ 2nh0

sin2 ω
|∇F∗(w)|2 for all w∈ B

taking

|∆F∗| ≤ |∆X| ≤ nh0|∇X|2 = 2nh0W ≤ 2nh0

sin2 ω
|∇x1|2

≤ 2nh0

sin2 ω
|∇F∗|2

into account;
(ii) Secondly it holds

|∇X(w)|2 ≤ 2

sin2 ω
|∇F∗(w)|2 for all w∈ B

what follows from

|∇X|2 = 2W ≤ 2

sin2 ω
|∇x1|2 ≤ 2

sin2 ω
|∇F∗|2 .
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1.6 Now letw0 ∈ B andν ∈ (0,1) such that

B̊2ν(w0) :=
{

w∈ B : |w−w0| < 2ν
}
⊂ B̊.

We consider

Y(w) :=
1
r
{X(w0 +2νw)−X(w0)}, w∈ B,

as well as
F(w) := (y1(w),y2(w)) : B−→ R

2 .

Again there hold

|Yu(w)|2 =
4ν2

r2 W(w0 +2νw) = |Yv(w)|2 , Yu(w) ·Yv(w) = 0,

and due to (10.8) we infer

|△Y(w)| ≤ n(h0r)|∇Y(w)|2 in B̊.

1.7 Together with point 1.5(ii) of the proof we conclude

|△F(w)| ≤ |△Y(w)| ≤ n(h0r)|∇Y(w)|2 =
8nν2(h0r)

r2 W(w0 +2νw)

=
4nν2(h0r)

r2 |∇X(w0 +2νw)|2 ≤ 8nν2(h0r)

r2sin2 ω
|∇F∗(w0 +2νw)|2

=
8nν2(h0r)

r2sin2 ω
r2

4ν2 |∇F(w)|2 ≤ 2n(h0r)

sin2 ω
|∇F(w)|2

(10.9)
for all w∈ B̊. Due to (A1) the mappingF = F(u,v) is one-to-one with positive
JacobianJF(w) > 0 in B̊. Furthermore, (A2) gives

D [F ] ≤ D [Y] ≤ 1
r2 D [X] ≤ 2d0

for the Dirichlet energy ofF given by

D [F ] =

∫∫

B

{
|Fu|2 + |Fv|2

}
dudv.

Following now Heinz [80], Theorem 6 (see section 9.4 above) there is a con-
stantc1 = c1(h0r,d0,sinω ,n) ∈ (0,+∞) such that

|∇F(u,v)| ≤ c1(h0r,d0,sinω ,n) for all (u,v) ∈ B̊1
2
(0,0).
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1.8 From (10.9) we infer

1
r2 W(w0 +2νw) ≤ 1

4ν2sin2 ω
c1(h0r,d0,sinω ,n)2 =: c2(h0r,d0,sinω ,ν,n)

for all w∈ B̊1
2
(0,0). In particular, it holds

1
r2 W(w) ≤ c2(h0r,d0,sinω ,ν,n) for all w∈ Bν(w0) (10.10)

and allw0 ∈ B̊ mit B̊2ν(w0) ⊂ B̊. Later we will make use of this estimate.

1.9 Together with
JF(w) > 0 and D [F ] ≤ 2d0

we apply Heinz [80], Lemma 171: There exists a constantc3 ∈ (0,∞) such
that

|∇F(w)|2 ≤ c3(h0r,d0,sinω ,n)|∇F(0,0)| 2
5 for all w∈ B̊1

2
(0,0).

Together with (10.9) we thus have

4ν2

r2 W(w0 +2νw) ≤ 1

sin2 ω
|∇F(w)|2 ≤ c3(h0r,d0,sinω ,n)

sin2 ω
|∇F(0,0)| 2

5

≤ c3(h0r,d0,sinω ,n)

sin2 ω
|∇Y(0,0)| 2

5

=
c3(h0r,d0,sinω ,n)

sin2 ω

[
8ν2

r2 W(w0)

] 1
5

,

and rearranging proves the following inequality of Harnacktype

[
W(w0)

r2

] 1
5

≥ 4 ·8− 1
5 ν

8
5 sin2 ω

c3(h0r,d0,sinω ,n)

W(w0 +2νw)

r2 for all w∈ B̊1
2
(0,0).

1 Let the mappingz(w) = (x(w),y(w)) ∈C2(B̊,R) satisfy the differential inequality

|∆z| ≤ a(|zu|2 + |zv|2)+b(|zu|+ |zv|)

with positive constantsa andb. Furthermore, letxuyv − xvyu 6= 0 andD [z] ≤ N < ∞. Then there
hold

c1(a,b,N, r)
{
|zu(0,0)|+ |zv(0,0)|

} 1+3r
1−r ≤|zu(w)|+ |zv(w)|≤c2(a,b,N, r)

{
|zu(0)|+ |zv(0)|

} 1−r
1+3r

for all |w| ≤ r < 1.
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Equivalently we arrive at

c4(h0r,d0,sinω ,ν,n)

[
W(w)

r2

]5

≤ W(w0)

r2 for all w∈ B̊ν(w0)

with the real constant

c4(h0r,d0,sinω ,ν,n) :=
27ν8sin10ω

c3(h0r,d0,sinω ,n)5 ∈ (0,+∞).

1.10 Now we prove the existence of a pointw∗ ∈ B1−ν0(0,0), where we intro-
duceν0 := min(e−4πd0, 1

2), such that

W(w∗)
r2 ≥ 1

4(1−e−4πd0)
=: c5(d0) > 0.

For this purpose we apply the lemma Courant and Lebesgue considering as-
sumption (A2): For givenδ := e−4πd0 we find aδ ∗ ∈ [δ ,

√
δ ] such that

∫

|w−w0|=δ ∗

|dX(w)| ≤ 2

√
πd0r2

− logδ
= 2

√
πd0r2

4πd0
= r.

Recall point 1.3 of the proof and consider a curveγ1(t) in B from the origin
(0,0) to w1 := (1− δ ∗)w∈ B satisfying

γ1(t) := w0t, t ∈ [0,1− δ ∗].

At the same time consider curves

γ2(t) := w0 +(w−1−w0)e
±it , t ∈ [0,t1(δ ∗)],

starting inw1, wheret1(δ ∗) is chosen such thatγ2(t) ends on∂B, and this
curve runs along the arc|w−w0| = δ ∗, w∈ B. Furthermore, specifyγ2(t) to
ensure

t1(δ ∗)∫

0

∣∣∣∣
d
dt

X(γ2(t))

∣∣∣∣ dt ≤ r
2

.

Combineγ1(t) andγ2(t) to a continuous and piecewise continuously differen-
tiable curveγ(t) and compute with a suitablet0 ∈ [0,1− δ ∗]

r ≤
1−δ ∗∫

0

∣∣∣∣
d
dt

X(γ1(t))

∣∣∣∣ dt+

t1(δ ∗)∫

0

∣∣∣∣
d
dt

X(γ2(t))

∣∣∣∣ dt

≤ (1− δ )

∣∣∣∣
d
dt

X(γ1(t0))

∣∣∣∣+
r
2

.
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Rearranging yields
∣∣∣∣

d
dt

X(γ1(t0))

∣∣∣∣≥
r

2(1− δ )
=

r
2(1−e−4πd0)

proving the existence of the desired pointw∗ ∈ B1−ν0(0,0).

1.11 Using the above Harnack inequality (with the settingν := 1
2 ν0 < 1

4) we
arrive iteratively at

W(w0)

r2 ≥ c1+5+52+...+5m−1

4 c5(d0)
5m

=: C1(h0r,d0,sinω ,n) > 0

for all w0 ∈ B1−ν0(0,0). We infer

W(w)

r2 ≥C1(h0r,d0,sinω ,n) for all w∈ B1
2
(0,0) . (10.11)

This determines the first part of our proof.

2. The second part of the proof is devoted to establishing an upper bound for the
second derivatives ofX = X(u,v) making use of the elliptic system

△X = 2H(X,N1)WN1 +2H(X,N2)WN2 + . . .+2H(X,Nn)WNn .

For this purpose we construct a suitable ONFN = (N1, . . . ,Nn).

2.1 First we define

Z(u,v) =
1
r
{X(u,v)−X(0,0)}=

1
r

X(u,v), (u,v) ∈ B.

Let WZ denote the area element of the mappingZ = Z(u,v). Then we have

|Zu|2 = WZ = |Zv|2 und Zu ·Zv = 0 in B.

Obviously it holdsr2WZ = WX with WX := |Xu|2 = |Xv|2, and we compute

△Z =
2
r

H(X,N1)WXN1 + . . .+
2
r

H(X,Nn)WXNn

= 2rH (rZ,N1)WZN1 + . . .+2rH (rZ,Nn)WZNn .

2.2 From the estimate (10.10) we infer

|△Z(w)| ≤ 2(n−2)(rh0)c2(h0r,d0,sinω ,n) (10.12)

for all w∈ B1
2
(0,0).
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Due toZ(0,0) = (0,0,0) we have furthermore

|Z(u,v)| = |Z(u,v)−Z(0,0)| ≤ 2 max
w∈B1

2
(0,0)

|∇Z(w)|

≤ 2
√

2c2(h0r,d0,sinω ,n) in B1
2
(0,0).

Potential theoretic estimates (see e.g. Sauvigny [143], Kapitel XII, §2, Satz 22

yield a real constantc6(h0r,d0,sinω ,n,α) with the property

|Zui (w1)−Zui (w2)| ≤ c6(h0r,d0,sinω ,n,α)|w1−w2|α

for w1,w2 ∈ B1
4
(0,0)

(10.13)

and for allα ∈ (0,1). Thus we arrive at

|WZ(w1)−WZ(w2)| ≤ c7(h0r,d0,sinω ,n,α)|w1−w2|α

for all w1,w2 ∈ B1
4
(0,0)

with a constantc7 := 4
√

c2c6.

2.3 Using the mean value theorem we arrive at the following Lipschitz estimate

|Z(w1)−Z(w2)| ≤ c8(h0r,d0,sinω ,n,α) |w1−w2| for w1,w2 ∈ B1
2
(0,0).

In a neighborhood of the origin we now construct an ONFN with controlled
Hölder norm.

2.4 For this purpose we choose unit normal vectorsN1, . . . ,Nn ∈ Rn+2 such
that

Nσ ·Zu j (0,0) = 0, Nσ ·Nω = δσω , j = 1,2, σ ,ω = 1, . . . ,n. (10.14)

We define

N∗
σ (w) := Nσ − Nσ ·Zu(w)

|Zu(w)|2 Zu(w)− Nσ ·Zv(w)

|Zv(w)|2 Zv(w) in B̊.

2.5 These vectors belong to normal space ofZ(w) but eventually they are not
linearly independent.

2 Let X ∈ C2(B,Rn) solve |∆X| ≤ a|∇X|2 + b in B such thataM < 1 with M := sup
w∈B

|X(w)|. Let

α ∈ (0,1). Then it holds
‖X‖C1+α (B1−ε (0,0)) ≤C(a,b,M,ε ,α).
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We determine aν1 = ν1(h0r,d0,sinω ,n,α) > 0 with the property

|N∗
σ (w)|2 = 1− [Nσ ·Zu(w)]2

WZ(w)
− [Nσ ·Zv(w)]2

WZ(w)
≥ 1

2
in B̊ν1(0,0). (10.15)

Together with (10.14) and (10.13) we calculate

|Nσ ·Zuℓ(w)|2 = |Nσ · {Zuℓ(w)−Zuℓ(0,0)}|2

≤ |Zuℓ(w)−Zuℓ(0,0)|2

≤ c6(h0r,d0,sinω ,n,α)2|w|2α

for ℓ = 1,2, σ = 1, . . . ,n, and from (10.11) we deduce

WZ(w) ≥C1(h0r,d0,sinω ,n) in B̊1
2
(0,0).

Thus it holds (10.15) ifν2α
1 ≤ C1

4c6
.

2.6 Note that for the vectorsN∗
σ (w), σ = 1, . . . ,n, the Hölder estimate

|N∗
σ (w1)−N∗

σ (w2)| ≤ c9(h0r,d0,sinω ,n,α)|w1−w2|α

for w1,w2 ∈ B̊ν1(0,0) with a constantc9(h0r,d0,sinω ,n,α) are true. We infer
this estimate from the Hölder estimates forZu j and the lower bound forWZ.

2.7 Forσ = 1, . . . ,n we define

Ñσ (w) :=
N∗

σ (w)

|N∗
σ (w)| in B̊ν1(0,0).

These vectors are well-defined since

|N∗
σ (w)|2 ≥ 1

2
in Bν1(0,0)

but they are not necessarily orthogonal. But note that

N∗
σ ·N∗

ω =
(Nσ ·Zu)(Nω ·Zu)

WZ
+

(Nσ ·Zv)(Nω ·Zv)

WZ
for σ 6= ω

from where we conclude

|Ñσ · Ñω | =
|N∗

σ ·N∗
ω |

|N∗
σ ||N∗

ω |
≤ 2

C1

{
|Nσ ·Zu||Nω ·Zu|+ |Nσ ·Zv||Nω ·Zv|

}

≤ 4c2
6

C1
|w|2α .
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2.8 Thus we find aν2 = ν2(h0r,d0,sinω ,n,α) with 0 < ν2 ≤ ν1 such that the
following vectors are well-defined in̊Bν2(0,0) :

N1 := Ñ1,

N2 :=
Ñ2−

{
N1 · Ñ2

}
N1√

1−
{
N1 · Ñ2

}2
,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

Nn :=
Ñn−

{
N1 · Ñn

}
N1− . . .−

{
Nn−1 · Ñn

}
Nn−1√

1−
{
N1 · Ñn

}2− . . .−
{

Nn−1 · Ñn
}2

.

(10.16)

Namely, chooseν2 ∈ (0,1) sufficiently small to ensure that each denominator
in (10.16) is greater or equal to12. These vectors form an ONF̊Bν2(0,0).
Additionally there hold the Hölder estimates

|Nσ (w1)−Nσ (w2)| ≤ c10(h0r,d0,sinω ,n,α)|w1−w2|α

for w1,w2 ∈ Bν2(0,0)

for σ = 1, . . . ,n with a constantc10(h0r,d0,sinω ,n,α) which can be deduced
from the Hölder estimates of theN∗

σ .

2.9 Now we make use of the differential system

△Z = 2rH (rZ,N1)WZN1 + . . .+2rH (rZ,Nn)WZNn in Bν2(0,0) .

We already know

|△Z(w)| ≤ 2n(h0r)c2 in Bν2(0,0),

see (10.12). Together with (10.5) we get

|H(rZ(w1),Nσ (w1))−H(rZ(w2),Nσ (w2))|

≤ h1rα |Z(w1)−Z(w2)|α +h2|Nσ (w1)−Nσ (w2)|

≤ h14αrα cα
8 |w1−w2|α +h2c10|w1−w2|α .

Therefore we find a real constantc11 = c11(h0r,h1r1+α ,h2r,d0,sinω ,n,α)
such that it holds

|△Z(w1)−△Z(w2)| ≤ c10|w1−w2|α for w1,w2 ∈ Bν2(0,0).
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2.10 Letν3 := 1
2ν2. From the inner Schauder estimates (see e.g. Gilbarg and

Trudinger [71]) we infer a real constantC2 ∈ (0,+∞) with the property

|Zuu(w)|, |Zuv(w)|, |Zvv(w)| ≤C2(h0r,h1r1+α ,h2r,d0,sinω ,n,α)

in Bν3(0,0).

2.11 Now from the beginning of our proof we recall

κΣ ,1(0,0)2 + κσ ,2(0,0)2

≤ 1
r2

{
(h0r)2 +

|Zuu(0,0)||Zvv(0,0)|+ |Zuv(0,0)|2
WZ(0,0)2

}
.

If we set

Θ(h0r,h1r1+α ,h2r,d0,sinω ,n,α) :=
2C2

2

C2
1

we find

κσ ,1(0,0)2 + κσ ,2(0,0)2 ≤ 1
r2

{
(h0r)2 +Θ

}
.

The proof is complete. ⊓⊔

10.4 A theorem of Bernstein type

The Bernstein type result

This curvature estimate enables us to prove the following theorem of Bernstein type.

Consider a minimal graph

(x,y,ϕ1,(x,y), . . . ,ϕn(x,y)), (x,y) ∈ R
2 .

Because its Gaussian curvature is non-positive, by Hadamard’s theorem we can in-
troduce geodesic discsBr(X0) for all X0 = (x0,y0,ϕ1(x0,y0), . . . ,ϕn(x0,y0)) and all
r > 0. Then the limitr → ∞ yields the

Corollary 10.1. Let X= X(x,y), (x,y) ∈ R2, be a complete minimal graph with the
properties

(i) there exists X0 = (x0,y0,ϕ1(x0,y0), . . . ,ϕn(x0,y0)) and a radius r0 > 0 such
that all geodesic discsBr(X0) with center X0 and radius r≥ r0 satisfy

Area[Br(X0)] ≤ d0r2 for all r ≥ r0 (10.17)

for their area Area[Br(X0)] with a constant d0 ∈ (0,+∞) which does not depend
on the radius r;
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(ii) each normal vector of the graph makes an angle of at leastω > 0 with the
x1-axis.

Then X= X(x,y) is a linear mapping.

Proof. For any pointX1 = (x1,y1,ϕ1(x1,y1), . . . ,ϕn(x1,y1)) on the graph we have

Area[Br(X1)] ≤ 4d0r2 for all r ≥ max{r0,d(X0,X1)} (10.18)

whered(X0,X1) ≥ 0 is the inner distance betweenX0 andX1 on the surface. This
holds because of the inclusion

Br(X1) ⊂ B2r(X0) for all r ≥ max{r0,d(X0,X1)} (10.19)

and assumption (i). SinceK ≤ 0 for the Gaussian curvature we can consider geodesic
discsBr(X1) for all r ∈ (0,+∞) on account of Hadamard’s theorem. Introduce con-
formal parameters into such a geodesic disc. Using our curvature estimate and let-
ting r → ∞ shows that all principal curvatures atX1 vanish which proves the Corol-
lary (note thatΘ does not depend onr sinceh0,h1,h2 = 0). ⊓⊔

Remarks

We want to conclude this chapter with the following remarks.

1. Osserman’s curvature estimate from the previous chapterdoes not need a growth
estimate on the surface area.

2. Jost and Xin [104] proved a curvature estimates for submanifolds with parallel
mean curvature fields. Due to the higher dimension of the manifolds itself the
authors assume a-priori bounds for the gradients. Consult also the references
therein.

3. Curvature estimates and related Bernstein type result for minimal submanifolds
can also be found in Smoczyk, Wang and Xin [149] where the authors extend
methods from Schoen, Simon and Yau [145] for minimal immersions with van-
ishing normal sectional curvature; see also Ecker [50] or Wang [162].

4. Our method of proof uses essentially results from Heinz [80], and follows Sauvi-
gny [141] where curvature estimates for two-dimensional immersions of mean
curvature type inR3 where established.
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In this chapter we consider general elliptic functionals and its critical points in Euclidean space

R
3. The Lagrangian densities of these functionals depend on thesurface vectorX as well as the

normal directionXu×Xv.

11.1 Examples of parametric variational problems

In the following we study critical pointsX : B→ R3 of parametric variational prob-
lems of the form

B[X] :=
∫∫

B

F(X,Xu×Xv)dudv−→ extr!

The case of general case of codimensionsn≥ 1 is the subject in chapter 12.

But before we go further into details we want to consider somespecial parametric
functionals to get a first impression of its broad range of applications.

Minimal surfaces

An immersionX : B→ R3 is a minimal surface if its scalar mean curvatureH van-
ishes identically. As we have seen minimal surfaces are critical points of the area
functional

A [X] =

∫∫

B

|Xu×Xv|dudv.

With the setting
F(X,Z) = |Z|

the area functional turns out to be a special parametric functional of the formB[X].

A famous minimal surface already found by the Swiss mathematician Leonhard
Paul Euler (*1707 in Basel; †1783 in St. Petersburg) is thecatenoid

X(u,v) = (coshucosv,coshusinv,u) ∈ R
3

which is generated by rotating the hyperbolic cosine, the so-calledcatenary curve,
about thex-axis.
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Note that a full rotation would generate a surface of higher topological type, thus
we rather considerX restricted to a suitable simply connected domain inR2.

The catenoid representationX(u,v) is conformal, i.e. there hold

X2
u = sinh2u, X2

v = 1+cosh2u = sinh2 u, Xu ·Xv = 0.

Furthermore, it can be deformed continuously into theminimal helicoid

X∗(u,v) = (sinhusinv,−sinhucosv,v)

as follows
xα(u,v) := cosα sinhusinv+sinα coshucosv,

yα(u,v) := −cosα sinhucosv+sinα coshusinv,

zα(u,v) := vcosα +usinα.

The helicoid is given forα = 0, andα = π
2 represents the catenoid. The surface

parametrizations
Xα(u,v) =

(
xα(u,v),yα(u,v),zα(u,v)

)

are conformal for allα. This deformation is a special case of a general result by
Bour (see Strubecker [152].

The helicoid was discovered by the French mathematician Jean Baptiste Maria
Charles Meusnier de la Place (*1754 in Tours; †1793 in le Pontde Cassel).

Other important examples of minimal surfaces are theScherk surface

X(u,v) = (u,v, logcosu+ logcosv)

found by H. Scherk in 1834, theHenneberg surface

x(u,v) = 2sinhucosv− 2
3

sinh(3u)cos(3v),

y(u,v) = 2sinhusinv− 2
3

sinh(3u)sin(3v),

z(u,v) = 2cosh(2u)cos(2v)

named after E.L. Henneberg who found it in 1875,E.C. Catalan’s surface

x(u,v) = u−sinucoshv, y(u,v) = 1−cosucoshv, z(u,v) = 4sin
u
2

sinh
v
2

andA. Enneper’s surface

x(u,v) = u− 1
3

u3 +uv2 , y(u,v) = −v−u2v+
1
3

v3 , z(u,v) = u2−v2 .
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By the way, the later one is analgebraic surfacesince it can be rewritten in the
following algebraic form

[
y2−x2 +

4
3

z+
4
9

z3
]3

= 3z

[
y2−x2 +

8
9

z−z

(
x2 +y2 +

8
9

z2
)]

,

see Nitsche [126].

An abundance of examples and simulations of minimal surfaces can be found in
various textbooks and in the world wide net.

Immersions with prescribed mean curvature

We also considered parametric functionals whosecritical points possess non-vanishing
mean curvature fields,for example

∫∫

B

{
|Xu×Xv|+

2h0

3
X · (Xu×Xv)

}
dudv

with the volume constraint

2h0

3

∫∫

B

X · (Xu×Xv)dudv= 1.

Critical points have constant scalar mean curvatureH ≡ h0. We have

F(X,Z) = |Z|+ 2h0

3
X ·Z.

Or, more generally,Hildebrandt’s functional
∫∫

B

{
|Xu×Xv|+2Q(X) · (Xu×Xv)

}
dudv

with the constraint
2
∫∫

B

Q(X) · (Xu×Xv)dudv= 1

for some given vector fieldQ(X) = (q1(X),q2(X),q3(X)). Critical points are im-
mersions with mean curvature

H(X) =
∂

∂x1
q1(X)+

∂
∂x2

q2(X)+
∂

∂x3
q3(X).
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F-minimal surfaces

Of special interest areanisotropic parametric functionalsof the form

F [X] :=
∫∫

B

F(Xu×Xv)dudv

with Lagrangians independent of the space pointX. Critical points for such func-
tionals are so-calledF-minimal surfaces.Elaborating the imbedding of this class
of immersions into the classical calculus of variations is one topic of the following
considerations.

Critical points ofF [X] are sort of analytical models for crystall growth processes
motivated by the work of Wulff in [174]. Spherical surfaces of this kind are com-
monly calledWulff surfaces.We particularly refer the reader to Taylor [153], [154],
or Morgan [120].

Our analysis follows the ideas of Sauvigny [141] in essential points.

11.2 Further regularity assumptions

We consider the general parametric variational problem

B[X] =
∫∫

B

F(X,Xu×Xv)dudv−→ extr!

with a Lagrangian density

F ∈C5(R3×R
3\ {0},R).

We assume thatF(X,Z) satisfies the following conditions.

(H) Homogeneity:For all λ > 0 it holds

F(X,λZ) = λF(X,Z).

(D) Positive definiteness:There exist two real constants 0< m1 ≤ m2 < ∞ with

m1|Z| ≤ F(X,Z) ≤ m2|Z|.

(E) Ellipticity: There exist two real constants 0< M1 ≤ M2 < ∞ such that

M1|ξ |2 ≤ ξ ◦FZZ(X,Z)◦ ξ ≤ M2|ξ |2 for all ξ ⊥ Z

with the matrix

FZZ(X,Z) = (Fzizj (X,Z))i, j=1,2,3 ∈ R
3×3 .
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This latter ellipticity is equivalent to theconvexity condition

F(X,λZ1 + µZ2) ≤ λF(X,Z1)+ µF(X,Z2)

for all realλ ,µ ∈> 0 and allZ1,Z2 ∈ R
3 \ {0}.

Definition 11.1.We additionally set

FX(X,Z) :=
(
Fx1(X,Z),Fx2(X,Z),Fx3(X,Z)

)
∈ R

3 ,

FZ(X,Z) :=
(
Fz1(X,Z),Fz2(X,Z),Fz3(X,Z)

)
∈ R3 ,

FXX(X,Z) :=
(
Fxixj (X,Z)

)
∈ R3×3 ,

FXZ(X,Z) :=
(
Fxizj (X,Z)

)
∈ R3×3 .

The Euler homogeneity conditions

Differentiation of the LagrangianF(X,Z) yields the so-calledEuler homogeneity
conditionsas follows.

Lemma 11.1.The vector FZ(X,Z) is positive homogeneous of degree0 w.r.t. Z, the
matrix FZZ(X,Z) is positive homogeneous of degree−1 w.r.t. Z. Furthermore there
hold the relations

FZ(X,Z) ·Z = F(X,Z),

FZZ(X,Z)◦Z = 0,

FXZ(X,Z)◦Z = FX(X,Z)

for all X ∈ R3 and all Z∈ R3\ {0}.

Proof. Differentiation of the homogeneity condition (H) w.r.t.λ yields

FZ(X,λZ) ·Z = F(X,Z).

Thus the first statement follows if we setλ = 1. A further differentiation yields
FZZ(X,Z)◦Z = 0. Computing finally the derivative ofFX(X,λZ) = λFX(X,Z) w.r.t.
λ shows the third relation. The lemma is proved.⊓⊔

Parameter invariance

We show that the homogeneity condition ensures the parameter invariance of the
functionalB[X].

Proposition 11.1.B[X] is invariant w.r.t. parameter transformations from classP

and does not depend on the chosen parameter domain iff it holds the homogeneity
condition (H).
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Proof. 1. Let ũ = ũ(u,v), ṽ = ṽ(u,v) be a parameter transformation of classP.
Assuming that (H) holds, we compute

∫∫

B

F(X,Xu×Xv)dudv=

∫∫

B

F(X,(ũuṽv− ũvṽu)Xũ×Xṽ)dudv

=
∫∫

B

F(X,Xũ×Xṽ)(ũuṽv− ũvṽu)dudv=
∫∫

B̃

F(X,Xũ×Xṽ)dũdṽ

which proves the parameter invariance ofB[X].

2. The value of the functionalB[X] does not depend on the parametrization. We set
σ := ũuṽv− ũvṽu and infer

∫∫

B̃

F(X,Xũ×Xṽ)dũdṽ =
∫∫

B

F(X,σ−1Xu×Xv)σ dudv

=!
∫∫

B

F(X,Xu×Xv)dudv.

Applying this formula to the special transformation ˜u =
√

λ u, ṽ =
√

λ v for real
λ > 0 gives the homogeneity condition in integral form

∫∫

B

F(X,λXu×Xv)dudv=
∫∫

B

λF(X,Xu×Xv)dudv.

But this identity holds true on arbitrary discsBr(w), i.e.
∫∫

Br (w)

F(X,λXu×Xv)dudv=

∫∫

Br (w)

λF(X,Xu×Xv)dudv.

This proves the homogeneity condition (H) and thus the proposition. ⊓⊔

Condition (D) for compactly immersed surfaces

Consider an immersionX : B→ R3 satisfying

X(u,v) ∈ K ⊂ R
3 for all (u,v) ∈ B

with a compact subsetK ⊂ R3. We want to verify condition (D). For this set

m1 := inf
X⊂K

inf
E∈S2

F(X,E), m2 := sup
X⊂K

sup
E∈S2

|FZ(X,E)|

with the unit sphereS2 := {Z ∈ R3 : |Z| = 1}.
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Then the homogeneity relation (H) implies

m1|Z| ≤ F(X,Z) ≤ m2|Z| for all (X,Z) ∈ K ×R
3\ {0}.

Namely, for fixedZ ∈ R3 \ {0} and arbitraryX ∈ K we compute

F(X,Z) ≤ sup
X⊂K

F(X,Z) = sup
X⊂K

FZ(X,Z) ·Z

≤ sup
X⊂K

|FZ(X,Z)||Z| ≤ sup
X⊂K

sup
E∈S2

|FZ(X,E)||Z| = m2 |Z|

and analogously

m1 ≤ F(X,Z/|Z|) =
1
|Z| F(X,Z).

Thus we arrive at condition (D).

11.3 The first variation

The Euler-Lagrange equations

In this section we want to derive the Euler-Lagrange equations for critical points
X : B→ R3 of the parametric functionalB[X].

We use the following abbreviation for the triple product

[X,Y,Z] := X · (Y×Z), X,Y,Z ∈ R
3 .

Theorem 11.1.Let the immersion X: B→ R3 be critical forB[X]. Then it satisfies

[FZZ(X,N)◦Nu,N,Xv]+[FZZ(X,N)◦Nv,Xu,N] =W traceFXZ(X,N) in B (11.1)

with the trace term

traceFXZ(X,Z) = Fx1z1(X,Z)+Fx2z2(X,Z)+Fx3z3(X,Z).

Proof. Consider the variation

X̃(u,v) := X(u,v)+ εϕ(u,v)N(u,v), (u,v) ∈ B,

with a test functionϕ ∈C∞
0 (B,R) andε ∈ (−ε0,+ε0) small. First we have

X̃u× X̃v = Xu×Xv + ε (Xu×Nv +Nu×Xv)ϕ + ε (ϕv Xu×N+ ϕuN×Xv)+o(ε).
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We compute

∂
∂ε

B[X̃] =
∂

∂ε

∫∫

B

F(X̃, X̃u× X̃v)dudv

=

∫∫

B

FX(X̃, X̃u× X̃v) ·
∂

∂ε
X̃ dudv

+
∫∫

B

FZ(X̃, X̃u× X̃v) ·
∂

∂ε
(X̃u× X̃v)dudv.

Let as usual

δB[X] =
∂

∂ε
B[X̃]

∣∣
ε=0 .

UsingFZ(X,λZ) = FZ(X,Z) we arrive at

δB[X] =

∫∫

B

FX(X,Xu×Xv) ·Nϕ dudv

+

∫∫

B

FZ(X,Xu×Xv) · (Xu×Nv +Nu×Xv)ϕ dudv

+

∫∫

B

FZ(X,Xu×Xv) · (Xu×Nϕv +N×Xvϕu)dudv

=

∫∫

B

[FX(X,N),Xu,Xv]ϕ dudv

+

∫∫

B

{
[FZ(X,N),Xu,Nv]+ [FZ(X,N),Nu,Xv]

}
ϕ dudv

+

∫∫

B

{
[FZ(X,N),Xu,N]ϕv +[FZ(X,N),N,Xv]ϕu

}
dudv.

The last two integrals are equal to
∫∫

B

div([FZ(X,N),N,Xv]ϕ , [FZ(X,N),Xu,N]ϕ)dudv

−
∫∫

B

{
[FZX(X,N)◦Xu,N,Xv]+ [FZX(X,N)◦Xv,Xu,N]

}
ϕ dudv

−
∫∫

B

{
[FZZ(X,N)◦Nu,N,Xv]+ [FZZ(X,N)◦Nv,Xu,N]

}
ϕ dudv.
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The integral over the divergence term vanishes due toϕ |∂B = 0, i.e.
∫∫

B

div([FZ(X,N),N,Xv]ϕ , [FZ(X,N),Xu,N]ϕ)dudv= 0.

Furthermore,FX(X,Z) = FXZ(X,Z)◦Z yields

[FX(X,N),Xu,Xv] = [FXZ(X,N)◦N,Xu,Xv] = [Xu,Xv,FXZ(X,N)◦N]

= [Xu,Xv,FZX(X,N)◦N]

where we make use of

Z◦FXZ(X,Z)◦Z = Z◦FZX(X,Z)◦Z.

Now we insert

[FZX(X,N)◦Xu,Xv,N]+ [Xu,FZX(X,N)◦Xv,N]+ [Xu,Xv,FZX(X,N)◦N]

= [Xu,Xv,N] traceFZX(X,N) = W traceFXZ(X,N).

into theδB[X] to get

δB[X] =

∫∫

B

[FX(X,N),Xu,Xv]ϕ dudv

−
∫∫

B

{
[FZX(X,N)◦Xu,N,Xv]+ [FZX(X,N)◦Xv,Xu,N]

}
ϕ dudv

−
∫∫

B

{
[FZZ(X,N)◦Nu,N,Xv]+ [FZZ(X,N)◦Nv,Xu,N]

}
ϕ dudv

=
∫∫

B

traceFXZ(X,N)Wϕ dudv

−
∫∫

B

{
[FZZ(X,N)◦Nu,N,Xv]+ [FZZ(X,N)◦Nv,Xu,N]

}
ϕ dudv.

The fundamental lemma of the calculus of variations yields

[FZZ(X,N)◦Nu,N,Xv]+ [FZZ(X,N)◦Nv,Xu,N] = W traceFXZ(X,N).

The theorem is proved.⊓⊔
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Critical points are immersions of mean curvature type

Following Sauvigny [141] we introduce a special weight matrix W(X,Z) to trans-
form the Euler-Lagrange equations from the previous theorem into the so-called
system of mean-curvature type.

Theorem 11.2.A critical point X: B → R
3 of B[X] solves the nonlinear elliptic

system

∇ds2W
(X,N) :=

2

∑
i, j=1

hi j Xui ·Nu j = −2HW(X,N) in B (11.2)

with the parameter invariant Beltrami operator∇ds2W
(·, ·) w.r.t.

− the metric

ds2
W :=

2

∑
i, j=1

hi j duiduj , hi j := Xui ◦W(X,N)◦Xu j , (11.3)

− the weight matrix

W(X,Z) :=

(
1√

detFZZ(X,Z)
FZZ(X,Z)+ (zizj )i, j=1,2,3

)−1

(11.4)

for X ∈ R3 and Z∈ S2,

− and the weighted mean curvature

HW(X,Z) =
1

2
√

detFZZ(X,N)
traceFXZ(X,N).

Before we come to the proof of this theorem we want to verify first thatW(X,N)
from this definition actually represents a weight matrix in the sense of our definition
from chapter 4. Then we come to the proof the parameter invariance of the Beltrami
operator∇ds2W

(ϕ ,ψ).

Properties of the weight matrix

In chapter 4 we introduced weight matricesW(X,Z) on the tangential space of sur-
faces with arbitrary codimensions. The properties (W1) to (W4) given there reduce
to the following:

For all X ∈ R3 and allZ ∈ R3 \ {0} there hold

(W1) W(X,Z) is invariant w.r.t. the choice of the normal vector, i.e.

W(X,λZ) = W(X,Z);
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(W2) W(X,Z) acts non-trivially on the tangent space, i.e.

W(X,Z)
∣∣
TX(w)

: TX(w) −→ TX(w), in particular,

rankW(X,Z)
∣∣
TX(w)

= 2, W(X,Z)◦Z = Z;

(W3) W(X,Z) is positive definite, i.e. with a real constantω0 ∈ [0,∞) we have

(1+ ω0)
−1|ξ |2 ≤ ξ ◦W(X,Z)◦ ξ ≤ (1+ ω0)|ξ |2 for all ξ ∈ R

3;

(W4) W(X,Z) is normalized in the following sense

detW(X,Z) = 1.

Let us now consider the special weight matrixW(X,Z) from the previous theo-
rem. We show that it satisfies these properties (W1) to (W4).

1. First we continueW(X,Z) constantly along lines{λZ} for λ ∈ R andZ ∈ S2

such that it holds

W(X,λZ) = W(X,Z) for all λ ∈ R.

This proves (W1).

2. The weight matrixW(X,Z) consists of the mappingFZZ(X,Z) which acts on the
tangential space, and of the mapping(zizj)i, j=1,2,3. There hold

rankFZZ(X,Z) = 2, rank(zizj)i, j=1,2,3 = 1.

The weight matrix is homogeneous of degree 0 inZ. We have

W(X,Z)◦Z = Z for all Z ∈ S2

where we note
FZZ(X,Z)◦Z = 0

as well as

(zizj)i, j=1,2,3◦Z =




(z1)3 +z1(z2)2 +z1(z3)2

(z1)2z2 +(z2)3 +z2(z3)2

(z1)2z3 +(z2)2z3 +(z3)2


= Z

for all Z ∈ S2. We infer (W4) from

detW(X,Z) = 1 for all X ∈ R
3 and Z ∈ S2 .
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Property (W2) follows now from

W(X,Z)−1
∣∣∣
TZ

=
1√

detFZZ(X,Z)
FZZ(X,Z) : TZ −→ TZ for all Z ∈ S2 .

3. Let finallyξ ⊥ N be an arbitrary tangential vector. Then the ellipticity condition
(E) onFZZ(X,Z) ensures

ξ ◦W(X,N)−1◦ ξ =
1√

detFZZ(X,N)
ξ ◦FZZ(X,N)◦ ξ ≤ M2

M1
|ξ |2

as well as

ξ ◦W(X,N)−1◦ ξ ≥ M1

M2
|ξ |2 .

Thus (W3) follows with the setting

ω0 :=
M2

M1
−1.

Note thatω0 depends only on the ratio of the eigenvalue bounds onFZZ(X,Z).

The invariant Beltrami operator

We come back to the operator∇ds2W
(ϕ ,ψ), see e.g. Blaschke and Leichtweiß [15].

Definition 11.2.The first Beltrami operatorfor continuously differentiable func-
tionsϕ ,ψ : B→ R w.r.t. the line elementds2

W is defined as

∇ds2W
(ϕ ,ψ) :=

2

∑
i, j=1

hi j ϕui ψu j .

Analogously we define the first Beltrami operator w.r.t. any other Riemannian
line elementds2, or even for smooth vector-valued mappingsX andY, namely

∇ds2W
(X,Y) =

2

∑
i, j=1

hi j Xui ·Xu j .

To prove its parameter invariance, letu1(vα) ∈ P be parameter transformation
from classP. Then

2

∑
i, j=1

hi j Li j =
2

∑
i, j=1

2

∑
κ ,λ=1

2

∑
µ,ν=1

Λ̄ i
κΛ̄ j

λ Λ µ
i Λ ν

j hκλ Lµν =
2

∑
κ ,λ=1

2

∑
µ,ν=1

δ µ
κ δ ν

λ hκλ Lµν

=
2

∑
κ ,λ=1

hκλ Lκλ .
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Proof of the mean curvature type representation

Now we come to the proof of Theorem 11.2. Together with lemma 5.3, i.e.

(M ◦X)× (M ◦Y) = (detM)M−1 ◦ (X×Y)

for all non-singular and symmetric matricesM ∈ R3×3 and allX,Y ∈ R3, we infer

{
W(X,N)−

1
2 ◦Nu

}
×
{

W(X,N)
1
2 ◦Xv

}

=
{

W(X,N)
1
2 ◦W(X,N)−1◦Nu

}
×
{

W(X,N)
1
2 ◦Xv

}

= W(X,N)−
1
2 ◦
{
(W(X,N)−1 ◦Nu)×Xv

}

= (W(X,N)−1 ◦Nu)×Xv .

Analogously we obtain

{
W(X,N)

1
2 ◦Xu

}
×
{

W(X,N)−
1
2 ◦Nv

}
= Xu× (W(X,N)−1◦Nu).

Now insert the definitions of the weighted mean curvatureHG(X,Z) and the weight
matrixW(X,Z) from the theorem into the Euler-Lagrange system to get

−2HW(X,N)W =
1√

detFZZ(X,N)
[Xu,FZZ(X,N)◦Nv,N]

+
1√

detFZZ(X,N)
[FZZ(X,N)◦Nu,Xv,N]

= [Xu,W(X,N)−1 ◦Nv,N]+ [W(X,N)−1◦Nu,Xv,N]

= [W(X,N)
1
2 ◦Xu,W(X,N)−

1
2 ◦Nv,N]

+[W(X,N)−
1
2 ◦Nu,W(X,N)

1
2 ◦Xv,N].

Multiplication by

[N,W(X,N)
1
2 ◦Xu,W(X,N)

1
2 ◦Xv] = [N,Xu,Xv] = W

yields

−2HW(X,N)W2 =

∣∣∣∣∣∣∣

Nu ·Xu Xu◦W(X,N)◦Xv 0

Nu ·Xv Xv◦W(X,N)◦Xv 0

0 0 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

Xu◦W(X,N)◦Xu Nv ·Xu 0

Xv◦W(X,N)◦Xu Nv ·Xv 0

0 0 1

∣∣∣∣∣∣∣
.
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This is equivalent to

−2HW(X,N)W2 = h22(Xu ·Nu)−2h12(Xv ·Nu)+h11(Xv ·Nv)

= W2
2

∑
i, j=1

hi j (Xui ·Nu j ).

This proves the stated representation.⊓⊔

Example: Minimal surfaces

Consider again the area function

A [X] =

∫∫

B

|Xu×Xv|dudv

with the LagrangianF(Z) = |Z|. There hold

FZ(X,Z) =
Z
|Z| , FX(X,Z) ≡ 0

as well as

FZZ(X,Z) =

(
δi j

|Z| −
zizj

|Z|3
)

i, j=1,2,3

with the Kronecker symbolδi j , thusW(X,Z) ≡ E3 with the three-dimensional unit
matrix E3. Thus minimal surfaces X: B → R3 as critical points of the area func-
tional A [X] fulfill

∇ds2(X,N) =
g22L11−2g12L12+g11L22

W2 = 0 in B

with the classical metric

ds2 = g11du+2g12dudv+g22dv2 .

It particularly holdsH ≡ 0 for its scalar mean curvature.

Example: Immersions with prescribed mean curvature

We consider two variational problems from the introductionwith critical points pos-
sessing either constant mean curvature or mean curvature represented by the diver-
gence of the discussed vector field in space.

In both examples the weight matrixW(X,Z) simply equals the three-dimensional
unit matrixE3.
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1. Immersions with constant mean curvature

First consider the functional
∫∫

B

{
|Xu×Xv|+

2h0

3
X · (Xu×Xv)

}
dudv.

We immediately compute

FX(X,Z) =
2h0

3
Z, FZ(X,Z) =

Z
|Z| +

2h0

3
X,

furthermore

FXX(X,Z) = 0, FXZ(X,Z) =
2h0

3
E

3 , FZZ(X,Z) =

(
δi j

|Z| −
zizj

|Z|3
)

i, j=1,2,3

as well as
FXZ(X,Z) = FZX(X,Z).

Thus cricital points X: B→ R3 of this functional have constant mean curvature

H(u,v) ≡ h0 in B,

and they solve
∇ds2(X,N) = −2h0

w.r.t. the non-weighted line elementds2.

2. Immersions with prescribed mean curvature

Now we come to Hildebrandt’s functional
∫∫

B

{
|Xu×Xv|+2Q(X) · (Xu×Xv)

}
dudv

with a prescribed vector fieldQ(X) = (q1(X),q2(X),q3(X)). We have

FXZ(X) = (Fxizj )i, j=1,2,3 = (2q j ,xi )i, j=1,2,3 ∈ R
3×3 .

Thus critical points X: B→ R
3 possess the mean curvature

H(X) =
3

∑
i=1

qi,xi (X) = divXQ(X) in B

with the spatial divergence operatordivX. It holds

∇ds2(X,N) = −2divXQ(X)

again w.r.t. the classical metricds2.
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Example: Immersions of minimal surface type. F-minimal surfaces

For critical points of the anisotropic parametric functional

F [X] =
∫∫

B

F(Xu×Xv)dudv

we immediately infer
FXZ(X,Z) ≡ 0.

Now introducing the weight matrixW(X,Z) from Theorem 11.2 we arrive at

∇ds2W
(X,N) = 0 in B

with the weighted line element

ds2
W = h11du+2h12dudv+h22dv2

from (11.3).Thus critical points ofF [X] are characterized by the property that
their weighted mean curvature HW from Theorem 11.2 vanishes identically,

HW ≡ 0 in B.

These immersions of minimal surface type are calledF-minimal surfaces.

Example: Immersions with prescribed weighted mean curvature

We consider again two examples.

1. Immersions of constant mean curvature

First let ∫∫

B

{
F(Xu×Xv)+

2h0

3
X · (Xu×Xv)

}
dudv

with a real constanth0 ∈ R. It generalizes the variational problem for surfaces
with constant mean curvature by substituting|Z| with a mappingF(Z). Now let
us denote the integrand bỹF(u,v). Then we calculate

F̃X(X,Z) =
2h0

3
Z, F̃Z(X,Z) = FZ(Z)+

2h0

3
X

as well as

F̃XX(X,Z) = 0, F̃XZ(X,Z) =
2h0

3
E

3 , F̃ZZ(X,Z) = FZZ(Z).
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Thus critical points X: B→ R3 have weighted mean curvature

HW(N) =
h0√

detFZZ(N)
∈
[

h0

M2
,

h0

M1

]

w.r.t. the weight matrixW(Z) from Theorem 11.2.In particular, they satisfy

∇ds2W
(X,N) = − 2h0√

detFZZ(N)
in B.

2. Immersions of prescribed mean curvature type

In generalization, we now consider the Lagrangian density

F̃(X,Xu×Xv) = F(Xu×Xv)+Q(X) · (Xu×Xv).

Analogously to the foregoing calculations we compute

HW(X,N) =
1√

detFZZ(N)
divXQ(X)

for the weighted mean curvature w.r.t. the above weight matrix W(Z) ∈ R3×3 for
cricital points X: B→ R

3 of the associated variational problem.

11.4 Principal curvatures and weighted mean curvature

From the elliptic mean curvature type system

∇ds2W
(X,N) = −2HW(X,N) in B

w.r.t. some weight matrixW(X,Z) we want to deduce a relation between the
weighted mean curvatureHW(X,Z) and the principal curvaturesκ1 andκ2 of an
immersionX.

In the non-weighted case these curvatures satisfy

κ1 + κ2 = 2H(X,N)

with a prescribed mean curvatureH(X,Z).

In the general case it turns that out that the principal curvatures have to be multi-
plied with special weight factors to suffice a curvature relation like this.

A mean curvature relation

Our next resultdoes not only applyto critical points of variational problems. Rather
we formulate it for any immersion satisfying the above differential equation.
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Theorem 11.3.Let the immersion X: B → R3 solve the nonlinear elliptic mean
curvature type system

∇ds2W
(X,N) = −2HW(X,N)

with prescribed weighted mean curvature

HW : R
3×R

3\ {0} −→ R

w.r.t. a weight matrixW(X,Z). Consider a point w∈ B, and let Z1(w) and Z2(w)
denote the principal curvature directions of the surface X at this point. Set

ρ1(X,N):=Z1(w)◦W(X,N)◦Z1(w) ,

ρ2(X,N):=Z2(w)◦W(X,N)◦Z2(w)

using principal curvature parameters around this point. Then it holds

ρ1(X,N)κ1(w)+ ρ2(X,N)κ2(w) = 2HW(X,N) for all w ∈ B. (11.5)

On the principal curvatures

Before we come to the proof of this result we want to recall some important proper-
ties of principal curvature parametrizations.

For this purpose consider a point(u,v) ∈ B̊ and the circleS1(X(u,v)) of radius 1
and with centerX(u,v) on the tangential planeTX(u,v).

Definition 11.3.The vectorZ∈S1(X(u,v)) is called aprincipal curvature direction
at X(u,v) if the mapping

Z = ∂X(u,v)◦




du
dt
dv
dt


 7−→ L11

(
du
dt

)2

+2L12
du
dt

dv
dt

+L22

(
dv
dt

)2

takes a stationary value. The smooth curvec(t) := X(u(t),v(t)) is called aprincipal
curvature lineif it holds

d
dt

c(t) 6= 0

and if ∣∣∣∣
d
dt

c(t)

∣∣∣∣
−1 d

dt
c(t)

represents a principal curvature direction.

A plane normal sectionof the surface atX(w0) along the tangential line of a
curvec = c(t) on that surface, attached at the pointX(w0), is the projection of this
curve onto the intersecting plane. The curvature of this newplane curve is called
normal curvatureat X(w0).
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There are always two linearly independent principal curvature directions where
the normal curvature takes its maximal and minimal value on the compact set
S1(X(w0)). These quantities are exactly the principal curvatures.

Now let κ1(u,v) 6= κ2(u,v) at some(u,v) ∈ B. Following Klingenberg [106],
Theorem 3.6.6, we can introduce new parameters in the neighborhood of(u,v) ∈ B
such that the new parameter lines agree with the principal curvature directions there.

Proposition 11.2.Under these conditions there hold the equations of Rodrigues

Nu(u,v) = −κ1(u,v)Xu(u,v), Nv(u,v) = −κ2(u,v)Xv(u,v) (11.6)

as well as
Xu(u,v) ·Nv(u,v) = 0, Xv(u,v) ·Nu(u,v) = 0.

In particular, the second fundamental form is diagonalised.

Now let κ1(u,v) = κ2(u,v) for a point(u,v) ∈ B. Then all directions on the sur-
face, attached at that point, are principal curvature directions since there is only one
normal curvature. Such points are calledumbilical points.

The next proposition can be found in Laugwitz [111].

Proposition 11.3.At each point there are two linearly independent and orthogo-
nal principal curvature directions where the normal curvatures take their extremal
values.

If the parameter system is chosen such that the parameter lines touch the principal
curvature lines at some pointX(u,v) then there hold

L11(u,v) = κ1(u,v)g11(u,v), L22(u,v) = κ2(u,v)g22(u,v) (11.7)

as well as
g12(u,v) = 0, L12(u,v) = 0 (11.8)

with the coefficientsgi j andLi j of the first resp. second fundamental form.

Proof of the mean curvature relation

Let us now come to the proof of the foregoing theorem.

Proof. Start with choosing principal curvature parameters(u,v) locally. We rewrite
the mean curvature type system

∇ds2W
(X,N) = −2HW(X,N) in B

into the form
2

∑
i, j=1

Li j (u,v)hi j (u,v) = 2HW(u,v) in B,

hi j = Xui ◦W(X,N)◦Xu j the coefficients of the weighted first fundamental form.
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Then using (11.7) and (11.8) we find

h11L11+h22L22 = − Xv◦W(X,N)◦Xv

W2 (Nu ·Xu)−
Xu◦W(X,N)◦Xu

W2 (Nv ·Xv)

=
Xv◦W(X,N)◦Xv

W2 |Xu|2κ1 +
Xu◦W(X,N)◦Xu

W2 |Xv|2κ2

=

( |Xu|
W

Xv

)
◦W(X,N)◦

( |Xu|
W

Xv

)
κ1

+

( |Xv|
W

Xu

)
◦W(X,N)◦

( |Xv|
W

Xu

)
κ2

with the area elementW = |Xu||Xv|. If follows

h11L11+h22L22 = (|Xv|−1Xv)◦W(X,N)◦ (|Xv|−1Xv)κ1

+(|Xu|−1Xu)◦W(X,N)◦ (|Xu|−1Xu)κ2

=: (Z1◦W(X,N)◦Z1)κ1 +(Z2◦W(X,N)◦Z2)κ2

= ρ1(X,N)κ1 + ρ2(X,N)κ2

with the orthonormal principal curvature directions

Z1 :=
1

|Xv|
Xv , Z2 :=

1
|Xu|

Xu

and the weight factorsρ1(X,N) andρ2(X,N) from the theorem. We arrive at

∇ds2W
(X,N) = −

2

∑
i, j=1

hi j Li j = −ρ1(X,N)κ1−ρ2(X,N)κ2 = −2HW(X,N)

proving the statement.⊓⊔

Remarks on the weight factorsρ1 and ρ2

Together with (W3) from chapter 4 we have

1
1+ ω0

≤ ρ1(X,N),ρ2(X,N) ≤ 1+ ω0 .

In the non-weighted caseW(X,Z) ≡ E3 we particularly infer

ρ1(X,Z) ≡ 1, ρ2(X,Z) ≡ 1

and thereforeκ1 + κ2 = 2H with the classical scalar mean curvature.



11.5 Non-parametric differential equations 231

We also infer
κ1(u,v)κ2(u,v) = K(u,v) ≤ 0 in B

for the Gaussian curvatureK of a weighted minimal surface satisfyingHW ≡ 0.

We want to mention that the curvature relation

ρ1(X,N)κ1 + ρ2(X,N)κ2 = 0 in B

for F-minimal surfaces critical for the anisotropic but homogeneous functional
∫∫

B

F(Xu×Xv)dudv

can already be found in Sauvigny [141]. From there we also took the methods pre-
sented before for deriving the general identities including also inhomogeneous vari-
ational problems.

11.5 Non-parametric differential equations

Nonparametric variational problems

In section 9.2 we have already computet the Euler-Lagrange equations

dFpσ (x,y,ζ ,∇ζ )

dx
+

dFqσ (x,y,ζ ,∇ζ )

dy
= Fzσ (x,y,ζ ,∇ζ ),

whereσ = 1, . . . ,n, for non-parametric functionals of the form

F [ζ ] =

∫∫

Ω

F(x,y,ζ ,∇ζ )dxdy

witht the setting
ζ = (ζ1, . . . ,ζn).

If F equals the area integrand, i.e.

A [ζ ] =
∫∫

Ω

√
1+ p2+q2+ p2q2− (p ·q)2dxdy

with p := ζx, q := ζy, we arrive at the non-parametric minimal surface system

div
(pσ ,qσ )

W
= −div

(
pσ |q|2−qσ (p ·q),qσ |p|2− pσ (p ·q)

)

W
in Ω

for σ = 1, . . . ,n.
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The right hand side in this system vanishes identically in casen = 1 and gives us
the non-parametric minimal surface equation in one codimension

div
∇ζ
W

= 0 in Ω .

Let us consider the more general integrand

F(x,y,z, p,q) = Γ (x,y,z)
√

1+ p2+q2+ p2q2− (p ·q)2

wherez= (z1, . . . ,zn) etc.

Corollary 11.1. Critical points(x,y,ζ1, . . . ,ζn) of the functional
∫∫

Ω

Γ (x,y,ζ )W dxdy

satisfy the Euler-Lagrange system

div
(pσ ,qσ )

W
= 2H(X,Nσ )

√
1+ p2

σ +q2
σ

W

+
1

ΓW

{[
p2 +q2+ p2q2− (p ·q)2

]
Γzσ −

n

∑
ω=1

(pσ pω +qσqω)Γzω

}

− 1
Γ

div

(
pσ q2−qσ (p ·q)

W
Γ ,

qσ p2− pσ(p ·q)

W
Γ
)

in Ω for σ = 1, . . . ,n, with the mean curvature field

H(X,Nσ ) :=
ΓX(x,y,z) ·Nσ

2Γ (x,y,z)

w.r.t. to the Euler unit normal vectors

N1 :=
1√

1+ |∇ζ1|2
(−ζ1,x,−ζ1,y,1,0,0, . . . ,0,0),

N2 :=
1√

1+ |∇ζ2|2
(−ζ2,x,−ζ2,y,0,1,0, . . . ,0,0),

...

Nn :=
1√

1+ |∇ζn|2
(−ζn,x,−ζn,y,0,0,0, . . . ,0,1).
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The second and the third rows in this system vanish in the casen = 1. Then we
arrive at the single nonlinear elliptic parametric mean-curvature equation

div
∇ζ
W

= 2H(X,N) in Ω .

The proof follows from our considerations from chapter 10.

Representation of quasilinear equations in divergence form due to Bers

Now let againn = 1. Non-parametric variational problems
∫∫

Ω

F(ζx,ζy)dxdy

lead to Euler-Lagrange equations in divergence form

d
dx

Fp(ζx,ζy)+
d
dy

Fq(ζx,ζy) = 0 in Ω .

We now follow Bers [14] and consider quasilinear equations

A(p,q)r +2B(p,q)s+C(p,q)t = 0 in Ω

with the additional settings

r := ζxx, s := ζxy, t := ζyy.

Assume that the coefficentsA, B andC as well as its first derivatives are Hölder
continuous in a[p,q]-domain containing the origin(0,0).

Now Bers proved thatunder these conditions we can always rewrite the above
quasiliner elliptic equation in divergence form

dλ (p,q)

dx
+

dµ(p,q)

dy
= 0.

Necessary and sufficient for this is the existence of non-vanishing and positive func-
tion χ = χ(p,q) with the properties

λp = χA, λp+ µq = 2χB, µq = χC.

Then the complex-valued functionκ := λ + iµ is a solution of the system

λp =
A
C

µq , λq = −µp+
2B
C

µq .
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Proposition 11.4.(Bers [14])
Under the above assumptions there exists a continuously differentiable homeomor-
phismκ = λ + iµ solving the foregoing system such that

λp > 0,

λ = µ = λp = 0, λp = 1 in p = q = 0,

pλ +qµ > 0 for p2 +q2 > 0,

λpµq−λqµp > 0.

On the size of quasilinear graphs

Consider now the divergence equation

d
dx

Fp(x,y,ζ ,ζx,ζy)+
d
dy

Fq(x,y,ζ ,ζx,ζy) = Fz(x,y,ζ ,ζx,ζy) (11.9)

on the closed disc
BR :=

{
(x,y) ∈ R

2 : x2 +y2 ≤ R2} .

Theorem 11.4.Letζ ∈C2(B̊R,R)∩C1(BR,R) be a solution of (11.9). Suppose that

Fp(x,y,z, p,q)2 +Fq(x,y,z, p,q)2 ≤ k2
0 ,

Fz(x,y,z, p,q) ≥ Fmin

for all (x,y,z, p,q) ∈ R
2×R×R×R

with real constants k0 ∈ [0,+∞) and Fmin ∈ (0,+∞). Then it holds

R≤ 2k0

Fmin
.

Proof. Partial integration of the divergence equation yields
∫∫

BR

Fzdxdy=

∫∫

BR

div(Fp,Fq)dxdy=

∫

∂BR

(−Fqdx+Fpdy).

Now on the one hand we know

FminπR2 ≤
∫∫

BR

Fzdxdy,
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while on the other hand it holds
∫

∂BR

(−Fqdx+Fqdy) ≤
∫

∂BR

√
F2

p +F2
q

√
dx2 +dy2 ≤ 2πk0R.

Comparing both inequalities proves the statement.⊓⊔

Our method follows the lines of Heinz [79] where graphs with prescribed scalar
mean curvature are considered.

Quasilinear elliptic equations and immersions of mean curvature type

Let ζ ∈C3+α(Ω ,R) be a solution of the differential equation

A(x,y,ζ ,∇ζ )ζxx+2B(x,y,ζ ,∇ζ )ζxy+C(x,y,ζ ,∇ζ )ζyy = D(x,y,ζ ,∇ζ ) (11.10)

in Ω where w.l.o.g. we assume

Λ2 := AC−B2 = 1+ |∇ζ |2 .

The unit normal vector of such a graphX(x,y) = (x,y,ζ (x,y)) reads as

N(x,y) =
1√

1+ |∇ζ |2
(−ζx,−ζy,1).

Following ideas of Sauvigny [141] we want to construct a weight matrixW(X,N)
which transforms (11.10) int a system of mean curvature type

∇ds2W
(X,N) = −2HW(X,N).

Construction of the weight matrix

We start with

M(x,y) :=




(
1+ ζ 2

x ζxζy

ζxζy 1+ ζ 2
y

)−1

◦
(

Xx

Xy

)

N(x,y)




and define the weight matrix

W(X,N) := M(x,y)T ◦




C −B 0

−B A 0

0 0 1


◦M(x,y). (11.11)

Let us call the matrix in the middle of the right hand side asK = K(x,y).
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Lemma 11.2.It holds
detW(X,N) = 1.

Proof. We compute

(
1+ ζ 2

x ζxζy

ζxζy 1+ ζ 2
y

)−1

◦
(

1 0 ζx

0 1 ζy

)
=

1
Λ2

(
1+ ζ 2

y −ζxζy ζx

−ζxζy 1+ ζ 2
x ζy

)
,

and therefore

M(x,y) =
1

Λ2




1+ ζ 2
y −ζxζy ζx

−ζxζy 1+ ζ 2
x ζy

−Λζx −Λζy Λ


 . (11.12)

Its determinant reads

detM(x,y) =
1

Λ6 Λ(1+ ζ 2
x + ζ 2

y )2 =
1

Λ5 Λ ·Λ4 =
1
Λ

.

Considering

detW(X,N) = detM(x,y) ·detK(x,y) ·detM(x,y) = Λ−1Λ2Λ−1 = 1

the statement follows.⊓⊔

Lemma 11.3.It holds
W(X,N)◦N = N.

Proof. Using (11.12) we compute

1
Λ

M(x,y)◦ (−ζx,−ζy,1) = (0,0,1)

as well as

1
Λ

K(x,y)◦M(x,y)◦ (−ζx,−ζy,1) = K(x,y)◦ (0,0,1) = (0,0,1),

and the statement follows from (11.11).⊓⊔

Lemma 11.4.It holds
(

C −B

−B A

)
= ∂XT ◦W(X,N)◦ ∂X. (11.13)
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Proof. Since

M(x,y)◦ ∂X =
1

Λ2




1+ ζ 2
y −ζxζy ζx

−ζxζy 1+ ζ 2
x ζy

−Λζx −Λζy Λ


◦




1 0

0 1

ζx ζy


=




1 0

0 1

0 0




we arrive at
(

1 0 0

0 1 0

)
◦




C −B 0

−B A 0

0 0 1


◦




1 0

0 1

0 0


=

(
C −B

−B A

)

proving the statement.⊓⊔

Transformation into a weighted mean curvature system

We now define the weighted metrical coefficients

h11(x,y) := C, h12(x,y) := −B, h22(x,y) := A (11.14)

and calculate

h11(x,y) =
A

Λ2 , h12(x,y) =
B

Λ2 , h22(x,y) =
C

Λ2 .

Thus we can rewrite the differential equation in the form

h11(Xxx ·N)+2h12(Xxy ·N)+h22(Xyy ·N) =
2

∑
i, j=1

hi j Li j =
{

1+ |∇ζ |2
}− 3

2
D.

For the weighted mean curvature we set

HW(X,N) :=
1
2

{
1+ |∇ζ |2

}− 3
2

D(x,y,ζ ,∇ζ ). (11.15)

Theorem 11.5.With the settings (11.11), (11.14) and (11.15), any solution ζ ∈
C3+α(Ω ,R) of the quasilinear elliptic equation (11.10) can be transformed into
the weighted mean curvature system

∇ds2W
(X,N) = −2HW(X,N) in Ω .

An analogous connection was already established in Sauvigny [141] for the ho-
mogeneous case of vanishing weighted mean curvature withD ≡ 0.
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Ellipticity of the weight matrix

Taking account of (11.13), the ellipticity constantω0 ≥ 0 can be realized as follows
(again we refer to Sauvigny [141]):

1
1+ ω0

≤
ξ ◦
(

C −B

−B A

)
◦ ξ

ξ ◦
(

1+ ζ 2
x ζxζy

ζxζy 1+ ζ 2
y

)
◦ ξ

≤ 1+ ω0 (11.16)

for all ξ ∈ R
2\ {0}.

A growth estimate of the form (11.16) can already be found in works of Bernstein
and Finn (see e.g. the analysis in Nitsche [126], §575 ff.). Namely with

ξ = (ξ1,ξ2), p = ζx and q = ζy

we consider the two metrical elements

ds2
1 := (1+ p2)dξ 2

1 +2pqdξ1dξ2 +(1+q2)dξ 2
2 ,

ds2
2 := Cdξ 2

1 −2Bdξ1dξ2 +Adξ 2
2 .

If (11.16) holds true, the elementsds2
1 andds2

2 are said to be inquasiconformal
relationwhich means that for theirdilatationδ satisfies

1
(1+ ω0)2 ≤ δ :=

(
ds2
ds1

)
max(

ds1
ds2

)
min

≤ (1+ ω0)
2 .

Following Finn [58] we speak of agraph of minimal surface typeif D ≡ 0, or of
graphs of mean curvature typein the non-homogeneous case.

Let us finally consider the example of the mean curvature equation

(1+ ζ 2
y )ζxx−2ζxζyζxy+(1+ ζ 2

x )ζyy

= 2H(x,y,ζ ,ζx,ζy)(1+ |∇ζ |2) 3
2

to illustrate the calculations so far.



11.6 Quasilinear elliptic systems 239

For the weight matrix from (11.11) we compute

1
Λ4




1+ ζ 2
y −ζxζy −Λζx

−ζxζy 1+ ζ 2
x −Λζy

ζx ζy Λ


◦




1+ ζ 2
x ζxζy 0

ζxζy 1+ ζ 2
y 0

0 0 1


◦




1+ ζ 2
y −ζxζy ζx

−ζxζy 1+ ζ 2
x ζy

−Λζx −Λζy Λ




=
1

Λ4




1+ ζ 2
y −ζxζy −Λζx

−ζxζy 1+ ζ 2
x −Λζy

ζx ζy Λ


◦




Λ4 0 Λ2ζx

0 Λ4 Λ2ζy

−Λζx −Λζy Λ




=
1

Λ4




Λ4 0 0

0 Λ4 0

0 0 Λ4


 ,

i.e.W(X,N) ≡ E3, and we may chooseω0 = 0.

11.6 Quasilinear elliptic systems

In this section we want to derive various elliptic systems for the surface vectorX of
a weighted conformally parametrized immersion of mean curvature type and for
its spherical mappingN. Based on these identities we particularly elaborate the
quadratic growth of the gradients in the next section which becomes important for
the later curvature estimates.

An example: Minimal surfaces

For illustration we want to start with considering a minimalsurfaceX : B → R3

satisfying the conformality relation

X2
u = W = X2

v , Xu ·Xv = 0 in B.

Let N : B→R3 denote the Gauss map of the minimal surface. From the invariant
representation

∇ds2(X,N) = 0 in B

w.r.t. the non-weighted metricds2 = g11du2 +2g12dudv+g22dv2 we infer

∆X ·N = 0 in B.
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Furthermore, differentiating the conformality relationsgives us

Xu ·Xuu = Xv ·Xuv, Xu ·Xuv = Xv ·Xvv,

Xu ·Xuv+Xv ·Xuu = 0, Xu ·Xvv+Xv ·Xuv = 0

from where we get

Xu ·Xuu = −Xu ·Xvv, Xv ·Xuu = −Xv ·Xvv.

Thus there also hold

∆X ·Xu = 0, ∆X ·Xv = 0,

and we arrive at theconformally minimal surface system

∆X = 0 in B.

In particular,the coordinate functions xi = xi(u,v), i = 1,2,3, represent harmonic
functions.

Weighted minimal surfaces

From (4.11) we already know the representation

∆WX = ∆X− (Ω1
11+ Ω1

22)Xu− (Ω2
11+ Ω2

22)Xv = 2HW(X,N)WN

using weighted conformal parameters(u,v) ∈ B setting

Ω k
i j = − 1

2

2

∑
ℓ=1

hkℓ(ωℓi j + ω jℓi −ωi j ℓ), ωi j ℓ = Xui ◦W(X,N)uℓ ◦Xu j

with the coefficients
hi j = Xui ◦W(X,N)◦Xu j

of the weighted first fundamental form. In the non-weighted caseW(X,N) = E3

this system reduces to the classical minimal surface system∆X = 0.

Elliptic systems for the spherical mapping

The differential system for the surface vectorX from the last example contains the
spherical mappingN and its first derivatives. Thus to arrive at a complete systemof
equations we must establish suitable differential equations for the vectorN.

Theorem 11.6.Let the weighted conformally parametrized immersion X: B→ R3

with prescribed weighted mean curvature HW(X,Z) be given.
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Then its spherical mapping N: B→ R3 satisfies

∆N = 2(Nu×Nv)+W(X,N)u◦ (N×Nv)+W(X,N)v◦ (Nu×N)

−2
{

HW,X(X,N) ·Xu +HW,Z(X,N) ·Nu

}
W(X,N)◦Xu

−2
{

HW,X(X,N) ·Xv +HW,Z(X,N) ·Nv

}
W(X,N)◦Xv

−2HW(X,N)
{

W(X,N)u ◦Xu+W(X,N)v◦Xv

}

−2HW(X,N)W(X,N)◦∆X .

(11.17)

For the proof we need the following calculus rule (see Sauvigny [141]).

Lemma 11.5.Using weigthed conformal parameters(u,v) ∈ B it holds

W(X,N)◦Xu = (Xv×N) , W(X,N)◦Xv = (N×Xu). (11.18)

Proof of the Lemma.The vector triple
{

1√
W

W(X,N)
1
2 ◦Xu,

1√
W

W(X,N)
1
2 ◦Xv,N

}

forms an orthonormal moving frame of the surface. It particularly holds

W(X,N)
1
2 ◦Xv = N×W(X,N)

1
2 ◦Xu .

Using the identityW(X,N) ◦N = N and the rule from Lemma 5.3 from chapter 5
we compute

W(X,N)
1
2 ◦Xv =

{
W(X,N)

1
2 ◦N

}
×
{

W(X,N)
1
2 ◦Xu

}

= W(X,N)−
1
2 ◦ (N×Xu)

proving the second identity in (11.18). Furthermore we have

Xu = (N×Xu)×N =
{

W(X,N)◦Xv

}
×
{

W(X,N)◦N
}

= W(X,N)−1 ◦ (Xv×N) ,

and that was stated.⊓⊔

Now we come to the
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Proof of the Theorem.We write the Weingarten equations from section 4.3 using
weighted conformal parameters(u,v) ∈ B in the form

Nu = − L11

W
W(X,N)◦Xu−

L12

W
W(X,N)◦Xv ,

Nv = − L21

W
W(X,N)◦Xu−

L22

W
W(X,N)◦Xv .

Together with (11.18) we calculate

N×Nu = − L11

W
N×W(X,N)◦Xu−

L12

W
N×W(X,N)◦Xv

= − L11

W
N× (Xv×N)− L12

W
N× (N×Xu)

= − L11

W
Xv +

L12

W
Xu

(11.19)

and analogously

N×Nv = −L12

W
Xv +

L22

W
Xu . (11.20)

We conclude

N×Nu =
L12

W
Xu +

L22

W
Xv−

L11+L22

W
Xv

= −W(X,N)−1◦Nv−2HW(X,N)Xv

and

N×Nv = − L12

W
Xv−

L11

W
Xu +

L11+L22

W
Xu

= W(X,N)−1 ◦Nu +2HW(X,N)Xu .

Rearranging yields

Nu = W(X,N)◦ (N×Nv)−2HW(X,N)W(X,N)◦Xu ,

Nv = −W(X,N)◦ (N×Nu)−2HW(X,N)W(X,N)◦Xv .

Now differentiate these relations to get

Nuu = W(X,N)u◦ (N×Nv)+W(X,N)◦ (Nu×Nv)

+W(X,N)◦ (N×Nuv)−2HW(X,N)W(X,N)u ◦Xu

−2HW(X,N)W(X,N)◦Xuu−2HW(X,N)u W(X,N)◦Xu
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as well as

Nvv = −W(X,N)v◦ (N×Nu)−W(X,N)◦ (Nv×Nu)

−W(X,N)◦ (N×Nuv)−2HW(X,N)W(X,N)v ◦Xv

−2HW(X,N)W(X,N)◦Xvv−2HW(X,N)v W(X,N)◦Xv .

Summing up both identities proves the statement.⊓⊔

We want to evaluate the normal part of the term

W(X,N)u ◦ (N×Nv)+W(X,N)v◦ (Nu×N).

Let as usual[X,Y,Z] := X · (Y×Z). Then after differentiation ofN = W(X,N)◦N
we compute

N◦W(X,N)u◦ (N×Nv)+N◦W(X,N)v◦ (Nu×N)

= (N×Nv)◦W(X,N)u◦N+(Nu×N)◦W(X,N)v◦N

= (N×Nv) ·Nu− (N×Nv)◦W(X,N)◦Nu

+(Nu×N) ·Nv− (Nu×N)◦W(X,N)◦Nv

= −2[N,Nu,Nv]

−
[
W(X,N)◦N,Nu,Nv

]
+
[
W(X,N)◦N,Nu,Nv

]

+
[
N,W(X,N)◦Nu,Nv

]
+
[
N,Nu,W(X,N)◦Nv

]

=
{

traceW(X,N)−3
}

[N,Nu,Nv]

where[N,Nu,Nv] = KW. Thus this part vanishes identically in the non-weighted
caseW(X,Z) ≡ E3.

An alternative elliptic system for the spherical mapping

The identites from (11.18) enable us to derive an elliptic system forX : Differentiate

Xu = W(X,N)−1◦ (Xv×N) , Xv = W(X,N)−1◦ (N×Xu)

to arrive at

Xuu =
{

W(X,N)−1
}

u
◦ (Xv×N)+W(X,N)−1◦ (Xuv×N+Xv×Nu) ,

Xvv =
{

W(X,N)−1
}

v
◦ (N×Xu)+W(X,N)−1◦ (Nv×Xu+N×Xuv) .
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and summing up these identities shows that

∆X =
{

W(X,N)−1
}

u
◦ (Xv×N)+

{
W(X,N)−1

}
v
◦ (N×Xu)

+Nv×Xu+Xv×Nu .

The third term on the right hand side does not involves any tangential parts. Thus
from (11.19) and (11.20) we infer

N · (Xu×Nv +Nu×Xv) = −Xu · (N×Nv)−Xv · (Nu×N)

= − L22g22−2L12g12+L11g11

W
= −2HW

with the non-weighted mean curvatureH = H(u,v) – but using weighted conformal
parameters.Together with (11.18) we conclude

∆X =
{

W(X,N)−1
}

u
◦W(X,N)◦Xu+

{
W(X,N)−1

}
v
◦W(X,N)◦Xv+2HWN

= −W(X,N)−1 ◦W(X,N)u◦Xu−W(X,N)−1◦W(X,N)v◦Xv +2HWN

or after rearranging

W(X,N)◦∆X = −W(X,N)u◦Xu−W(X,N)v◦Xv +2HWN.

This could eventually serve as an alternative system for thesurface vectorX. Fur-
thermore, in the non-weighted caseW(X,Z) ≡ E3 we immediately read the mean
curvature system

∆X = 2HWN

in conformal parameters.

Inserting next this representation ofW(X,N) ◦∆X into (11.17), taking account
of Nu×Nv = KWN, proves the

Corollary 11.2. Let the weighted conformally parametrized immersion X: B→ R3

with prescribed weighted mean curvature HW(X,Z) be given. Then its spherical
mapping satisfies

∆N = −2
{

2HHW(X,N)−K
}

WN

+W(X,N)u ◦ (N×Nv)+W(X,N)v◦ (Nu×N)

−2
{

HW,X(X,N) ·Xu +HW,Z(X,N) ·Nu

}
W(X,N)◦Xu

−2
{

HW,X(X,N) ·Xv +HW,Z(X,N) ·Nv

}
W(X,N)◦Xv

(11.21)

with the non-weighted mean curvature H.



11.6 Quasilinear elliptic systems 245

Examples

Let us exemplarily consider the caseW(X,Z) = E3. Using conformal parameters
we infer

∆N = −2
{

2H(X,N)2−K
}

WN

−2
{

HX(X,N) ·Xu +HZ(X,N) ·Nu

}
Xu

−2
{

HX(X,N) ·Xv +HZ(X,N) ·Nv

}
Xv .

Note the coupling with the gradient of the surface vector.

If X : B→ R3 represents a minimal surface then it holds

∆N = 2KWN= 2(Nu×Nv).

We want to express∆N in terms of the moving frame{N,Nu,Nv}. Using confor-
mal parameters we have

HX =

(
HX · Xu

|Xu|

)
Xu

|Xu|
+

(
HX · Xv

|Xv|

)
Xv

|Xv|
+
(
HX ·N

)
N

=
1
W

{(
HX ·Xu

)
Xu +

(
HX ·Xv

)
Xv

}
+
(
HX ·N

)
N

w.r.t. the basis{Xu,Xv,N} such that it follows

∆N = 2
{

K−2H(X,N)2+HX(X,N) ·N
}

WN−2HX(X,N)W

−2
{

HZ(X,N) ·Nu

}
Xu−2

{
HZ(X,N) ·Nv

}
Xv .

(11.22)

Now compare the terms

(HZ ·Nu)Xu +(HZ ·Nv)Xv

= − L11

W
(HZ ·Xu)Xu−

L12

W
(HZ ·Xv)Xu−

L12

W
(HZ ·Xu)Xv−

L22

W
(HZ ·Xv)Xv ,

(HZ ·Xu)Nu +(HZ ·Xv)Nv

= − L11

W
(HZ ·Xu)Xu−

L12

W
(HZ ·Xu)Xv−

L12

W
(HZ ·Xv)Xu−

L22

W
(HZ ·Xv)Xv

showing the identity

(HZ ·Nu)Xu +(HZ ·Nv)Xv = (HZ ·Xu)Nu +(HZ ·Xv)Nv .
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Thus we can rewrite (11.22) into the form

∆N = 2
{

K−2H(X,N)2+HX(X,N) ·N
}

WN−2HX(X,N)W

−2
{

HZ(X,N) ·Xu

}
Nu−2

{
HZ(X,N) ·Xv

}
Nv .

Finally we want to specify (11.21) for weighted minimal surfaces satisfying
HW(X,Z) ≡ 0 : We immediately infer

∆N = 2KWN+W(X,N)u◦ (N×Nv)+W(X,N)v◦ (Nu×N).

Note again the coupling with the gradient of the surface vector. This coupling van-
ishes in the special caseW = W(N).

11.7 Quadratic growth in the gradient

In this section we elaborate the quadratic growth in the gradient for the elliptic
systems from above.

Estimate of theΩ k
i j

Beside the constantω0 ∈ [0,+∞) we also need quantities controlling the derivatives
of the weight matrix.

Definition 11.4.Let ω1,ω2 ∈ [0,+∞) be real constants with the properties

√√√√
3

∑
i, j ,k=1

wi j ,xk(X,Z)2 ≤ ω1

as well as √√√√
3

∑
i, j ,k=1

wi j ,zk(X,Z)2 ≤ ω2

with the componentswi j (X,Z) of the weight matrixW(X,Z).

The coupling of the surface vectorX and its spherical mappingN through the
weight matrixW(X,N) causes a coupling of the associated elliptic systems. Thus
our next definition.

Definition 11.5.With a real numberr > 0 we set

X(u,v) :=

(
1
r

X(u,v),N(u,v)

)
, (u,v) ∈ B.
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In terms of this system we want to establish estimates for theweight matrix.

Lemma 11.6.Let some vectorξ ∈ R3 be given. Then it holds

|W(X,Z)um ◦ ξ | ≤ |ξ |
√

2(rω1)2 +2ω2
2 |Xum|, m= 1,2. (11.23)

Proof. For ξ = (ξ 1,ξ 2,ξ 3) we compute

∣∣W(X,Z)um ◦ ξ
∣∣2 =

3

∑
i, j ,k=1

{
wi j ,xkxk

umξ j +wi j ,zkzk
umξ j

}2

≤ 2
3

∑
i, j ,k=1

{(
wi j ,xkxk

umξ j
)2

+
(

wi j ,zkzk
umξ j

)2
}

≤ 2|ξ |2
3

∑
i, j ,k=1

{(
wi j ,xkxk

um

)2
+
(

wi j ,zkzk
um

)2
}

(11.24)

due to the Hölder inequality, for example applied to

(
3

∑
j=1

wi j ,xkxk
umξ j

)2

≤
3

∑
j=1

(
wi j ,xkxk

um

)2
·

3

∑
j=1

(ξ j)2 = |ξ |2
3

∑
j=1

(
wi j ,xkxk

um

)2
.

In this way we arrive at

∣∣W(X,Z)um ◦ ξ
∣∣2 ≤ 2|ξ |2|Xum|2

3

∑
i, j ,k=1

(wi j ,xk)2 +2|ξ |2|Zum|2
3

∑
i, j ,k=1

(wi j ,zk)2

≤ 2ω2
1 |ξ |2|Xum|2 +2ω2

2 |ξ |2|Zum|2

≤ 2|ξ |2
{

(rω1)
2 + ω2

2

}{∣∣∣
1
r

Xum

∣∣∣
2
+ |Zum|2

}

≤ 2|ξ |2
{

(rω1)
2 + ω2

2

}
|Xum|2

(11.25)
proving the statement.⊓⊔

Lemma 11.7.Using weighted conformal parameters(u,v) ∈ B there hold

|Ω1
11| ≤

(1+ ω0)
√

(rω1)2 + ω2
2√

2
|Xu|, |Ω2

22| ≤
(1+ ω0)

√
(rω1)2 + ω2

2√
2

|Xv|
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as well as

|Ω2
11| ≤

(1+ ω0)
√

(rω1)2 + ω2
2√

2
(2|Xu|+ |Xv|),

|Ω1
22| ≤

(1+ ω0)
√

(rω1)2 + ω2
2√

2
(|Xu|+2|Xv|).

Proof. We estimate as follows

|Ω1
11| ≤

1
2W

|Xu◦W(X,N)u◦Xu| =
|Xu|2
2W

∣∣∣∣
Xu

|Xu|
◦W(X,N)u◦

Xu

|Xu|

∣∣∣∣

≤ |Xu|2
2W

∣∣∣∣W(X,N)u ◦
Xu

|Xu|

∣∣∣∣ ,

and together with (11.23) we infer

|Ω1
11| ≤

√
(rω1)2 + ω2

2 |Xu|2
√

2W
|Xu| ≤

(1+ ω0)
√

(rω1)2 + ω2
2√

2
|Xu|.

Analogously we have

Ω2
11 = − 1

W
Xu◦W(X,N)u◦Xv +

1
2W

Xu◦W(X,N)v◦Xu

and compute

|Ω2
11| ≤

|Xu||Xv|
W

∣∣∣∣
Xu

|Xu|
◦W(X,N)u◦

Xv

|Xv|

∣∣∣∣+
|Xu|2
2W

∣∣∣∣
Xu

|Xu|
◦W(X,N)v◦

Xu

|Xu|

∣∣∣∣

≤ |Xu|2 + |Xv|2
2W

√
2(rω1)2 +2ω2

2 |Xu|+
|Xu|2
2W

√
2(rω1)2 +2ω2

2 |Xv|

≤ (1+ ω0)
Xu◦W(X,N)◦Xu+Xv◦W(X,N)◦Xv

2W

√
2(rω1)2 +2ω2

2 |Xu|

+(1+ ω0)
Xu◦W(X,N)◦Xu

2W

√
2(rω1)2 +2ω2

2 |Xv|,

or summarized

|Ω2
11| ≤

(1+ ω0)
√

(rω1)2 + ω2
2√

2

(
2|Xu|+ |Xv|

)
.

The remaining inequalities are proved in the same way.⊓⊔
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Estimate of∆X

From the weighted mean curvature system we immediately infer

|∆X| ≤ (|Ω1
11|+ |Ω1

22|)|Xu|+(|Ω2
11|+ |Ω2

22|)|Xv|+h0|∇X|2

with the constant
h0 := sup

X∈R3

Z∈R3\{0}

|HW(X,Z)|.

Here we note

W =
√

h11h22−h2
12 =

√
g11g22−g2

12≤
√

g11g22≤
1
2
|∇X|2 .

Furthermore we have

|∆(r−1X)| ≤ (1+ ω0)
√

2(rω1)2 +2ω2
2 (|Xu|+ |Xv|)(|(r−1X)u|+ |(r−1X)v|)

+(h0r) |∇(r−1X)|2

≤ (1+ ω0)
√

2(rω1)2 +2ω2
2 (|Xu|+ |Xv|)2 + r(h0r) |∇X|2 .

This proves our next

Theorem 11.7.The weighted conformally parametrized immersion X: B→R3 sat-
isfies

|∆(r−1X)| ≤ ΛX|∇X|2 in B (11.26)

with the constant

ΛX :=
{

2(1+ ω0)
√

2(rω1)2 +2ω2
2 +h0r

}
. (11.27)

Estimates of∆N

First, system (11.17) yields

|∆N| ≤ |∇N|2 +
√

2(rω1)2 +2ω2
2 (|Xu||N×Nv|+ |Xv||Nu×N|)

+2(1+ ω0)
{
|HW,X(X,N)||Xu|+ |HW,Z(X,N)||Nu|

}
|Xu|

+2(1+ ω0)
{
|HW,X(X,N)||Xv|+ |HW,Z(X,N)||Nv|

}
|Xv|

+2h0

√
2(rω1)2 +2ω2

2 (|Xu||Xu|+ |Xv||Xv|)

+2h0(1+ ω0) |∆X|.

(11.28)
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Next besideh0 we also introduce real constants

h1 := sup
X∈R3

Z∈R3\{0}

|HW,X(X,Z)|, h2 := sup
X∈R3

Z∈R3\{0}

|HW,Z(X,Z)|.

Together with (11.26) we then conclude

|∆N| ≤ |∇X|2 +2
√

2(rω1)2 +2ω2
2 |Xu||Xv|

+2(1+ ω0)
{
(h1r2)|Xu|2 +(h2r)|Xu|2

}

+2(1+ ω0)
{
(h1r2)|Xv|2 +(h2r)|Xv|2

}

+2(h0r)
√

2(rω1)2 +2ω2
2 (|Xu|2 + |Xv|2)

+2(h0r)(1+ ω0)
{

2(1+ ω0)
√

2(rω1)2 +2ω2
2 +h0r

}
|∇X|2 .

Theorem 11.8.The spherical mapping N of a weighted conformally parametrized
immersion X: B→ R3 satisfies

|∆N| ≤ ΛN|∇X|2 in B (11.29)

with the constant

ΛN :=1+(1+2h0r)
√

2(rω1)2 +2ω2
2 +2(1+ ω0)

{
(h1r2)+ (h2r)

}

+2(h0r)(1+ ω0)
{

2(1+ ω0)
√

2(rω1)2 +2ω2
2 +h0r

}
.

(11.30)

Estimate of∆X

The estimates (11.26) and (11.29) immediately imply

Theorem 11.9.Let the weighted conformally parametrized immersion X: B→ R3

be given. Then it holds

|∆X| ≤ ΛX|∇X|2 =:
√

2(ΛX +ΛN)|∇X|2 in B (11.31)

with the constantsΛX andΛN from (11.27), (11.30).

Eventually these estimates are not strong enough. We shouldrather consider spe-
cial classes of surfaces.
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Example: Minimal surfaces

From∆X = 0 and∆N = 2(Nu×Nv) we immediately obtain

|∆X| = 0, |∆N| ≤ |∇N|2 in B

for a conformally parametrized minimal surface. In this case we haveΛX = 0 and
ΛN = 1, but we replace (11.29) by (11.28) withω1,ω2 = 0 andHW ≡ 0.

Example: Surfaces with prescribed mean curvature

In this case there hold

|∆(r−1X)| ≤ (h0r)|∇(r−1X)|2 ,

|∆N| ≤ (1+h2r)|∇N|2 +
{

2(h2
0 +h1)r2 +h2r

}
|∇(r−1X)|2 .

In particulary, for proving the second inequality we use (11.28) as follows

|∆N| ≤ |∇N|2 +2h2
0|∇X|2 +2h1(|Xu|2 + |Xv|2)+ 2h2(|Xu||Nu|+ |Xv||Nv|)

= |∇N|2 +2(h0r)
2|∇(r−1X)|2 +2(h1r

2)|∇(r−1X)|2

+2(h2r)(|r−1Xu||Nu|+ |r−1Xv||Nv|).

We setΛX = h0r andΛN = 1+2(h0r)2 +2(h1r2)+2(h2r).

Special weighted minimal surfaces

Consider immersions with vanishing weighted mean curvature HW(X,Z) ≡ 0. The
estimates (11.26) and (11.29) imply

|∆(r−1X)| ≤ 2(1+ ω0)
√

2(rω1)2 +2ω2
2 |∇X|2 ,

|∆N| ≤
{

1+
√

2(rω1)2 +2ω2
2

}
|∇X|2 .

Let us now assume that the weight matrix has the special structure

W = W(Z).

Examples are F-minimal surfaces which are critical for the anisotropic parametric
functionalF [X].
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For arbitraryξ ∈ R3 we replace the estimates (11.24) to (11.25) by

∣∣W(Z)um ◦ ξ
∣∣2 =

3

∑
i, j ,k=1

{
wi j ,zkzk

umξ j
}2

≤ |ξ |2
3

∑
i, j ,k=1

{
wi j ,zkzk

um

}2

≤ |ξ |2||Zum|2
3

∑
i, j ,k=1

w2
i j ,zk ≤ ω2

2 |ξ |2|Zum|2 .

Furthermore we have

|Ω1
11| ≤

(1+ ω0)ω2

2
|Nu|, |Ω2

22| ≤
(1+ ω0)ω2

2
|Nv|,

|Ω2
11| ≤ (1+ ω0)ω2|Nu|+

(1+ ω0)ω2

2
|Nv|,

|Ω1
22| ≤

(1+ ω0)ω2

2
|Nu|+(1+ ω0)ω2|Nv|.

(11.32)

We will prove that in this special caseW = W(Z) the weighted minimal surface
satisfies

|∆(r−1X)| ≤ 2(1+ ω0)ω2|∇(r−1X)||∇N|,

|∆N| ≤ (1+ ω2)|∇N|2
(11.33)

using weighted conformal parameters. Namely, first we have

|∆X| ≤ (|Ω1
11|+ |Ω1

22|)|Xu|+(|Ω2
11|+ |Ω2

22|)|Xv|

≤ (1+ ω0)ω2(|Nu|+ |Nv|)(|Xu|+ |Xv|)

showing the first inequality. Next we compute

∆N = 2(Nu×Nv)+W(N)u◦ (N×Nv)+W(N)v◦ (Nu×N)

which leads us to

|∆N| ≤ 2|Nu||Nv|+ ω2|Nu||Nv|+ ω2|Nv||Nu| ≤ (1+ ω2)|∇N|2 ,

and this proves (11.33).Note that X and N in (11.33) are not coupled.

Example: Crystalline variational problems

We want to consider critical pointsX : B→ R3 of the parametric functional

∫∫

B

{
F(Xu×Xv)+

2γ0

3
X · (Xu×Xv)

}
dudv.
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Note that the weight matrix has the structureW = W(Z), thusHW = HW(Z) for
the weighted mean curvature. Weighted conformally parameterized critical points
therefore fulfill

∆X = (Ω1
11+ Ω1

22)Xu +(Ω2
11+ Ω2

22)Xv +2HW(N)WN,

∆N = 2(Nu×Nv)+W(N)u◦ (N×Nv)+W(N)v◦ (Nu×N)

−2
{

HW,Z(N) ·Nu

}
W(N)◦Xu−2

{
HW,Z(N) ·Nv

}
W(N)◦Xv

−2HW(N)
{

W(N)u ◦Xu+W(N)v◦Xv

}
−2HW(N)W(N)◦∆X

with the weighted mean curvature

HW(Z) =
γ0√

detFZZ(Z)
.

Furthermore there hold

|∆(r−1X)| ≤ 2(1+ ω0)ω2|∇(r−1X)||∇N|+(h0r)|∇(r−1X)|2

|∆N| ≤ 2(1+ ω0)(h0r)2|∇(r−1X)|2 +(1+ ω2)|∇N|2

+2
{
(h0r)ω2 +(1+ ω0)(h2r)+2(1+ ω0)

2ω2(h0r)
}
|∇(r−1X)||∇N|.

The second estimate particularly follows from

|∆N| ≤ 2|Nu||Nv|+2ω2|Nu||Nv|+2(1+ ω0)h2(|Xu||Nu|+ |Xv||Nv|)

+2h0ω2(|Xu||Nu|+ |Xv||Nv|)+4(1+ ω0)
2ω2h0|∇X||∇N|

+2(1+ ω0)h
2
0|∇X|2 .

11.8 The geometry of immersions of mean curvature type

Recall the elliptic differential operator of second order

∆W := ∆ − (Ω1
11+ Ω1

22)
∂

∂u
− (Ω2

11+ Ω2
22)

∂
∂v

with the classical Laplacian∆ . A weighted conformally parametrized immersion
X : B→ R3 with prescribed weighted mean curvature HW(X,Z) satisfies

∆WX = 2HW(X,N)WN in B.
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A geometric maximum principle

This system is the basis of the following

Theorem 11.10.Let the weighted conformally parametrized immersion X: B→R3

with prescribed weighted mean curvature HW(X,Z) be given. Suppose that the
smallness condition

h0 sup
(u,v)∈B

|X(u,v)| ≤ 1

holds true with the constant

h0 = sup
X∈R3

Z∈R3\{0}

|HW(X,Z)|.

Then it holds
∆W |X(u,v)|2 ≥ 0 in B.

In particular, |X(u,v)| satisfies the geometric maximum principle

sup
(u,v)∈B

|X(u,v)| = sup
(u,v)∈∂B

|X(u,v)|.

Proof. We compute

∆W |X|2 = 2|∇X|2+2X ·∆X−2(Ω1
11+ Ω2

11)X ·Xu−2(Ω2
11+ Ω2

22)X ·Xv

= 2|∇X|2+4HW(X,N)WX·N

≥ 2
{

1−h0|X|
}
|∇X|2 .

proving the statement.⊓⊔

An enclosure theorem for weighted minimal surfaces

As we have seen above, the curvature relation

ρ1(X,N)κ1 + ρ2(X,N)κ2 = 0

with ρ1,ρ2 > 0 impliesK ≤ 0 for the Gauß curvature of a weighted minimal surface.
This already implies (see e.g. Sauvigny [141])

Theorem 11.11.Let the weighted minimal surface X: B → R3 be given. Let fur-
thermore Kr ⊂ R3 be the smallest closed ball containing the boundary curve
X(∂B) ⊂ R3. Then it holds

X(u,v) ⊂ Kr for all (u,v) ∈ B.
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Proof. Assume that there is an interior pointw0 ∈ B̊ such thatX(w0) 6∈Kr . Then due
to compactness reasons there is a second pointw1 ∈ B̊ where the surface touches
a sphereS2

R ⊂ R
3 of radiusR > r. But then it holdsK(w1) > 0 contradicting the

propertyK ≤ 0 in B.

Convex-hull property for weighted minimal surfaces

FromK ≤ 0 we also infer the much stronger

Theorem 11.12.Let the weighted minimal surface X: B → R3 be given. Then it
holds

X(B) ⊂ convX(∂B)

with convX(∂B) denoting the convex hull of the boundary curve X(∂B) ⊂ R3.

Proof. Choose an unit normal vectorZ ∈ R3 with |Z| = 1 and a real numberh∈ R3

such that
X(∂B) ⊂ HZ,h :=

{
X ∈ R

3 : Z ·X−h≤ 0
}
.

Now define the function

Φ(u,v) := Z ·X(u,v)−h, (u,v) ∈ B.

Then there hold

∆WΦ(u,v) = 0 in B, Φ(u,v) ≤ 0 on∂B.

The maximum principle saysΦ(u,v) ≤ 0 in B, thusX(B) ⊂ HZ,h. But note

convX(∂B) =
⋂

Z,h

HZ,h ,

and it followsX(B) ⊂ HZ,h for all half spacesHZ,h. ⊓⊔

These and further maximum principles and enclosure theorems for critical points
of anisotropic and inhomogeneous variational problems canbe found e.g. in Dierkes
[42], [43], or Clarenz [30].

11.9 A curvature estimate

The previous elliptic system together with Heinz’ and Sauvigny’s methods as briefly
described in section 9.4 enable us to prove the following curvature estimate.

Theorem 11.13.Let the weighted conformally parametrized immersion X: B→R3

with prescribed weighted mean curvature HW(X,Z) be given.
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We make the following assumptions:

(A1) Assume that X= X(u,v) represents a geodesic discBr(X0) of geodesic radius
r > 0 with center X0 = X(0,0).

(A2) Assume that the Dirichlet energy growths quadratically as follows

D [X] ≤ d0r2 (11.34)

with a real constant d0 ∈ (0,+∞) independent of r.

(A3) For realλ = λ (ω0, rω1,ω2,h0r,h1r2,h2r) > 0 there existsδ = δ (λ ) such that

|X(w)−X(w1)| ≤ λ and |N(w)−N(w1)| ≤ λ for all w ∈ Bδ (w0)

for arbitrary w1 ∈ Bδ (w0) and w0 ∈ B̊ with Bδ (w0) ⊂⊂ B̊.

Then it holds the curvature estimate

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 Θ(d0,ω0, rω1,ω2,h0r,h1r2,h2r)

+4(1+ ω0)
2(2ω0 + ω2

0)h0

for the principal curvaturesκ1 andκ2 of the surface X at the origin(0,0) ∈ B with
a real constantΘ ∈ (0,+∞).

Remarks

We have already discussed various situations where some of the assumption from
our theorem were already realized. Others are discussed in the following chapter on
the second variation. Let us make now some additional remarks.

1. The structure of the right hand side in (11.34) becomes important for our follow-
ing Bernstein type theorems. In fact, our curvature estimate requires only some
positive constantd0 > 0 bounding the Dirichlet energyD [X].

2. Moduli of continuity for the surface vector can be deducedfrom geometric max-
imum principles as we discussed in this and previous chapters. This especially
includes

(i) the convex-hull property for immersions with non-positive Gauss curvature;
(ii) the enclosure theorems for immersions with nonvanishing weighted or non-

weighted mean curvature fields which are small in the sense of

h0 sup
(u,v)∈B

|X(u,v)| < 1.

For these results we refer to the sections 9.3, 10.2 and 11.8.

3. Moduli of continuity for the spherical mapping are discussed in the following
chapter on the second variation by means of special classes of surfaces.
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An auxiliary result

For proving our curvature estimate we need the following lemma from Sauvigny
[141] which characterizes the so-calledplane mappingof a weighted minimal sur-
face.

Lemma 11.8.Let the weighted conformally parametrized immersion X: B→R3 be
given. Then there exists a constant c∗ = c∗(ω0) ∈ (0,1) such that the plane mapping

F(u,v) :=
(
x1(u,v),x2(u,v)

)
, (u,v) ∈ B,

satisfies
c∗(ω0)|∇X(u,v)|2 ≤ |∇F(u,v)|2 ≤ |∇X(u,v)|2 in B.

We would like to remark that it holds

1
2
|∇X|2 ≤ |∇F |2 ≤ |∇X|2

using conformal parameters.

Proof. Let as usualW(X,Z) = (wi j (X,Z))i, j=1,2,3. We rewrite the weighted confor-
mality relations

3

∑
k,ℓ=1

wkℓ xk
uxℓ

u =
3

∑
k,ℓ=1

wkℓ xk
vx

ℓ
v ,

3

∑
k,ℓ=1

wkℓ xk
uxℓ

v = 0 in B

into the complex form

3

∑
k,ℓ=1

wkℓ xk
wxℓ

w = 0, w = u+ iv, |w| < 1

with xw = 1
2(xu− ixv). Namely, we note that

3

∑
k,ℓ=1

wkℓ xk
wxℓ

w =
1
4

3

∑
k,ℓ=1

wkℓ (x
k
u− ixk

v)(x
ℓ
u− ixℓ

v)

=
1
4

3

∑
k,ℓ=1

(wkℓ xk
uxℓ

u−wkℓ xk
vx

ℓ
v)−

i
2

3

∑
k,ℓ=1

wkℓ xk
uxℓ

v ,

and the right hand side vanishes identically. From the condition

(1+ ω0)
−1|ξ |2 ≤ wkℓξ kξ ℓ ≤ (1+ ω0)|ξ |2 for all ξ ∈ R

3

on the weight matrix we infer

wkk ≥ (1+ ω0)
−1 and |wkℓ| ≤ c1(ω0), k, ℓ = 1,2,3,

with a real constantc1 ∈ [0,+∞).
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Now let ε > 0 be given. We compute

(1+ ω0)
−1|x3

w|2≤|w33x3
wx3

w| =
∣∣∣∣∣

3

∑
k,ℓ=1

wkℓ xk
wxℓ

w−w33x3
wx3

w

∣∣∣∣∣

≤c1(ω0)
(
|x1

w|2 + |x2
w|2 +2|x1

w||x2
w|+2|x1

w||x3
w|+2|x2

w||x3
w|
)

≤
(

2+
1
ε

)
c1(ω0)

(
|x1

w|2 + |x2
w|2
)

+2εc1(ω0)|x3
w|2 .

Thus for arbitrary smallε > 0 we findc2 = c2(ω0) with the property

|x3
w|2 ≤ c2(ω0)(|x1

w|2 + |x2
w|2)

from where we conclude

|∇X|2 = |∇F |2 +4|x3
w|2 ≤

{
1+c2(ω0)

}
|∇F |2 in B.

The statement follows withc∗ := (1+c2)
−1. ⊓⊔

Proof of the curvature estimate

Now we come to the proof of the theorem.

1. From the linear dependence of the three weighted fundamental forms

Nui ◦W(X,N)−1◦Nu j −2HW Xui ·Nu j +K Xui ◦W(X,N)◦Xu j = 0

for i, j = 1,2 from section 5.1 we infer

Nu◦W(X,N)−1◦Nu +Nv◦W(X,N)−1◦Nv = 2
{

2HW(X,N)2−K
}

W

using weighted conformal parameters and making use of

−Xu ·Nu−Xv ·Nv = L11+L22 = 2HWW.

With ρ1κ1 + ρ2κ2 = 2HW we compute

ρ2
1κ2

1 +2ρ1ρ2κ1κ2 + ρ2
2κ2

2 = 4H2
W

or after rearranging

ρ1

ρ2
κ2

1 +
ρ2

ρ1
κ2

2 =
4

ρ1ρ2
H2

W −2κ1κ2 =
4

ρ1ρ2
H2

W −2K.
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Now we can estimate as follows

(1+ ω0)|∇N|2 ≥ 4H2
WW−2KW

= 4

(
1− 1

ρ1ρ2

)
H2

WW+

(
ρ1

ρ2
κ2

1 +
ρ2

ρ1
κ2

2

)
W

≥ −4(2ω0+ ω2
0)h2

0W+
1

(1+ ω0)2 (κ2
1 + κ2

2)W

where we make us of

1
1+ ω0

≤ ρ1(X,N),ρ2(X,N) ≤ 1+ ω0 .

Rearranging for the principal curvatures at(0,0) gives

κ1(0,0)2 + κ2(0,0)2

≤ (1+ ω0)
3 |∇N(0,0)|2

W(0,0)
+4(1+ ω0)

2(2ω0 + ω2
0)h2

0 .
(11.35)

Thus we must establish an upper bound for the gradient|∇N(0,0)| and a lower
bound for the area elementW(0,0).

For this we essentially use the assumed moduli of continuity: First for an upper
gradient bound of the coupled mappingX = (X,N), then for a local modulus of
projection of the spherical mapping to obtain a lower bound for the area element.

2. The assumed moduli of continuity immediately yield gradient bounds forX and
N as follows: Let as usual

X(w) :=
(
r−1X(w),N(w)

)
, w∈ B,

then for givenλ > 0 we findδ = δ (λ ) such that

|X(w)−X(w1)| ≤ 2λ for all w∈ Bδ (w0)

wherew1 ∈ Bδ (w0) chosen arbitrarily within the discBδ (w0) ⊂⊂ B̊ with center
w0 ∈ B1−ν0(0,0). The parameterν0 > 0 will be fixed in point 6 of the proof. The
new mapping

X̂(w) :=
1

2λ

{
X(w)−X(w1)

}
: Bδ (w0) −→ R

6

thus satisfies

|X̂(w)| ≤ 1 and |△X̂(w)| ≤ 2λΛX|∇X̂|2 in Bδ (w0)

with ΛX = ΛX(ω0, rω1,ω2,h0r,h1r2,h2r) from (11.31).
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Now chooseλ = λ (ω0, rω1,ω2,h0r,h1r2,h2r) such that 2λΛX ≤ 1
2. It follows

|∆ X̂(w)| ≤ 1
2
|∇X|2 in Bδ (w0)

with suitableδ = δ (ω0, rω1,ω2,h0r,h1r2,h2r). Heinz’ gradient estimates from
section 9.4 ensure the existence of a constantc1 ∈ (0,+∞) with the property

|∇X(w0)| ≤ c1(ω0, rω1,ω2,h0r,h1r2,h2r)

for all w0 ∈ B̊1−ν0(0,0).
(11.36)

3. This gradient estimate allows us to linearize the system for r−1X as follows

|∆(r−1X)(w0)| ≤ c2(ω0, rω1,ω2,h0r,h1r2,h2r)|∇(r−1X)(w0)|

for all w0 ∈ B̊1−ν0(0,0)

with the constant

c2 := 2
√

2c1(1+ ω0)
√

2(rω1)2 +2ω2
2 +c1(h0r) ∈ (0,+∞).

4. Secondly we arrive at the following modulus of projectionfor the surface:
Chooseν ∈ (0,ν0/4) such that 2νc1 ≤ 1 is true. Then it holds

|N(w)−N(w0)| ≤ 2νc1 ≤ 1 for all B̊2ν(w0) and allw0 ∈ B̊1−2ν0(0,0).

5. Now we establish an inequality of Harnack-type for the area elementW : For this
we choose a fix pointw0 ∈ B1−2ν0(0,0). Assume furthermoreX(w0) = (0,0,0)
andN(w0) = (0,0,0) which can be ensured by rotation and translation. Consider
now the plane mapping

F(w) :=
1
r

(
x1(w0 +2νw),x2(w0 +2νw)

)
: B−→ R

2

with the numberν > 0 from the previous point of the proof. Due to the foregoing
lemma we have

|△F(w)| ≤ 4ν2|△(r−1X)(w0 +2νw)|

≤ 4ν2c2|∇(r−1X)(w0 +2νw)|

≤ 2νc2√
c∗

|∇F(w)|

=: c3(ω0, rω1,ω2,h0r,h1r2,h2r,ν0)|∇F(w)|

(11.37)

for w∈ B̊ with the constantc3 := νc2√
c∗ .
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From the fourth point of our proof we know

JF(w) > 0 in B̊

for the Jacobian of the plane mappingF = F(w). As in the proof of our curvature
estimate for immersions with prescribed mean curvature fields from section 10.3
we find a constantc4 = c4(ω0, rω1,ω2,h0r,h1r2,h2r,d0) such that the following
Harnack inequality is fulfilled

|∇F(w)|2 ≤
(
|Fu(w)|+ |Fv(w)|

)2

≤ c2
4

(
|Fu(0,0)|+ |Fv(0,0)|

) 2
5

≤ 5
√

2c2
4|∇F(0,0)| 2

5

(11.38)

for all w∈ B̊1
2
(0,0). Furthermore we obtain

|∇F(w)|2 ≥ 16ν4c2
2c∗

4ν2c2
2

|∇(r−1X)(w0 +2νw)|2

=
4ν2c∗

r2 |∇X(w0 +2νw)|2

≥ 8ν2c∗
1+ ω0

W(w0 +2νw)

r2

and analogously

|∇F(w)|2 ≤ 4ν2

r2 |∇X(w0 +2νw)|2 ≤ 8ν2(1+ ω0)
W(w0 +2νw)

r2 . (11.39)

Summarizing it follows

c5
W(w0 +2νw)

r2 ≤ |∇F(w)|2 ≤ c6
W(w0 +2νw)

r2

with the constants

c5 :=
8ν2c∗
1+ ω0

, c6 := 8ν2(1+ ω0).

Thus together with (11.38) and (11.39) we conclude

c5
W(w0 +2νw)

r2 ≤ |∇F(w)|2 ≤ 5
√

2c6c2
4

(
W(w0)

r2

) 1
5

for all w∈ B̊1
2
(0,0).
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Rearranging yields the desired Harnack-type inequality for the area element

c7

(
W(w)

r2

)5

≤ W(w0)

r2 for all w∈ Bν(w) and allw0 ∈ B̊1−2ν0(0,0) (11.40)

with the constant

c7(ω0, rω1,ω2,h0r,h1r2,h2r,d0) :=
1
2

c−1
6 c5

5c−10
4 .

6. Let Γ (B) denote the set of all continuous and piecewise differentiable curves
γ : [0,1]→ B with the properties

γ(0) = (0,0) and γ(1) ∈ ∂B.

Then it holds

inf
γ∈Γ (B)

1∫

0

∣∣∣∣
d
dt

X(γ(t))

∣∣∣∣ dt ≥ r.

As in the proof of the curvature estimate from section 10.3 wecan show that
there is a pointw∗ ∈ B̊1−ν0 settingν0 ≥ e−4πd0 ∈ (0,1) such that

W(w∗)
r2 ≥ 1

16(1+ ω0)(1−ν0)2 =: c8(ω0,d0) (11.41)

with the constantc8 = c8(ω0,d0) ∈ (0,+∞).

7. Now we want to establish a lower bound for the area element.For this purpose
we choose a natural numbern∈ N sufficiently large such that

1−2ν ≤ nν ≤ 1−ν.

We define points

wj :=
j
n

w∗ , j = 0,1,2, . . . ,n, w∗ ∈ B̊1−ν0(0).

Then we arrive at

|wj | =
j
n
|w∗| ≤ |w∗| ≤ 1−ν0 for j = 0,1,2, . . . ,n

which implies

|wj+1−wj | = 1
n |w∗| ≤ 1−ν0

n ≤ 1−2ν
n ≤ ν

for j = 0,1,2, . . . ,n−1.
(11.42)
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On account of (11.40) and (11.41) it follows that

W(w0)

r2 ≥c7

(
W(w1)

r2

)5

≥ c1+5
7

(
W(w2)

r2

)52

≥ c1+5+52+...+5n−1

7

(
W(wn)

r2

)5n

=c1+5+52+...+5n−1

7

(
W(w∗)

r2

)5n

≥ c1+5+52+...+5n−1

7 c5n

8 .

(11.43)
Together with

c9(ω0, rω1,ω2,h0r,h1r2,h2r,d0) := c1+5+52+...+5n−1

7 c5n

8

we also infer
W(w0)

r2 ≥ c9(ω0, rω1,ω2,h0r,h1r2,h2r,d0).

8. We collect (11.35), (11.36) and (11.43) to arrive at the estimate

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 (1+ ω0)

3 c1

c9
+4(1+ ω0)

2(2ω0 + ω2
0)h2

0

wherew0 = (0,0). If we finally set

Θ(ω0, rω1,ω2,h0r,h1r2,h2r,d0)

:= (1+ ω0)
3 c1(ω0, rω1,ω2,h0r,h1r2,h2r)

c9(ω0, rω1,ω2,h0r,h1r2,h2r,d0)

the theorem follows. ⊓⊔
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This chapter is devoted to extend our considerations to the analysis of criticical points of crystalline

functionals in Euclidean spaces of higher dimensions. We put some important results on Plateau’s

problem for such parametric functionals together, elaborate on their first variations and discuss
their relationships to our variational problems so far.

12.1 Crystalline functionals. Remarks on Plateau’s problem

In generalization of our earlier discussions from the foregoing chapters we now
considerinhomogeneous and anisotropic Lagrangian densitiesof the form

F ∈C5+α(Rn×R
N \ {0},R) ∈C0(Rn×R

N,R)

and variational problems for thefunctional of crystalline type

B[X] :=
∫∫

B

F(X,Xu∧Xv)dudv−→ extr! (12.1)

As discussed in the foregoing chapter, such LagrangiansF(X,Xu∧Xv) arise from
the theory of crystall growth; see the original work of G. Wulff in [174], or the later
contributions of J.E. Taylor, e.g. [153], [154] in the context of geometric measure
theory.

Before we go into calculations we want to recall some historyof the so-called
Plateau problem.In its original form it aks for findinga minimal surface spanning
a given curve in space which is critical for the area functional

A [X] =

∫∫

B

|Xu×Xv|dudv.

Garnier [69], Douglas [47] and Radó [133] independently succeeded in the con-
struction of such surfacesminimizing the area among all admissable immersions
spanning the same boundary curve.Owing to his work, Jesse Douglas was granted
with the first Fields Medal in 1936.

It was also Douglas in [48] and [49] who first succeeded on Plateau’s problem on
multiple connected domains which particularly involves minimal surfaces spanning
more than one boundary curve.
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For Plateau’s problem in Riemannian or hyperbolic spaces wewant to refer to
classical works of Lonseth [117] from 1942 and Morrey [121] from 1948.

The mathematician’s attention to anisotropic and inhomogenousvariational prob-
lems was already drawn in the early fifties, see e.g. Cesari [24], Danskin [41], Jenk-
ins [99], or Morrey [122], [123]. Using methods from geometric measure theory, B.
White in [170], [171] proved existence of smooth embeddingssolving this “gener-
alized” Plateau problem assuming the boundary curve is contained in the boundary
of a convex body. For a good introduction into the powerful methods of geometric
measure theory we want to refer the reader to Almgren [2].

In a series of papers, this general Plateau problems was revived by S. Hildebrandt
and H. von der Mosel; see [86], [87], [88], [89], [90], [91]. The Douglas problem for
inhomogenous and anisotropic parametric functionals, asking for the construction
of minimizers of higher topological type, was considered byKurzke and von der
Mosel [110].

Existence and regularity of minimizers

The following existence and regularity results for minimizers of the general problem
12.1 are taken from Hildebrandt and von der Mosel [87], Theorem 1.4 and 1.5.

Theorem 12.1.If the Lagrangian density F∈C0(Rn×RN,R) is

• positive homogeneous F(X,λZ) = λF(X,Z) for all λ > 0;

• positive definite m1|Z| ≤ F(X,Z) ≤ m2|Z| with 0 < m1 ≤ m2 < ∞;

• convex F(X,λZ1 + µZ2) ≤ λF(X,Z1)+ µF(X,Z2)

for all λ ,µ > 0, λ + µ = 1

for all X ∈ Rn+2 and all Z,Z1,Z2 ∈ RN, then there exits a minimizer X: B→ Rn+2

of B[X] in the following class of immersions

C (Γ ) :=
{

X ∈ H1,2(B̊,Rn+2) :

X|∂B is a continuous, weakly monotonic mapping from∂B toΓ
}

which is conformally parametrized, i.e. X∈ C (Γ ) satisfies

B[X] = inf
X̃∈C (Γ )

B[X̃]

as well as the conformality relations

Xu ·Xu = Xv ·Xv , Xu ·Xv = 0 almost everywhere on B.
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Furthermore, every conformally parametrized minimizer X of B[X] in the class
C (Γ ) satisfies

X ∈C0(B,Rn)∩C0,γ(B̊,Rn) with γ =
m1

m2

as well as the Morrey growth condition

∫∫

Br (w0)

|∇X|2dudv≤
( r

R

)2γ ∫∫

BR(w0)

|∇X|2dudv

for any w0 ∈ B and0 < r ≤ R≤ R0 := 1−|w0|.
To establishboundary regularitywe need the concept of aperfect dominance

function.For this purpose let

f (X,P) := F(X,P1∧P2)

denote theassociated Lagrangianto the LagrangianF(X,P).

Definition 12.1. (Hildebrandt, von der Mosel [89], Definition 1)

(i) Let F(X,Z) be given with the associated Lagrangianf (X,P). Then a function

G: R
n+2×R

2(n+2) −→ R

is said to be adominance function for Fif it is continous and satisfies the follow-
ing two conditions

f (X,P) ≤ G(X,Z) for any(X,Z) ∈ R
n+2×R

2(n+2) (D1)

as well as

f (X,P) = G(X,P) if and only if |p1|2 = |p2|2 , p1 · p2 = 0. (D2)

(ii) A dominance functionG of F is calledquadraticif

G(X,λP) = λ 2G(X,P) for all λ > 0, (X,P) ∈ R
n+2×R

2(n+2) , (D3)

and it is said to bepositive definiteif there are two numbers 0< µ1 ≤ µ < ∞ with

µ1|P|2 ≤ G(X,P) ≤ µ2|P|2 for any(X,P) ∈ R
n+2×R

2(n+2) . (D4)

(iii) A function

G∈C0(Rn+2×R
2(n+2))∩C2(Rn+2×R

2(n+2) \ {0})

is called aperfect dominance function for Fif it satisfies the foregoing conditions
(D1) – (D4), and if for anyR0 > 0 there is a constantλG(R0) > 0 such that

ξ ◦GPP(X,P)◦ ξ ≤ λG(R0)|ξ |2 for |X| ≤ R0 andP,ξ ∈ R
2(n+2), P 6= 0.
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Before we state the boundary regularity theorem we give two examples (see
Hildebrandt and von der Mosel [89]).

1. The integrand

D(P) :=
1
2
|P|2 =

1
2
|P1|2 +

1
2
|P2|2

of the Dirichlet energy represents a perfect dominance function for the area inte-
grand|P1∧P2|.

2. The integrand

G(X,P) :=
1
2
|P|2 +Q(X) · (P1∧P2)

is a perfect dominance function forE(X,Z) := |Z|+Q(X) ·Z.

The existence of perfect dominance functions for a large class of Lagrangians is
the contents of the next result from Hildebrandt and von der Mosel [89].

Theorem 12.2.Let F∗ ∈C0(Rn+2×R
N)∩C2(Rn+2×R

N \{0}) be positive homo-
geneous, positive definite with constants m∗

1 and m∗
2, and convex, and assume that

|Z|ξ ◦F∗
ZZ(X,Z)◦ ξ ≥ λF∗(R0)

∣∣ξ −|Z|−2(Z ·ξ )Z
∣∣2

with the ellipticity constant

λ ∗ := inf
R0∈(0,∞]

λF∗(R0) > 0.

Then for
k > k0 := 2

[
m∗

2−min{λ ∗,m∗
1/2}

]

the parametric Lagrangian

F(X,Z) := kA(Z)+F∗(X,Z)

possesses a perfect dominance function.

Now comes Hildebrandt’s and von der Mosel’s boundary regularity result from
[88], Theorem 1.1.

Theorem 12.3.Suppose that F is of class C2(Rn+2 ×RN \ {0},R) and that it is
positive homogeneous, positive definite and convex. Suppose also that F possesses
a perfect dominance function G, and that the boundary curveΓ is of class C4. Then
there is someα ∈ (0,1) such that any conformally parametrized minimizer X of
B[X] is of class H2,2(B̊,Rn+2)∩C1,α(B,Rn+2) and satisfies

‖X‖H2,2(B̊,Rn+2) +‖X‖C1,α(B,Rn+2) ≤ c(Γ ,F)

where the number c(Γ ,F) depends only onΓ and F.
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Further remarks on the literature

Sauvigny in [141] established curvature estimates forF-minimal surfaceswhich
may arise as critical points for the functional

F [X] =
∫∫

B

F(Xu×Xv)dudv

in case of one codimension; see also Fröhlich [62] for further developments.

Various geometric and analytical results for critical points of F [X] in one codi-
mension were particularly established in Lin [115], Räwer[134], Clarenz [31],
Clarenz and von der Mosel [32]. Anisotropic variational problems with applications
to rotationally symmetric Delaunay-type surfaces in casen = 1 of one codimension
can be found in Koiso and Palmer [107], [108].

Moreover, Winklmann in [172], [173] established integral and pointwise curva-
ture estimates form-dimensional manifolds inRm+1 which are critical for function-
als similar to (12.1). The methods he used there go essentially back to Ecker [50]
and Schoen, Simon, Yau [145].

For considerations on anisotropic mean curvature flows we want to refer to Clut-
terbuck [33], or Pozzi [132] for numerical investigations.

12.2 Parameter invariance

Before we are going to compute the first variation ofB[X] we will establish a nec-
essary and a sufficient condition for the functional to be independent of the choice
of the parameter system.

Proposition 12.1.B[X] is invariant w.r.t. a parameter transformations from class
P and of the chosen parameter domain if and only it holds

F(X,λZ) = λF(X,Z) for all real λ > 0. (12.2)

We omit the proof for it works exactly as our calcululations from section 11.2.

12.3 Euler’s homogeneity relations

As in the previous chapter we introduce the following notations.
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Definition 12.2.We set

FX(X,Z) := (Fx1(X,Z), . . . ,Fxn(X,Z)) ∈ R
n ,

FZ(X,Z) := (Fz1(X,Z), . . . ,FzN(X,Z)) ∈ R
N ,

FXX(X,Z):= (Fxixj (X,Z))i, j=1,...,n ∈ R
n×n ,

FXZ(X,Z):= (Fxizj (X,Z))i=1,...,n, j=1,...,N ∈ R
n×N ,

FZZ(X,Z):= (Fzizj (X,Z))i, j=1,...,N ∈ R
N×N

with the abbreviationN :=
(n

2

)
.

Now the homogeneity condition (12.2) allows us to infer the following properties
in the same way we proceeded in the foregoing chapter.

Proposition 12.2.The vector FZ(X,Z) is positive-homogeneous of degree0 w.r.t. Z,
the matrixFZZ(X,Z) is positive-homogeneous of degree−1 w.r.t. Z. Furthermore
their hold the homogeneity relations

FZ(X,Z) ·Z = F(X,Z), FZZ(X,Z)◦Z = 0, FXZ(X,Z)◦Z = FX(X,Z)

for all X ∈ R
n, Z ∈ R

n\ {0}.

12.4 The first variation

We compute the Euler-Lagrange equations of the general parametric functional
B[X]. For this purpose it is necessary to recall the Grassmann-type formalism

X∧Y = ∑
1≤i< j≤n

(xiy j −x jyi)ei ∧ej

introduced in chapter 6.

Theorem 12.4.The Euler-Lagrange equations ofB[X] are

FX(X,N ) ·Nσ W+(Nσ ∧Xv)◦FZX(X,N )◦Xu+(Xu∧Nσ )◦FZX(X,N )◦Xv

= −(Nσ ∧Xv)◦FZZ(X,N )◦Nu− (Xu∧Nσ )◦FZZ(X,N )◦Nv
(12.3)

in B for all σ = 1, . . . ,n with the Grassmann-type vector

N :=
Xu∧Xv

|Xu∧Xv|

from (6.3).
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Proof. Consider the variation

X̃ = X + ε
n

∑
σ=1

ϕσ Nσ

with test functionsϕi ∈C∞
0 (B,R) and a realε ∈ (−ε0,+ε0). First we calculate

X̃u∧ X̃v =

(
Xu + ε

n

∑
σ=1

{
ϕσ ,uNσ + ϕNσ ,u

}
)
∧
(

Xv + ε
n

∑
σ=1

{
ϕσ ,vNσ + ϕσ Nσ ,v

}
)

= Xu∧Xv + ε
n

∑
σ=1

{
ϕσ ,uXu∧Nσ + ϕσ ,vNσ ∧Xv

}

+ε
n

∑
σ=1

{
Xu∧Nσ ,v +Nσ ,u∧Xv

}
ϕσ +o(ε).

We compute the derivative

∂
∂ε

B[X̃] =

∫∫

B

{
FX(X̃, X̃u∧ X̃v) ·

∂
∂ε

X̃ +FX(X̃, X̃u∧ X̃v) ·
∂

∂ε
(X̃u∧ X̃v)

}
dudv

using
∂

∂ε
X̃
∣∣
ε=0 =

n

∑
σ=1

ϕσ Nσ

as well as

∂
∂ε

(X̃u∧ X̃v)
∣∣
ε=0 =

n

∑
σ=1

{
ϕσ ,uXu∧Nσ + ϕσ ,vNσ ∧Xv

}

+
n

∑
σ=1

{
Xu∧Nσ ,v +Nσ ,u∧Xv

}
ϕσ .

Taking the Euler homogeneity conditions into account we infer atε = 0

δB[X] =
n

∑
σ=1

∫∫

B

FX(X,Xu∧Xv) ·Nσ ϕσ dudv

+
n

∑
σ=1

∫∫

B

FZ(X,Xu∧Xv) · (Xu∧Nσ ,v +Nσ ,u∧Xv)ϕσ dudv

+
n

∑
σ=1

∫∫

B

FZ(X,Xu∧Xv) · (Xu∧Nσ ϕσ ,v +Nσ ∧Xvϕσ ,u)dudv

= . . .
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. . . =
n

∑
σ=1

∫∫

B

FX(X,N ) ·Nσ Wϕσ dudv

+
n

∑
σ=1

∫∫

B

div
(

FZ(X,N ) · (Nσ ∧Xv)ϕσ ,FZ(X,N ) · (Xu∧Nσ )ϕσ

)
dudv

−
n

∑
σ=1

∫∫

B

{
FZX(X,N ) ·Xu

}
· (Nσ ∧Xv)ϕσ dudv

−
n

∑
σ=1

∫∫

B

{
FZX(X,N ) ·Xv

}
· (Xu∧Nσ )ϕσ dudv

−
n

∑
σ=1

∫∫

B

{
FZZ(X,N ) ·Nu

}
· (Nσ ∧Xv)ϕσ dudv

−
n

∑
σ=1

∫∫

B

{
FZZ(X,N ) ·Nv

}
· (Xu∧Nσ )ϕσ dudv.

The integral over the divergence vanishes dueϕσ = 0. This proves the theorem.⊓⊔

12.5 Minimal surfaces

In the special caseF(X,Z) = |Z| we have

FX(X,Z) ≡ 0, FXZ(X,Z) ≡ 0, FZZ(X,Z) ≡ E
N

with theN-dimensional unit matrixEN. Thus we must evaluate the system

(Nσ ∧Xv) ·Nu+(Xu∧Nσ ) ·Nv = 0 for all σ = 1, . . . ,n.

To this end we introduce conformal parameters(u,v) ∈ B. Then
{

Xu√
W

,
Xv√
W

,N1, . . . ,Nn

}

as well as the set

{
N ,X11, . . . ,X1n,X21, . . . ,X2n,N11, . . . ,N1n,N23, . . . ,Nn−1,n

}

consisting of theN =
(n

2

)
unit normal vectors

N :=
Xu∧Xv

W
, Xi1 :=

Xui ∧N1√
W

, . . . ,Xin :=
Xui ∧Nn√

W
, Zi j := Ni ∧Nj

form orthornormal frames.
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The Euler-Lagrange equations (12.3) take the simpler form

X1σ ·Nv−X2σ ·Nu = 0 in B. (12.4)

Next we recall the Grassmann-Weingarten equations (6.4)

Nui = −
2

∑
m=1

n

∑
ϑ=1

L mϑ
i Xmϑ

with theG -fundamental formL mϑ
i = −Nui ·Xmϑ . In terms of these coefficients,

equation (12.4) can be written as

L 1σ
2 −L 2σ

1 = 0 in B

for all σ = 1, . . . ,n.

We want to prove that thesen equations are equivalent toHσ ≡ 0 for the mean
curvaturesHσ , σ = 1, . . . ,n, along the unit normal vectorsNσ .

First, from(Nσ ∧Xv) ·N = 0 and(Xu∧Nσ ) ·N = 0 there follow after differen-
tiation

(Nσ ∧Xv) ·Nu = (Nσ ,u∧Xv +Nσ ∧Xuv) ·N ,

(Xu∧Nσ ) ·Nv = (Xuv∧Nσ +Xu∧Nσ ,v) ·N .

The Weingarten equations and the Gauss equations imply

(Nσ ,u∧Xv) ·N = −Lσ ,11N ·N −
n

∑
ω=1

Tω
σ ,1X2ω ·N = −Lσ ,11,

(Xu∧Nσ ,v) ·N = −Lσ ,22N ·N +
n

∑
ω=1

Tω
σ ,2X1ω ·N = −Lσ ,22

as well as

(Nσ ∧Xuv) ·N = − Wv

2W
X1σ ·N − Wu

2W
X2σ ·N +

n

∑
ω=1

Lω,12Zσω ·N = 0,

(Xuv∧Nσ ) ·N = 0.

Thus it follows

0 = (Xu∧Nσ ) ·Nv +(Nσ ∧Xv) ·Nu = −(Xu∧Nσ ,v) ·N − (Nσ ,u∧Xv) ·N

= Lσ ,22+Lσ ,22 = 2HσW.

Critical points of the area functional have vanishing mean curvature vector.
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12.6 The problem for weighted minimal surfaces

Consider finally a critical pointX : B→Rn+2 of the anisotropic variational problem
∫∫

B

F(N )dudv−→ extr!

ThenX : B→ R
n+2 satisfies the Euler-Lagrange system

(Nσ ∧Xv)◦FZZ(N )◦Nu+(Xu∧Nσ )◦FZZ(N )◦Nv = 0 in B.

It remains open how we can express this system in terms of a weight matrix
W(X,Z) as discussed in chapter 4.



Chapter 13
The second variation

13.1 Minimal surfaces
13.2 Immersions with a special mean curvature field
13.3 Stability andµ-stability
13.4 µ-stability due to Schwarz for minimal graphs
13.5 Eigenvalue problems on manifolds
13.6 µ-stability due to Ruchert, Barbosa and do Carmo
13.7 Calibration forms



278 13 The second variation



In this chapter we compute the second variation of some selected geometric functionals and define
stability andµ-stability. We also discuss various criteria which ensureµ-stability. For this purpose

we recall some elementary facts on eigenvalue methods on thesphere. We conclude this chapter

with considering the second variation for non-parametric problems.

13.1 Minimal surfaces

The second variation

We start with the following

Theorem 13.1.Let N= (N1, . . . ,Nn) be an ONF for the conformally parametrized
minimal surface X: B→ Rn+2. Then the second variation

δ 2
Nγ̂

A [X;ϕ ] :=
∂ 2

∂ε2 A [X + εϕNγ̂ ]
∣∣∣
ε=0

of the area functionalA [X] w.r.t. perturbations

X̃(u,v) = X(u,v)+ εϕ(u,v)Nγ̂(u,v),

where

Nγ̂(u,v) =
n

∑
σ=1

γ̂σ (u,v)Nσ (u,v),
n

∑
σ=1

γ̂σ (u,v)2 = 1,

γ̂ = (γ̂1, . . . , γ̂n), ϕ ∈C∞
0 (B,R) and realε ∈ (−ε0,ε0) is given by

δ 2
Nγ̂

A [X;ϕ ] =

∫∫

B

(|∇ϕ |2 +2Kγ̂Wϕ2)dudv

+

∫∫

B

n

∑
σ=1





(
γ̂σ
u +

n

∑
ω=1

γ̂ωTσ
ω,1

)2

+

(
γ̂σ
v +

n

∑
ω=1

γ̂ω Tσ
ω,2

)2


ϕ2dudv

with the Gaussian curvature K̂γ := KNγ̂ along N̂γ .
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In particular, if the ONF N is free of torsion then

δ 2
Nγ̂

A [X] =
∫∫

B

(|∇ϕ |2 + |∇γ̂|2ϕ2 +2Kγ̂Wϕ2)dudv

with the setting |∇γ̂|2 =
n

∑
σ=1

{
(γ̂σ

u )2 +(γ̂σ
v )2
}

.

Proof. From the proof of Theorem 9.1 we know

δNγ̂ g11 = −2ϕLγ̂,11, δNγ̂ g12 = −2ϕLγ̂,12, δNγ̂ g22 = −2ϕLγ̂,22

with the coefficientsLγ̂ ,i j = Nγ̂ ·Xuiu j . We additionally infer

δ 2
Nγ̂

g11 = 2ϕ2
u +2ϕ2N2

γ̂,u , δ 2
Nγ̂

g12 = 2ϕuϕv +2ϕ2Nγ̂,u ·Nγ̂,v ,

δ 2
Nγ̂

g22 = 2ϕ2
v +2ϕN2

γ̂,v .

Using conformal parameters we rewrite these identities as follows

δ 2
Nγ̂

g11 = 2ϕ2
u +

2
W

ϕ2{L2
γ̂,11+L2

γ̂,12

}
+2ϕ2

n

∑
σ=1

(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

,

δ 2
Nγ̂

g12 = 2ϕuϕv +
2
W

ϕ2(Lγ̂,11+Lγ̂,22)Lγ̂,12

+2ϕ2
n

∑
σ=1

(
γ̂σ
u +

n

∑
ω=1

γ̂ωTσ
ω,1

)(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)
,

δ 2
Nγ̂

g22 = 2ϕ2
v +

2
W

ϕ2{L2
γ̂,12+L2

γ̂,22

}
+2ϕ2

n

∑
σ=1

(
γ̂σ
v +

n

∑
ω=1

γ̂ω Tσ
ω,2

)2

.

Namely the Weingarten equations (2.11) imply

Nγ̂ ,u = −
Lγ̂ ,11

W
Xu−

Lγ̂,12

W
Xv +

n

∑
σ=1

(
γ̂σ
u +

n

∑
ω=1

γ̂ωTσ
ω,1

)
Nσ ,

Nγ̂ ,v = −
Lγ̂ ,12

W
Xu−

Lγ̂,22

W
Xv +

n

∑
σ=1

(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)
Nσ

and therefore

N2
γ̂ ,u =

L2
γ̂,11+L2

γ̂,12

W
+

n

∑
σ=1

(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

,
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Nγ̂,u ·Nγ̂,v =
Lγ̂,11+Lγ̂,22

W
Lγ̂,12+

n

∑
σ=1

(
γ̂σ
u +

n

∑
ω=1

γ̂ωTσ
ω,1

)(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)
,

N2
γ̂ ,v =

L2
γ̂,12+L2

γ̂,22

W
+

n

∑
σ=1

(
γ̂σ
v +

n

∑
ω=1

γ̂ω Tσ
ω,2

)2

.

This shows the above representations for theδ 2
Nγ̂

gi j . Next we compute

2Wδ 2
Nγ̂

W+2(δNγ̂W)2

= g11δ 2
Nγ̂

g22+2δNγ̂ g11δNγ̂ g22+g22δ 2
Nγ̂

g11−2g12δ 2
Nγ̂

g12−2(δNγ̂ g12)
2 ,

i.e. using conformal parameters we arrive at

δ 2
Nγ̂

W =
1
2

δ 2
Nγ̂

g11+
1
2

δ 2g22+
1
W

δNγ̂ g11δNγ̂ g22−
1
W

(δNγ̂ g12)
2− 1

W
(δNγ̂ W)2 .

Inserting the identities forδNγ̂ gi j andδ 2
Nγ̂

gi j previously obtained, together with

δNγ̂W = −2Hγ̂Wϕ

from section 9.1, gives us

δ 2
Nγ̂

W = |∇ϕ |2−4H2
γ̂ Wϕ2 +

ϕ2

W
(L2

γ̂,11+2L2
γ̂,12+L2

γ̂,22)+
4ϕ2

W
(Lγ̂ ,11Lγ̂ ,22−L2

γ̂,12)

+ϕ2
n

∑
σ=1






(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

+

(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)2



 .

But it holds

L2
γ̂ ,11+2L2

γ̂,12+L2
γ̂,22 = (Lγ̂ ,11+Lγ̂,22)

2−2(Lγ̂,11Lγ̂,22−L2
γ̂,12)

= 4H2
γ̂ W2−2Kγ̂W

2 .

Therefore we obtain

δ 2
Nγ̂

W = |∇ϕ |2 +2Kγ̂Wϕ2

+
n

∑
σ=1





(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

+

(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)2


ϕ2

for arbitraryϕ ∈C∞
0 (B,R). The statement follows.⊓⊔
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Invariant formulation

From the previous proof we can infer the form of the second variation using arbitrary
parameters(u,v) ∈ B. For this purpose we need the following definition (see e.g.
Blaschke and Leichtweiss [15]).

Definition 13.1.Let two functionsφ ,ψ ∈C1(B,R) be given. ItsBeltrami operator
of first kind w.r.t. the metric

ds2 = g11du2+2g12dudv+g22dv2

is defined as

∇ds2(φ ,ψ) :=
2

∑
i, j=1

gi j φui ψu j (13.1)

In particular, if(u,v)∈B are conformal parameters, i.e.g11 =W = g22 andg12 =
0, then there hold

∇ds2(φ ,ψ) =
1
W

(φuψu + φvψv) =
1
W

∇φ ·∇ψ

with the Euclidean gradient operator∇φ = (φu,φv) etc., as well as

∇ds2(φ ,φ) =
1
W

|∇φ |2 .

The Beltrami operator of first kind is well defined for arbitrary Riemannian met-
ricsdσ2 with positive determinant.

Corollary 13.1. Using an arbitrary parameter system(u,v) ∈ B it holds

δ 2
Nγ̂

A [X;ϕ ] =

∫∫

B

∇ds2(ϕ ,ϕ)W dudv+2
∫∫

B

Kγ̂Wϕ2dudv

+
2

∑
i, j=1

n

∑
σ=1

∫∫

B

gi j

(
γ̂ui +

n

∑
ω=1

γ̂ωTσ
ω,i

)(
γ̂u j +

n

∑
ω=1

γ̂ωTσ
ω, j

)
Wϕ2dudv.

Special cases

We want to exemplify the previous considerations.

Consider first the casen = 1 of one codimension. Up to orientation there is only
one unit normal vectorN for the minimal immersionX : B→ R3, and the formula
for the second variation reduces to

δNA [X;ϕ ] =
∫∫

B

(
|∇ϕ |2 +2KWϕ2)dudv.
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Furthermore, instead of̃X = X + εϕNγ̂ we will often consider special normal
variations of the form

X̃(u,v) = X(u,v)+ εϕ(u,v)Nω(u,v).

Here the unit normal vectorNω is chosen from a given ONFN = (N1, . . . ,Nn), i.e.
we set

γ̂ϑ =

{
1 if ϑ = ω
0 if ϑ 6= ω

.

Then the second variations of the area functional reads

δ 2
Nω A [X;ϕ ] =

∫∫

B

(
|∇ϕ |2 +2KωWϕ2)dudv

+
n

∑
σ=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

ϕ2 dudv

(13.2)

using conformal parameters.

The functional of the total torsion which appears here on theright hand side in
combination with a test functionϕ ∈ C∞

0 (B,R) can be controlled by means of our
estimates established in chapters 7 and 8 if we use normal Coulomb framesN of X
for the construction of̃X.

13.2 Immersions with a special mean curvature field

Next we want to compute the second variation of the functional

J [X] :=
∫∫

B

Γ (X)W dudv

which emerges from the general functional of Gulliver-type

G [X] =

∫∫

B

{
Γ (X)W+Xu◦A(X)◦Xv

}
dudv

in the special caseA(X) ≡ 0.

From section 10.1 we first infer that critical points ofJ [X] possess the mean
curvature field

Hσ (X,Nσ ) =
ΓX(X) ·Nσ

2Γ (X)
, σ = 1, . . . ,n.

The caseΓ (X) ≡ 1 corresponds to the area functional with minimal surfaces as
critical points.
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The second variation

Theorem 13.2.Using conformal parameters(u,v) ∈ B, the second variation of
J [X] w.r.t. to perturbations

X̃(u,v) = X(u,v)+ εϕ(u,v)Nγ̂(u,v),

where

Nγ̂ (u,v) =
n

∑
σ=1

γ̂σ (u,v)Nσ (u,v),
n

∑
σ=1

γ̂(u,v)2 = 1,

γ̂ = (γ̂1, . . . , γ̂n), ϕ ∈C∞
0 (B,R) and realε ∈ (−ε0,ε0) is given by

δ 2
Nγ̂

J [X;ϕ ] =

∫∫

B

Γ (X)|∇ϕ |2dudv

+2
∫∫

B

{
Hγ̂,X(X,Nγ̂ ) ·Nγ̂ −2Hγ̂(X,Nγ̂ )

2 +Kγ̂

}
Γ (X)Wϕ2dudv

+
n

∑
σ=1

∫∫

B

{(
γ̂σ
u + γ̂ωTσ

ω,1

)2
+
(

γ̂σ
v + γ̂ωTσ

ω,2

)2
}

Γ (X)ϕ2dudv

with the mean curvature Ĥγ = Hγ̂ (X,Nγ̂) and the Gauss curvature Kγ̂ of the immer-
sion along N̂γ . In particular, if the ONF N is free of torsion then the third integrand
on the right hand side vanishes identically.

Proof. First we compute

∂
∂ε

Γ (X̃)W̃ = ΓX(X̃) ·Nγ̂ W̃ϕ +Γ (X̃)
∂

∂ε
W̃

= 2Γ (X̃)H∗
γ̂ (X̃)W̃ϕ +Γ (X̃)

∂
∂ε

W̃

setting

H∗
σ (X) =

ΓX(X) ·Nσ
2Γ (X)

with Nσ fixed. Note here that in the first identity no variationÑγ̂ appears. Thus we
obtain

∂
∂ε

J [X̃] =
∫∫

B

{
2Γ (X̃)H∗

γ̂ (X̃)W̃ϕ +Γ (X̃)
∂

∂ε
W̃

}
dudv.

A further differentiation w.r.t.ε at ε = 0 taking account of the identities

δNγ̂W = −2Hγ̂(X,Nγ̂ )Wϕ = −2H∗
γ̂ (X)Wϕ
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as well as

δ 2
Nγ̂

W = |∇ϕ |2 +2Kγ̂Wϕ2

+
n

∑
σ=1





(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

+

(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)2


ϕ2

from above yields

δNγ̂ J [X;ϕ ] = 2
∫∫

B

{
ΓX(X) ·Nγ̂ H∗

γ̂ (X)+Γ (X)H∗
γ̂ ,X(X) ·Nγ̂

}
Wϕ2dudv

−2
∫∫

B

{
2Γ (X)H∗

γ̂ (X)2 +ΓX(X) ·Nγ̂ H∗
γ̂ (X)

}
Wϕ2dudv

+

∫∫

B

Γ (X)|∇ϕ |2dudv+2
∫∫

B

Γ (X)Kγ̂Wϕ2dudv

+

∫∫

B

n

∑
σ=1






(
γ̂σ
u +

n

∑
ω=1

γ̂ω Tσ
ω,1

)2

+

(
γ̂σ
v +

n

∑
ω=1

γ̂ωTσ
ω,2

)2



Γ (X)ϕ2dudv.

Due toH∗
γ̂ ,X(X) = Hγ̂,X(X,Nγ̂ ), rearranging proves the statement.⊓⊔

Invariant formulation

Finally we want to reformulate the result of the previous theorem in terms of ar-
bitrary parametrizations. For this purpose we use the invariant Beltrami operator
∇ds2(·, ·) from the foregoing section.

Corollary 13.2. Using an arbitrary parameter system(u,v) ∈ B it holds

δ 2
Nγ̂

J [X;ϕ ] =

∫∫

B

∇ds2(ϕ ,ϕ)Γ (X)W dudv

+
∫∫

B

{
Hγ̂,X(X,Nγ̂) ·Nγ̂ −2Hγ̂(X,Nγ̂ )

2 +Kγ̂

}
Γ (X)Wϕ2dudv

+
2

∑
i, j=1

n

∑
σ=1

∫∫

B

gi j

(
γ̂ui +

n

∑
ω=1

γ̂ω Tσ
ω,i

)(
γ̂u j +

n

∑
ω=1

γ̂ωTσ
ω, j

)
Γ (X)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R).



286 13 The second variation

13.3 Stability andµ-stability

The most general geometric functional we have been considering so far is the fol-
lowing functional of Gulliver-type

G [X] =
∫∫

B

{
Γ (X)W+2Xu◦A(X)◦Xv

}
dudv

whose critical points possess the mean curvature field

Hσ (X,Nσ ) =
1

Γ (X)W

n+2

∑
k,ℓ,m=1

akℓ,xm(xk
uxℓ

vn
m
σ +xm

u xk
vn

ℓ
σ +xℓ

ux
m
v nk

σ )+
ΓX(X) ·Nσ

2Γ (X)
.

Non-negativity of the second variation ofG [X] for critical pointsX leads us to
the concept of(weakly) stable immersions.We will consider stable minimal surfaces
and stable immersions with a special prescribed mean curvatureH(X).

More general is the concept ofµ-stability. In this section we will verify a certain
µ-stability condition for stable immersions. In the sections to follow as well as in
the next chapter we will establishµ-stability conditionswithout assuming stability
of the immersions under consideration.

Stable immersions

Definition 13.2.Let X : B→ Rn+2 be critical for the functionalG [X]. We say that
the immersion is additionally stable forG [X] if it holds

δ 2
Nγ̂

G [X;ϕ ] ≥ 0

for all ϕ ∈C∞
0 (B,R) and for all unit normal vectorsNγ̂ .

Examples

Let us come back to formula (13.2) for a minimal immersionX : B → Rn+2 with
ONF N. If the surface is stable then
∫∫

B

|∇ϕ |2dudv≥ 2
∫∫

B

(−Kω )Wϕ2dudv−
n

∑
σ=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

ϕ2dudv

for all ω = 1, . . . ,n.
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Notice that−Kω ≥ 0. Summation implies

∫∫

B

|∇ϕ |2dudv≥ 2
n

∫∫

B

(−K)Wϕ2dudv

− 1
n

n

∑
σ ,ω=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

ϕ2dudv

with the Gaussian curvature

K =
n

∑
ω=1

Kω .

Consider now the second variation formula for the functional J [X]. Evaluating
it for Nω from the ONFN instead of the general fieldNγ̂ gives us

∫∫

B

Γ (X)|∇ϕ |2dudv≥ 2
∫∫

B

{
2Hω(X,Nω )2−Kω

}
Γ (X)Wϕ2dudv

−2
∫∫

B

Hω,X(X,Nω) ·NωΓ (X)Wϕ2dudv

−
n

∑
σ=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

Γ (X)Wϕ2dudv.

Summation overω = 1, . . . ,n shows now

∫∫

B

Γ (X)|∇ϕ |2dudv≥ 2
n

∫∫

B

{
2H(X)2−K

}
Γ (X)Wϕ2dudv

− 2
n

n

∑
ω=1

∫∫

B

Hω,X(X,Nω) ·NωΓ (X)Wϕ2dudv

− 1
n

n

∑
σ ,ω=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

Γ (X)Wϕ2dudv

with the squareH(X)2 of the mean curvature vector

H(X) =
n

∑
ω=1

Hω (X,Nω)Nω .

µ-stable immersions

Motivated from these examples we introduce the following general concept.
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Definition 13.3.The immersionX is calledµ-stable with a real numberµ > 0 if
there is a smooth functionq∈C2+α(B,R) such that it holds

∫∫

B

∇ds2(ϕ ,ϕ)W dudv≥ µ
∫∫

B

(q−K)Wϕ2dudv

−α(n)
2

∑
i, j=1

n

∑
σ ,ϑ=1

∫∫

B

gi j Tϑ
σ ,iT

ϑ
σ , j Wϕ2dudv

(13.3)

for all ϕ ∈ C∞
0 (B,R), whereα(n) is a non-negative real number depending on the

codimensionn≥ 1.

Generalized stability conditions were studied in the literature. We especially want
to refer the reader to Fischer-Colbrie and Schoen [60], Colding and Minicizzi [36]
and Fröhlich [62].

Examples

Let us first examplarily consider the stability inequality

∫∫

B

|∇ϕ |2dudv≥ 2
n

∫∫

B

(−K)Wϕ2dudv

− 1
n

n

∑
σ ,ω=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

Wϕ2dudv

for a conformally parametrized minimal surfaceX : B→ Rn+2. Obviously this sur-
face isµ-stable with

µ =
2
n

and α(n) =
1
n

, q≡ 0.

The casen = 1 of one codimension leads us toµ-stable minimal surfaces with
µ = 2, i.e. ∫∫

B

|∇ϕ |2dudv≥ 2
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈ C∞
0 (B,R). In this situation the usual stability inequality coincideswith

theµ-stability with µ = 2.

Secondly we consider the stability inequality we previously derived forJ -
critical immersionsX : B→ Rn+2. Let again two positive real numbers

0 < Γ0 ≤ Γ (X) ≤ Γ1 < ∞ for all X ∈ R
n+2

be given.



13.4 µ-stability due to Schwarz for minimal graphs 289

Assume that for allX ∈ Rn+2 the following smallness condition is satisfied

|Hω,X(X,Nω)| ≤ Hω(X,Nω )2 for all ω = 1, . . . ,n.

Then we conclude

∫∫

B

|∇ϕ |2dudv≥ 2Γ0

nΓ1

∫∫

B

{
[
2H(X)2−K

]
−

n

∑
ω=1

Hω,X(X,Nω ) ·Nω

}
Wϕ2dudv

− 1
n

n

∑
σ ,ω=1

∫∫

B

{
(Tσ

ω,1)
2 +(Tσ

ω,2)
2
}

Wϕ2dudv

where we naturally assume the right hand side be non-negative for allϕ ∈C∞
0 (B,R).

The following sections are devoted to the problem of establishing µ-stability
conditions from various geometric conditions. Further considerations regarding
weighted minimal surfaces can be found in the next chapter.

13.4 µ-stability due to Schwarz for minimal graphs

A classical result due to H.A. Schwarz is (see e.g. Nitsche [126], §104).

Given the conformally parametrized minimal immersion X inR3, and assume
that there is an everywhere positive solutionχ of the differential equation

△χ −2KWχ = 0 in B.

Then X is stable in the sense that
∫∫

B

|∇ϕ |2 dudv≥ 2
∫∫

B

(−K)Wϕ2dudv for all ϕ ∈C∞
0 (B,R).

Now we will prove this result in the general case of higher codimensionbut for
surfaces with flat normal bundle.

An auxiliary function

For this purpose we introduce the function

χ :=
x1

ux2
v −x1

vx2
u

W
with the JacobianJF := x1

ux2
v −x2

ux1
v (13.4)

of the plane mappingF = (x1,x2) for the surface vectorX = (x1,x2, . . . ,xn+2).
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It holds χ > 0 if X represents a graph over the[x,y]-plane.Furthermore using
conformal parameters(u,v) ∈ B we have

∆ χ −2KWχ = 0 in B

for the minimal graph if its normal bundle is flat.

The general case is contained in our next

Proposition 13.1.Let X: B → Rn+2 be a conformally parametrized minimal sur-
face with an ONF N be given. Then it holds

∆ χ = 2KWχ +
n

∑
σ ,ϑ=1

Sϑ
σ ,12(n

1
σ n2

ϑ −n2
σn1

ϑ ) in B

with the Gaussian curvature K of the surface and the components Sϑ
σ ,i j of the cur-

vature tensor of its normal bundle.

If n = 1 thenχ is represents the third component of the unit normal vectorN of
the immersionX : B→ R3. In fact it holds

∆N = 2KWN in B

using conformal parameters for minimal surfaces.

An elliptic system for the vectorN

The differential equation from the previous proposition follows at once from an
elliptic system for the unit vector

N =
Xu∧Xv

W

which we introduced in chapter 6.

Theorem 13.3.Let the conformally parametrized minimal surface X: B→Rn+2 be
given. Then it holds

∆N = 2KWN +
n

∑
σ ,ϑ=1

Sϑ
σ ,12Nσ ∧Nϑ = 2KWN +2SW

with the Grassmann curvature vector

S =
1
W ∑

1≤σ<ϑ≤n

Sϑ
σ ,12Nσ ∧ϑ

of the normal bundle from chapter 6.
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Proof. Let us consider the function

χ̃ :=
xk

uxℓ
v−xℓ

uxk
v

W
, F̃ := xk

uxℓ
v−xℓ

ux
k
v , k, ℓ = 1, . . . ,n+2.

We will prove the identity

∆ χ̃ = 2KWχ̃ +
n

∑
σ ,ϑ=1

Sϑ
σ ,12(n

k
σ nℓ

ϑ −nℓ
σnk

ϑ ).

We start with computing the first and second derivatives ofχ̃ . First we have

χ̃u =
1
W

n

∑
σ=1

{
Lσ ,11(n

k
σ xℓ

v−nℓ
σxk

v)−Lσ ,12(n
k
σ xℓ

u−nℓ
σxk

u)
}

,

χ̃v =
1
W

n

∑
σ=1

{
Lσ ,12(n

k
σ xℓ

v−nℓ
σxk

v)−Lσ ,22(n
k
σ xℓ

u−nℓ
σxk

u)
}

.

For the proof we calculate

χ̃u =
JF̃,u

W
− Wu

W2 JF̃ =
1
W

(xk
uux

ℓ
v +xk

uxℓ
uv−xℓ

uux
k
v−xℓ

uxk
uv)−

Wu

W2 JF̃

=
1
W

{
Γ 1

11x
k
uxℓ

v +Γ 2
11x

k
vx

ℓ
v +Γ 1

12x
ℓ
uxk

u +Γ 2
12x

ℓ
vx

k
u−Γ 1

11x
ℓ
uxk

v−Γ 2
11x

ℓ
vx

k
v− . . .

. . .− Γ 1
12x

k
uxℓ

u−Γ 2
12x

k
vx

ℓ
u

}
− Wu

W2 JF̃

+
1
W

n

∑
σ=1

(Lσ ,11n
k
σ xℓ

v +Lσ ,12n
ℓ
σ xk

u−Lσ ,11n
ℓ
σ xk

v−Lσ ,12n
ℓ
σ xk

u)

=
1

2W2

{
Wuxk

uxℓ
v−Wvx

k
vx

ℓ
v +Wvx

ℓ
uxk

u +Wuxℓ
vx

k
u−Wuxℓ

uxk
v +Wvx

ℓ
vx

k
v− . . .

. . .− Wvx
k
uxℓ

u−Wuxk
vx

ℓ
v

}
− Wu

W2 JF̃

+
1
W

n

∑
σ=1

{
Lσ ,11(n

k
σ xℓ

v−nℓ
σ xk

v)−Lσ ,12(n
k
σ xℓ

u−nℓ
σ xk

u)
}

=
1

2W2

{
Wuxk

uxℓ
v +Wuxℓ

vx
k
u−Wuxℓ

uxk
v−Wuxk

vx
ℓ
u

}
− Wu

W2 JF̃

+
1
W

n

∑
σ=1

Lσ ,11(nk
σ xℓ

v−nℓ
σxk

v)−Lσ ,12(nk
σ xℓ

u−nℓ
σxk

u)

W

=
1
W

n

∑
σ=1

{
Lσ ,11(n

k
σ xℓ

v−nℓ
σxk

v)−Lσ ,12(n
k
σ xℓ

u−nℓ
σxk

u)
}
.
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Analogously we continue with the derivative w.r.t.v. There follow

χ̃uu = − Wu

W2

n

∑
σ=1

{
Lσ ,12(n

k
σ xℓ

v−nℓ
σ xk

v)−Lσ ,22(n
k
σ xℓ

u−nℓ
σxk

u)
}

+
1
W

n

∑
σ=1

{
Lσ ,11,u(n

k
σ xℓ

v−nℓ
σ xk

v)−Lσ ,12,u(n
k
σ xℓ

u−nℓ
σxk

u)
}

+
1
W

n

∑
σ=1

{
Lσ ,11(n

k
σ ,uxℓ

v−nℓ
σ ,ux

k
v)−Lσ ,12(n

k
σ ,uxℓ

u−nℓ
σ ,ux

k
u)

+
1
W

n

∑
σ=1

Lσ ,11(n
k
σ xℓ

uv−nℓ
σxk

uv)−Lσ ,12(n
k
σ xℓ

uu−nℓ
σ xk

uu)

= − Wu

W2

n

∑
σ=1

{
Lσ ,12(n

k
σ xℓ

v−nℓ
σ xk

v)−Lσ ,22(n
k
σ xℓ

u−nℓ
σxk

u)
}

+
1
W

n

∑
σ=1

{
Lσ ,11,u(n

k
σ xℓ

v−nℓ
σ xk

v)−Lσ ,12,u(n
k
σ xℓ

u−nℓ
σxk

u)
}

− 1
W2

n

∑
σ=1

Lσ ,11(Lσ ,11x
k
uxℓ

v +Lσ ,12x
k
vx

ℓ
v−Lσ ,11x

ℓ
uxk

v−Lσ ,12x
ℓ
vx

k
v)

+Lσ ,12(Lσ ,11x
k
uxℓ

u +Lσ ,12x
k
vx

ℓ
u−Lσ ,11x

ℓ
uxk

u−Lσ ,12x
ℓ
vx

k
v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

{
Lσ ,11T

ϑ
σ ,1(n

k
ϑ xℓ

v−nℓ
ϑxk

v)−Lσ ,12T
ϑ

σ ,1(n
k
ϑ xℓ

u−nℓ
ϑxk

u)
}

+
1

W2

n

∑
σ=1

Lσ ,11(Γ 1
12x

ℓ
unk

σ +Γ 2
12x

ℓ
vn

k
σ −Γ 1

12x
k
unℓ

σ −Γ 2
12x

k
vn

ℓ
σ )

−Lσ ,12(Γ 1
11x

ℓ
unk

σ +Γ 2
11x

ℓ
vn

k
σ −Γ 1

12x
k
unℓ

σ −Γ 2
12x

k
vn

ℓ
σ )

+
1
W

n

∑
σ=1

n

∑
ϑ=1

{
Lσ ,11Lϑ ,12(n

k
σ nℓ

ϑ −nℓ
σnk

ϑ )−Lσ ,12Lϑ ,11(n
k
σ nℓ

ϑ −nℓ
σ nk

ϑ )
}
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= − Wu

2W2

n

∑
σ=1

{
Lσ ,11(n

k
σ xℓ

v−nℓ
σxk

v)−Lσ ,12(n
k
σ xℓ

u−nℓ
σxk

u)
}

− 1
W

n

∑
σ=1

{
Lσ ,22,u(n

k
σ xℓ

v−nℓ
σ xk

v)+Lσ ,12,u(n
k
σ xℓ

u−nℓ
σxk

u)
}

+
1

2W2

n

∑
σ=1

{
Lσ ,11Wv(n

k
σ xℓ

u−nℓ
σxk

u)+Lσ ,11Wu(n
k
σ xℓ

v−nℓ
σ xk

v)
}

− 1
2W2

n

∑
σ=1

{
Lσ ,12Wu(n

k
σ xℓ

u−nℓ
σ xk

u)−Lσ ,12Wv(n
k
σ xℓ

v−nℓ
σ xk

v)
}

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,11Lϑ ,12−Lσ ,12Lϑ ,11)(n
k
σ nℓ

ϑ −nℓ
σ nk

ϑ )

− 1
W2

n

∑
σ=1

(L2
σ ,11+L2

σ ,12)(x
k
uxℓ

v−xk
vx

ℓ
u)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

Lσ ,11T
ϑ

σ ,1(n
k
ϑ xℓ

v−nℓ
ϑ xk

v)

− 1
W

n

∑
σ=1

n

∑
ϑ=1

Lσ ,12T
ϑ

σ ,1(n
k
ϑ xℓ

u−nℓ
ϑxuk)

as well as

χ̃vv = − 1
W2

n

∑
σ=1

{
Lσ ,12(n

k
σ xℓ

v−nℓ
σxk

v)−Lσ ,22(n
k
σ xℓ

u−nℓ
σxk

u)
}

+
1
W

n

∑
σ=1

{
Lσ ,12,v(n

k
σ xℓ

v−nℓ
σ xk

v)+Lσ ,11,v(n
k
σ xℓ

u−nℓ
σ xk

u)
}

− 1
2W2

n

∑
σ=1

{
Lσ ,12Wu(n

k
σ xℓ

u−nℓ
σ xk

u)−Lσ ,12Wv(n
k
σ xℓ

v−nℓ
σ xk

v)
}

− 1
2W2

n

∑
σ=1

{
Lσ ,22Wu(n

k
σ xℓ

v−nℓ
σxk

v)+Lσ ,22Wv(n
k
σ xℓ

u−nℓ
σ xk

u)
}
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+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,12Lϑ ,22−Lσ ,22Lϑ ,12)(n
k
σ nℓ

ϑ −nℓ
σnk

ϑ )

− 1
W2

n

∑
σ=1

(L2
σ ,12+L2

σ ,22)(x
k
uxℓ

v−xℓ
uxk

v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

Lσ ,12T
ϑ

σ ,2(n
k
ϑ xℓ

v−nℓ
ϑxk

v)−
1
W

n

∑
σ=1

n

∑
ϑ=1

Lσ ,22T
ϑ

σ ,2(n
k
ϑ xℓ

u−nℓ
ϑ xk

u).

Now the Laplacian:

△χ̃ = − 1
W2

n

∑
σ=1

(
Lσ ,11Wu−

1
2

Lσ ,11Wu−
1
2

Lσ ,12Wv +Lσ ,12Wv− . . .

. . .− 1
2

Lσ ,12Wv +
1
2

Lσ ,22Wu

)
(nk

σ xℓ
v−nℓ

σ xk
v)

− 1
W2

n

∑
σ=1

(
−Lσ ,12Wu−

1
2

Lσ ,11Wv +
1
2

Lσ ,12Wu−Lσ ,22Wv + . . .

. . .+
1
2

Lσ ,12Wu +
1
2

Lσ ,22Wv

)
(nk

σ xℓ
u−nℓ

σxk
u)

+
1
W

n

∑
σ=1

(−Lσ ,22,u+Lσ ,12,v)(n
k
σ xℓ

v−nℓ
σ xk

v)

+
1
W

n

∑
σ=1

(−Lσ ,12,u+Lσ ,11,v)(n
k
σ xℓ

u−nℓ
σxk

u)

− 1
W2

n

∑
σ=1

(L2
σ ,11+2L2

σ ,12+L2
σ ,22)(x

k
uxℓ

v−xℓ
ux

k
v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,12Lϑ ,22−Lσ ,22Lϑ ,12+Lσ ,11Lϑ ,12− . . .

. . .− Lσ ,12Lϑ ,11)(n
k
σ nℓ

ϑ −nℓ
σnk

ϑ )

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,12T
ϑ

σ ,2 +Lσ ,11T
ϑ

σ ,1)(n
k
ϑ xℓ

v−nℓ
ϑ xk

v)
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− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,22T
ϑ

σ ,2 +Lσ ,12T
ϑ

σ ,1)(n
k
ϑ xℓ

u−nℓ
ϑxk

u)

= − 1
W2

n

∑
σ=1

(
−Lσ ,12Wu−

1
2

Lσ ,11Wv +
1
2

Lσ ,12Wu−Lσ ,22Wv + . . .

. . .+
1
2

Lσ ,12Wu +
1
2

Lσ ,22Wv

)
(nk

σ xℓ
u−nℓ

σxk
u)

+
1
W

n

∑
σ=1

(−Lσ ,22,u+Lσ ,12,v)(n
k
σ xℓ

v−nℓ
σ xk

v)

+
1
W

n

∑
σ=1

(−Lσ ,12,u+Lσ ,11,v)(n
k
σ xℓ

u−nℓ
σxk

u)

− 1
W2

n

∑
σ=1

(L2
σ ,11+2L2

σ ,12+L2
σ ,22)(x

k
uxℓ

v−xℓ
ux

k
v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,12Lϑ ,22−Lσ ,22Lϑ ,12+Lσ ,11Lϑ ,12− . . .

. . .− Lσ ,12Lϑ ,11)(n
k
σ nℓ

ϑ −nℓ
σnk

ϑ )

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,12T
ϑ

σ ,2 +Lσ ,11T
ϑ

σ ,1)(n
k
ϑ xℓ

v−nℓ
ϑ xk

v)

− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,22T
ϑ

σ ,2 +Lσ ,12T
ϑ

σ ,1)(n
k
ϑ xℓ

u−nℓ
ϑxk

u)

=
1
W

n

∑
σ=1

(Γ 1
22Lσ ,11+Γ 2

22Lσ ,12−Γ 1
12Lσ ,12−Γ 2

12Lσ ,22)(n
k
σ xℓ

v−nℓ
σxk

v)

+
1
W

n

∑
σ=1

(Γ 1
12Lσ ,11+Γ 2

12Lσ ,12−Γ 1
11Lσ ,12−Γ 2

11Lσ ,22)(n
k
σ xℓ

u−nℓ
σxk

u)

− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,12T
σ

ϑ ,2)(n
k
σ xℓ

v−nℓ
σxk

v)



296 13 The second variation

− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2)(n
k
σ xℓ

u−nℓ
σ xk

u)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

{
(Lσ ,11−Lσ ,22)Lϑ ,12− (Lϑ ,11−Lϑ ,22)Lσ ,12

}
(nk

σ nℓ
ϑ −nℓ

σ nk
ϑ )

− 1
W2

n

∑
σ=1

(L2
σ ,11+2L2

σ ,12+L2
σ ,22)(x

k
uxℓ

v−xℓ
ux

k
v)

=
1

2W2

n

∑
σ=1

(−WuLσ ,11+WvLσ ,12−WvLσ ,12−WuLσ ,22)(n
k
σ xℓ

v−nℓ
σxk

v)

+
1

2W2

n

∑
σ=1

(WvLσ ,11+WuLσ ,12−WuLσ ,12+WvLσ ,22)(n
k
σ xℓ

u−nℓ
σxk

u)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,12T
σ

ϑ ,2)(n
k
σ xℓ

v−nℓ
σxk

v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2)(n
k
σ xℓ

u−nℓ
σ xk

u)

+
n

∑
σ=1

n

∑
ϑ=1

Sϑ
σ ,12(n

k
σ nℓ

ϑ −nℓ
σ nk

ϑ )

− 1
W2

n

∑
σ=1

(L2
σ ,11+2L2

σ ,12+L2
σ ,22)(x

k
uxℓ

v−xℓ
ux

k
v)

=
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,12T
σ

ϑ ,2)(n
k
σ xℓ

v−nℓ
σ xk

v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2)(n
k
σ xℓ

u−nℓ
σ xk

u

+
n

∑
σ=1

n

∑
ϑ=1

Sϑ
σ ,12(n

k
σ nℓ

ϑ −nℓ
σ nk

ϑ )
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−2
n

∑
σ=1

(−Kε)(x
k
uxℓ

v−xℓ
uxk

v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,11T
ϑ

σ ,1 +Lσ ,12T
ϑ

σ ,2)(n
k
ϑ xℓ

v−nℓ
ϑ xk

v)

− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lσ ,22T
ϑ

σ ,2 +Lσ ,12T
ϑ

σ ,1)(n
k
ϑ xℓ

u−nℓ
ϑxk

u)

=
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,1−Lϑ ,12T
σ

ϑ ,2)(n
k
σ xℓ

v−nℓ
σ xk

v)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,12T
σ

ϑ ,1−Lϑ ,11T
σ

ϑ ,2)(n
k
σ xℓ

u−nℓ
σ xk

u)

+
1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,11T
σ

ϑ ,1 +Lϑ ,12T
σ

ϑ ,2)(n
k
σ xℓ

v−nℓ
σxk

v)

− 1
W

n

∑
σ=1

n

∑
ϑ=1

(Lϑ ,22T
σ

ϑ ,2 +Lϑ ,12T
σ

ϑ ,1)(n
k
σ xℓ

u−nℓ
σ xk

u)

+
n

∑
σ=1

n

∑
ϑ=1

Sϑ
σ ,12(n

k
σ nℓ

ϑ −nℓ
σ nk

ϑ )−2
n

∑
σ=1

(−Kσ )Wχ̃

proving the statement.⊓⊔

µ-stability for minimal graphs

We want to construct a real numberµ > 0 such that the followingµ-stability in-
equality is true ∫∫

B

|∇ϕ |2dudv≥ µ
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈ C∞
0 (B,R) using conformal parameters. For this purpose we recall the

Ricci integrability condition

Sϑ
σ ,12 =

1
W

(Lσ ,11−Lσ ,22)Lϑ ,12−
1
W

(Lϑ ,11−Lϑ ,22)Lσ ,12

from chapter 3, formula (3.14).
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We estimate as follows

|Sϑ
σ ,12| ≤

1
4W

(Lσ ,11−Lσ ,22)
2 +

1
W

L2
σ ,12+

1
4W

(Lϑ ,11−Lϑ ,22)
2 +

1
W

L2
ϑ ,12

=
1

4W
(L2

σ ,11+2Lσ ,11Lσ ,22+L2
σ ,22)−

1
W

(Lσ ,11Lσ ,22−L2
σ ,12)

+
1

4W
(L2

ϑ ,11+2Lϑ ,11Lϑ ,22+L2
ϑ ,22)−

1
W

(Lϑ ,11Lϑ ,22−L2
ϑ ,12)

leading to

|Sϑ
σ ,12| ≤ H2

σW−KσW+H2
ϑW−KϑW = −KσW−KϑW

where the right hand side is non-negative due toHσ ≡ 0 for all σ = 1, . . . ,n.

Theorem 13.4.Let X: B → Rn+2 be conformally reparametrization of minimal
graph inRn+2 together with an ONF N. Assume furtermore

0 < χ0 ≤ χ =
x1

ux2
v −x2

ux1
v

W

holds true with a real numberχ0 > 0 as well as

|n1
σ n2

ϑ −n2
σn1

ϑ | ≤ N1 < ∞ for all σ ,ϑ = 1, . . . ,n

with real N1 ∈ [0,∞) such that additionally

χ0 < nN1

is satisfied. Then the graph is stable in the sense of
∫∫

B

|∇ϕ |dudv≥ µ
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R) where the stability constantµ is chosen such that

0 < µ ≤ 2− 2nN1

χ0
.

The following proof shows that we can replace the assumption0 < χ0 ≤ χ by
0 < χ if n = 1. It is clear that in this caseN1 = 0.

Corollary 13.3. A minimal graph X: B→ R3 is µ-stable withµ = 2, i.e. it holds
∫∫

B

|∇ϕ |2dudv≥ 2
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R) using conformal parameters(u,v) ∈ B.
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The same stability inequality holds true if the minimal graph X : B→ Rn+2 has
flat normal bundle.

Corollary 13.4. A minimal graph X: B→ Rn+2 with flat normal bundle isµ-stable
with µ = 2, i.e. it holds

∫∫

B

|∇ϕ |2dudv≥ 2
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R) using conformal parameters(u,v) ∈ B.

Both these results arise from the following proof of the Theorem.

Proof of the Theorem.We know that the Weingarten equations imply

n

∑
σ=1

|∇Nσ |2 = 2
n

∑
σ=1

(−Kσ )W = 2(−K)W

for the Gauss curvatureK. Let ϕ ∈C∞
0 (B,R) be given. We compute|∇(ϕχ−1)|2 and

arrive at

|∇ϕ |2 = χ2|∇(ϕχ−1)|2 +div

(
ϕ2χu

χ
,

ϕ2χv

χ

)
− ϕ2

χ
△χ

= χ2|∇(ϕχ−1)|2 +div

(
ϕ2χu

χ
,

ϕ2χv

χ

)
+2(−K)Wϕ2

− 1
χ

n

∑
σ ,ϑ=1

Sϑ
σ ,12(n

1
σ n2

ϑ −n2
σn1

ϑ )ϕ2

Partial integration gives
∫∫

B

{
|∇ϕ |2− µ(−K)Wϕ2

}
dudv

≥
∫∫

B

χ2|∇(ϕχ−1)|2 dudv+(2− µ)

∫∫

B

(−K)Wϕ2dudv

−
n

∑
σ ,ϑ=1

∫∫

B

1
χ
|Sϑ

σ ,12||n1
σ n2

ϑ −n2
σ n1

ϑ |ϕ2dudv

≥ (2− µ)
∫∫

B

(−K)Wϕ2dudv− N1

χ0

n

∑
σ ,ϑ=1

∫∫

B

(−Kσ −Kϑ )Wϕ2dudv

= (2− µ)
∫∫

B

(−K)Wϕ2dudv− 2nN1

χ0

∫∫

B

(−K)Wϕ2dudv.
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Thus we are led to
∫∫

B

{
|∇ϕ |2− µ(−K)Wϕ2

}
dudv≥

{
2− µ − 2nN1

χ0

}∫∫

B

(−K)Wϕ2dudv

where the right hand side is non-negative due to our assumptions. ⊓⊔

We want to give a representation of∆ χ for graphs with non-vanishing mean
curvature vectorH = H(X,Z).

Let againHσ = Hσ (X,Nσ ). Then it holds

∆ χ = −2(2H2−K)Wχ +2
n

∑
σ=1

(Hσ ,X ·Xu +Hσ ,Z ·Nσ ,u)(n
1
σ x2

v −n2
σ x1

v)

−2
n

∑
σ=1

(Hσ ,X ·Xv +Hσ ,Z ·Nσ ,v)(n
1
σ x2

u−n2
σx1

u)

if the normal bundle of the surface is flat. For an explicite calculation we refer to
Fröhlich [64].

From this form it is finally possible to infer again a stability inequality of the
form ∫∫

B

|∇ϕ |dudv≥ µ
∫∫

B

(2H2−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R) with a suitable stability factorµ > 0.

13.5 Eigenvalue problems on manifolds

The number “2” in the stability inequality
∫∫

B

|∇ϕ |2dudv≥ 2
∫∫

B

(−K)Wϕ2dudv

for minimal surfacesX : B→R3 actually represents the first eigenvalue of the spher-
ical Laplace operator on the half sphere. In fact, a minimal graph is stable and its
spherical image is contained in a half sphere. Thus the first eigenvalue of this Lapla-
cian on the spherical image of the graph is greater than 2.

In the following we want to develop a basic theory of such eigenvalue problems,
and we present some applications of this theory to problems concerning stability
andµ-stability.
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The Rayleigh quotient

Let a smooth and regular mappingX : B→ Rn+2 with a line element

ds2 = g11du2+2g12dudv+g22dv2

be given. Its trace in space is a twodimensional setM2 ⊂ R
n+2 with smooth bound-

ary ∂M2 ⊂ Rn+2 which we identify with the mappingX = X(u,v).

Definition 13.4.The Laplace operator∆M2 on the parametrically given surface
M2 ⊂ Rn+2 is defined by

∆ds2φ :=
1√

g11g22−g2
12


 ∂

∂u
g22φu−g12φv√

g11g22−g2
12

+
∂
∂v

g11φv−g12φv√
g11g22−g2

12


 (13.5)

for smooth functionsφ ∈C2(B,R).

For realλ we now consider the eigenvalue problem

∆ds2ϕ + λ ϕ = 0 in B, ϕ = 0 in ∂B. (13.6)

The functionϕ ∈C2
0(B,R) is called an eigenfunction to∆M2 if there is a number

λ ∈R such that (13.6) is satisfied. In this case the numberλ is called an eigenvalue.

Multiplication of the eigenvalue equation (13.6) withϕ followed by an integra-
tion by parts gives us

λ
∫∫

B

ϕ2W dudv= −
∫∫

B

ϕ∆ds2ϕW dudv=
∫∫

B

∇ds2(ϕ ,ϕ)W dudv

with the area elementW =
√

g11g22−g2
12 and the Beltrami operator of first kind

∇ds2(φ ,ψ) =
2

∑
i, j=1

gi j φui ψu j

w.r.t. the line elementds2 which we already met before. For such calculus rules
regarding non-Euclidean differential operators we refer the reader to Blaschke and
Leichtweiss [15].

Definition 13.5.TheRayleigh quotientis defined as

R[ϕ ] :=

∫∫

B

∇ds2(ϕ ,ϕ)W dudv

∫∫

B

ϕ2W dudv
.
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The infimum of the Rayleigh quotient corresponds exactly to the first eigenvalue
of the Laplacian onM2 ⊂ Rn+2, i.e.

λ1 := inf
ϕ∈V(B,R)

R[ϕ ]

on the function space

V(B,R) :=
{

φ ∈ H1,2(B,R)∩C0(B,R) : φ 6≡ 0, φ = 0 on∂B
}

.

Existence and regularity of the first eigenfunction

First of all we recall that there exist an eigenfunctionϕ ∈V(B,R) with eigenvalue
λ1 > 0 at all, see e.g. Bandle [5] or Sakai [138] for the following result.

Proposition 13.2.The first eigenvalueλ1 of (13.6) is positive, and it has multiplicity
1, i.e. up to sign there is exactly one eigenfunctionϕ1 for λ1. It particularly holds

ϕ1 > 0 or ϕ1 < 0 in B.

The uniqueness follows essentially from the usual maximum principle. Higher
regularityϕ ∈ Ck

0(B,R) can be inferred from Weyl’s lemma, see e.g. Hellwig [83]
or Jost [103].

The first eigenvalue on spherical domains

As we will see immediately the first eigenvalue and the associated eigenfunction of
the problem (13.6) onspherical domainscan be employed successfully.

As usual we denote byS2 the unit sphere. From Barbosa and do Carmo [8] we
cite the following monotonicity results.

Proposition 13.3.LetΩ ⊂ S2 andΘ ⊂ S2 be two simply connected, spherical com-
pact domains with C1-regular boundaries.

1. If Ω ⊂Θ then it holds
λ1(Ω) ≥ λ1(Θ).

2. Let
S2

ω :=
{

Z ∈ S2 : Z · (0,0,1)≥ cosω
}

be a spherical cap on S2, and suppose thatΩ ⊂ S2 satisfies

Area(Ω) = Area(S2
ω).

Then it holds
λ1(S

2
ω) ≤ λ1(Ω)

with equality if and only ifΩ = S2
ω .
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In Sato [139] we find some numerical values of the first eigenvalue λ1(S2
ω) for

different anglesω which illustrate some of our later results. We present them here
in rounded form.

ω 0.03 0.16 0.31 0.63 0.79 0.94

λ1(S2
ω) 6422.2 225.39 59.73 14.24 8.92 6.20

ω 1.10 1.26 1.41 1.57 1.61 1.64

λ1(S2
ω) 4.45 3.31 2.57 2.0 1.90 1.80

ω 1.68 1.72 1.77 1.82 1.87 1.93

λ1(S2
ω) 1.70 1.60 1.50 1.40 1.30 1.20

ω 1.99 2.07 2.15 2.23 2.33 2.55

λ1(S2
ω ) 1.10 1.00 0.90 0.80 0.70 0.60

ω 2.57 2.71 2.87 3.03 3.13

λ1(S2
ω) 0.50 0.40 0.30 0.20 0.10

The valueω = 1.57 represents the half sphereS2
π
2
⊂ S2 on whichλ1 is exactly

2 (this completes our remarks on stable minimal graphs at thebeginning of this
section). Moreover there hold

lim
ω→0+

λ1(S
2
ω) = +∞, lim

ω→π−
λ1(S

2
ω) = 0.

From the above tables it seems evident thatλ1 decreases monotonically asω
increases. In fact, forΩ ⊂Θ ⊂ S2 it holds the followingmonotonicity property

λ1(Ω) ≥ λ1(Θ).

Furthermore, if Area(Ω) = Area(S2
ω) then

λ1(Ω) ≥ λ1(S
2
ω).

In other words:Symmetrical domains minimize the first eigenvalue.

All these results can be found in more detail in the huge literature, e.g. Bandle
[5], Barbosa and do Carmo [8] or Sakai [138]. We also want to refer to the classical
work Courant and Hilbert [39].
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The first eigenvalue and the Gauss curvature

We need some further comparison results for the first eigenvalueλ1 on curved man-
ifolds which we also take from Barbosa and do Carmo [8].

Let M2(K0) ⊂ Rn+2 denote a smooth and regular surface with constant Gauss
curvatureK0 > 0, and let a further surfaceM2 ⊂Rn+2 with variable Gauss curvature
be given.

Proposition 13.4.Let D⊂ M2 be compact and simply connected, and let K≤ K0

be the Gaussian curvature of M2 with a real constant K0 > 0. Furthermore, let
D∗ ⊂ M2(K0) be a geodesic disc such that

Area(D∗) = Area(D).

Then it holds
λ1(D) ≥ λ1(D

∗).

In other words, the first eigenvalue is minimized on constantly curved manifolds.

Proposition 13.5.Let D⊂ (M2,ds2) be compact and simply connected with M2 ⊂
Rn+2 being a smooth, simply connected and regular surface with metric ds2, and let
ψ be a non-negative C2-function on M2 which vanishes in at most isolated points.
Denote byλ1 > 0 the first eigenvalue to the problem

△ds2ϕ + λ ϕ = 0 in D, ϕ = 0 on∂D.

Now consider on M2 the new metric d̂s2 := ψ ds2. Suppose that the Gauss curvature
K̂ of (M,dŝ2) satisfies

K̂ ≤ K0

with a real constant K0 > 0. Then it holds

λ1 ≥ λ1(D
∗)

with D∗ ⊂ M2(K0) being a geodesic disc with the same area as D in(M,dŝ2).

13.6 µ-stability due to Ruchert, Barbosa and do Carmo

Proving the existence of a lower boundχ0 > 0 for the Jacobian of the plane mapping
(x1(u,v),x2(u,v)) in the form

0 < χ0 ≤ χ =
x1

ux2
v −x1

vx2
u

W

as supposed in Theorem 13.4 is a rather difficult problem. In casen= 1 of one codi-
mension this assumption demands that the third componentN3 of the unit normal
vector of the minimal graph is greater thanχ0 > 0.
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In this section we want to prove a further stability result which comprises spectral
methods from Barbosa and do Carmo [8] und Ruchert [137].

Theorem 13.5.Let the conformally parametrized minimal surface X with a torsion-
free ONF N be given. For a real numberκ0 > 0 assume that

Q :=
∫∫

B

(κ0−K)W dudv< ω0

with a real constantω0 ∈ (0,4π). Let S2
ω ⊂ S2 denote the spherical cap of spherical

angleω such that
Area(S2

ω) = ω0 ,

and letµ > 0 be the smallest eigenvalue of the spherical Laplacian∆S2 on S2
ω . Then

the surface X isµ-stable with this numberµ in the following sense
∫∫

B

|∇ϕ |2dudv≥ µ
∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R).

For the proof we recall some important facts from chapter 6: For the curvature

χK̂ = K− 1
2W

△ logχ , K =
2

W2

{
WwWw

W
−Www

}
,

of the Fubini-Study metric we already have provedK̂ ≤ 1, see Theorem 6.3.

Proof of the theorem.Let △̂ denote the Laplace-Beltrami operator w.r.t. the metric
ĝi j := χgi j . Furthermore,̂λ1 means the first eigenvalue to the problem

△̂ϕ + λ ϕ = 0 in B, ϕ = 0 on∂B,

and letλ ∗
1 > 0 be the first eigenvalue of

△∗ϕ∗ + λ ∗ϕ∗ = 0 in S2
ω , ϕ∗ = 0 on∂S2

ω

with a spherical capS2
ω ⊂S2 such that Area(S2

ω) = Q. SinceK̂ ≤ 1 we inferλ ∗
1 ≤ λ̂1,

and by our assumption it holds

µ < λ ∗
1 ≤ λ̂1 ≤

∫∫

B

|∇ϕ |2 dudv

∫∫

B

(κ0−K)Wϕ2dudv

for anyϕ ∈C∞
0 (B,R).
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It follows
∫∫

B

|∇ϕ |2dudv> µ
∫∫

B

(κ0−K)Wϕ2dudv> µ
∫∫

B

(−K)Wϕ2dudv,

and the statement is proved.⊓⊔

We want to clarify the connection of our theorem with a theorem from Barbosa
and do Carmo [8]:

Theorem 13.6.For a real a∈ (0,2] assume that̂K ≤ a for the Gaussian curvature
of the spherical metric from our theorem above. Then a minimal surface is stable
with µ = 2 (with no curvature restrictions on the normal bundle) if

∫∫

B

(−K)W dudv≤ 4π
1+a

.

In fact, Barbosa and do Carmo proved

K̂ ≤ 2

as we already mentioned in chapter 6.Our result is thus a improvement under the
assumption of flat normal bundle where we get a sharper bound on K̂.

Further stability results for weighted minimal surfaces inR3 using these methods
from the spectral theory of the Laplacian on manifolds are presented in chapter 15.

To conclude this section we want to refer to Spruck [150] who estabished a sta-
bility criteria for minimal surfaces with sufficiently small curvatura integra using a
generalized Sobolev inequality from Michael and Simon [119].

13.7 Calibration forms

We briefly and incompletely discuss the method of calibration forms for minimal
surfaces.

Let X = (x,y,ζ (x,y)) be a minimal graph inR3, i.e. ζ satisfies the minimal sur-
face equation (see chapter 9)

div

(
∇ζ√

1+ |∇ζ |2

)
= 0 in Ω ⊂ R

2 .

Now let ζ̃ be a comparison function such thatζ̃ = ζ on the boundary∂Ω . It holds

∫∫

Ω

∇ζ ·∇(ζ − ζ̃ )√
1+ |∇ζ |2

= 0.
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This follows after partial integration taking(ζ̃ − ζ )|∂Ω into account. Thus we can
estimate ∫∫

Ω

√
1+ |∇ζ |2dxdy=

∫∫

Ω

1+ |∇ζ |2√
1+ |∇ζ |2

dxdy

=

∫∫

Ω

1+ ∇ζ ·∇ζ̃√
1+ |∇ζ |2

≤
∫∫

Ω

√
1+ |∇ζ̃ |2dxdy

because

1+ ∇ζ ·∇ζ̃ ≤
√

1+ |∇ζ |2
√

1+ |∇ζ̃ |2 ,

see Giusti [72], section 13.7.

But what happens in case of higher codimension?

Let us consider exemplarily the special casen= 2 of minimal surfaces inR4. On
the manifoldM2 ⊂ R4, regarded as the image under the mappingX : B → R4, we
consider a 2-formω = ω(X ,Y ) for tangent vector fieldsX andY . Such a form
is defined as an alternating and differentiable mapping on the manifold such that

1. ω(X +Y ,Z ) = ω(X ,Z )+ ω(Y ,Z );

2. ω( f ·X ,Y ) = f ·ω(X ,Y ) for differentiablef ;

3. ω(X ,Y ) = −ω(Y ,X ).

Please consult the wide literature for detailed discussions on differential forms, e.g.
Blaschke and Leichtweiss [15], Heil [78] or Cartans original work [23].

Next, for complex valued vectorsx,y∈ C2 we define theKähler form

ω(x,y) = Im
2

∑
j=1

x jy j .

The point is that this form satisfies

ω(Xu/
√

W,Xv/
√

W) = 1

if and only if X = (Φ(w),Ψ (w)) is conformally parametrized, i.e.Xu/
√

W and
Xv/

√
W is an orthonormal basis of the tangent space, andΦ andΨ are holo-

morphic functions. Otherwise it holdsω ≤ 1; remember particularly our example
X(w) = (w,w2)!

A differential form with these properties is called a calibration form.

Now denoting byX∗ω thepull backof ω (defined on the surface) onto the do-
mainB by the mappingX, we compute using Stokes’ theorem and Poincare’s lemma
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(identify X : B→ R4 with the imbedding of the imageX(B) into R4)

A [X] =

∫

B

X∗1 =

∫

B

X∗ω =

∫

B

d(X∗τ) =

∫

∂B

X∗τ =

∫

∂B

X̃∗τ =

∫

B

X̃∗ω ≤ A [X̃]

under the assumption thatX̃ = X on∂B.

Theorem 13.7.Let X= (Φ,Ψ ) with Φ andΨ holomorphic functions in B. Then X
minimizes the area among all mappingsX̃ : B→ R4 with the property X(w) = X̃(w)
for all w ∈ ∂B.

These calculations are taken from Eschenburg and Jost [52].See also the math-
ematics resource website Wolfram MathWorld for a good introduction to Kähler
forms and calibration forms.
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In this chapter we establish various estimates for the area of surfaces with prescribed mean curva-

ture and for their spherical energies. We mainly considerµ-stable immersions and surface graphs.

14.1 Geodesic discs

We have frequently usedgeodesic discs:Assume the immersionX : B→ Rn+2 (or a
part of it) represents a geodesic discBr(X0) of geodesic radiusr > 0 about the center
X0 ∈ Rn+2. Using geodesic polar coordinatesρ andϕ we get a reparametrization of
the form

X = X(ρ ,ϕ) : [0, r]× [0,2π ]−→ R
n+2 .

For the corresponding line elementds2
p we have

ds2
p = Xρ(ρ ,ϕ)dρ2 +2Xρ(ρ ,ϕ) ·Xϕ(ρ ,ϕ)dρdϕ +Xϕ(ρ ,ϕ)2dϕ2

= dρ2 +P(ρ ,ϕ)dϕ2
(14.1)

with a continuously differentiable functionP satisfying the properties

P(ρ ,ϕ) > 0 for all (ρ ,ϕ) ∈ (0, r]× [0,2π) (14.2)

as well as

lim
ρ→0+

P(ρ ,ϕ) = 0, lim
ρ→0+

∂
∂ρ
√

P(ρ ,ϕ) = 1 for all ϕ ∈ [0,2π). (14.3)

For a comprehensive introduction of geodesic discs we want to refer the reader
to Klingenberg [106]. For our purposes the following remarks are already sufficient:

1. For immersions with non-positive Gaussian curvature

K ≤ 0,

the so-calledexponential map,which sends tangential vectorsV ∈ TX(w) injec-
tively onto geodesic curves on the surface,is globally injective.This particularly
means, given a simply-connected and complete surface without boundary, we
can introduce geodesic discs forarbitrary r > 0.
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2. I some geodesic curve on a surface with positive Gaussian curvature

K ≥ K0 > 0

has length greater thanπ√K0
then the exponential map is not injectiv.Thus

π√
K0

is the supremum of our geodesic radiusr > 0.

We particularly refer Klingenberg [106], Theorems 3.4.13 and 3.4.16.

14.2 The area ofµ-stable geodesic discs

In the following we want to establish estimates for the area of geodesic discs which
are additionallyµ-stable in the following sense
∫∫

B

∇ds2(ψ ,ψ)W dudv

≥ µ
∫∫

B

(q−K)Wψ2dudv−α(n)
2

∑
i, j=1

n

∑
σ ,ϑ=1

∫∫

B

gi j Tϑ
σ ,iT

ϑ
σ , jWψ2dudv

(14.4)

for all ψ ∈C∞
0 (B,R) and with a real numberα(n) ≥ 0, see formula (13.3).

Using geodesic polar coordinatesρ andϕ it takes the form

r∫

0

2π∫

0

∇ds2P
(ψ ,ψ)

√
P(ρ ,ϕ)dρdϕ

=

r∫

0

2π∫

0

P(ρ ,ϕ)ψρ(ρ ,ϕ)2 + ψϕ(ρ ,ϕ)2

P(ρ ,ϕ)

√
P(ρ ,ϕ)dρdϕ

≥ µ
r∫

0

2π∫

0

(q−K)ψ(ρ ,ϕ)2
√

P(ρ ,ϕ)dρdϕ

−α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

ψ(ρ ,ϕ)2dρdϕ .

The method of the proof of our first result follows essentially Gulliver [76] and
Sauvigny [141].
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Theorem 14.1.Let the immersion X represent a geodesic discBr(X0) ⊂ Rn+2 of
geodesic radius r> 0. Assume that X isµ-stable in the sense of (14.4) with real

µ >
1
2

.

Then it holds the area estimate

A [X] ≤ 1
2µ −1

{
2πµ +2α(n)TX[N]

}
r2 (14.5)

with the total torsionTX[N] of some chosen ONF N, i.e. the area of the geodesic
disc growth quadratically in r.

Proof. 1. First we introduce geodesic polar coordinates(ρ ,ϕ) as above. Then along
curvesρ = const the integral formula of Bonnet and Gauss can be writtenas

2π∫

0

κg(ρ ,ϕ)
√

P(ρ ,ϕ)dϕ +

ρ∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ = 2π

with the geodesic curvatureκg along curves withρ = const, see e.g. Blaschke
and Leichtweiss [15]. Furthermore, from the same source [15], §81 we take

κg(ρ ,ϕ)
√

P(ρ ,ϕ) =
∂

∂ρ
√

P(ρ ,ϕ) , (ρ ,ϕ) ∈ (0, r]× [0,2π),

along such a curve, and we arrive at

∂
∂ρ

2π∫

0

√
P(ρ ,ϕ)dϕ =

2π∫

0

κg(ρ ,ϕ)
√

P(ρ ,ϕ)dϕ

= 2π −
ρ∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ

for all ϕ ∈ (0, r].

2. We abbreviate the left hand side of the latter identity by

L(ρ) :=

2π∫

0

√
P(ρ ,ϕ)dϕ , ϕ ∈ (0, r].

For its first and second derivatives we compute

L′(ρ) = 2π −
2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ
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as well as

L′′(ϕ) = −
2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dϕ .

3. Now consider the special test function

Φ(ρ) := 1− ρ
r

, ϕ ∈ (0, r],

satisfying

∇ds2P
(Φ,Φ) =

P(ρ ,ϕ)Φρ(ϕ)2 + Φϕ(ρ)

P(ρ ,ϕ)
= Φ ′(ρ)2

w.r.t. the line elementds2
P from (14.1). Here∇ds2P

(Φ,Φ) denotes the Beltrami

operator of first kind w.r.t.ds2
P. We estimate as follows

r∫

0

Φ ′(ρ)2L(ρ)dρ =

r∫

0

2π∫

0

Φ ′(ρ)2
√

P(ρ ,ϕ)dρdϕ

≥ µ
r∫

0

2π∫

0

(q−K)Φ(ρ)2
√

P(ρ ,ϕ)dρdϕ

−α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

dρdϕ

≥ µ
r∫

0

L′′(ρ)Φ(ρ)2 dρ

−α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

dρdϕ

due theµ-stability condition. Partial integration together with (14.3) gives

r∫

0

L′′(ρ)Φ(ρ)2 dρ = L′(ρ)Φ(ρ)
∣∣∣
ρ=r

ρ=0+

−2

r∫

0

L′(ρ)Φ(ρ)Φ ′(ρ)dρ

= −2π −2L(ρ)Φ(ρ)Φ ′(ρ)
∣∣∣
ρ=r

ρ=0+

+2

r∫

0

L(ρ)Φ ′(ρ)2dρ

= −2π +2

r∫

0

L(ρ)Φ ′(ρ)2dρ .
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SinceΦ ∈ [0,1] we get

r∫

0

Φ ′(ρ)2L(ρ)dρ ≥ −2πµ +2µ
r∫

0

Φ ′(ρ)2L(ρ)dρ

−α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

Φ(ρ)2dρdϕ

≥ −2πµ +2µ
r∫

0

Φ ′(ρ)2L(ρ)dρ

−α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

dρdϕ .

Rearranging thus yields

(2µ −1)

r∫

0

Φ(ρ)2L(ρ)dρ

≤ 2πµ + α(n)
n

∑
σ ,ϑ=1

r∫

0

2π∫

0

{
P(ρ ,ϕ)(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

dρdϕ ,

and the statement follows taking

1
r2 A [X] =

r∫

0

Φ ′(ρ)2L(ρ)dρ

into account. ⊓⊔
The question whether a similar estimate is true for valuesµ < 1

2 remains open.
We refer the reader to a discussion in Fischer-Colbrie and Schoen [60].

14.3 An area estimate for minimal graphs

Following Bergner and Fröhlich [13] want to show how one could establish area
bounds for minimal graphs independently of stability, total torsion, or other things.

Theorem 14.2.LetBr(X0) denote a geodesic disc of the minimal graph

X(w) = (w,w2), w∈ BR :=
{

w∈ C
2 : |w| ≤ R

}
,

with radius r> 0 and centered at X0 := X(0,0).
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Then it holds

A [Br(X0)] ≤ 192πr2 for sufficiently large r> 0. (14.6)

Proof. Denote by
c(t) =

(
u(t),v(t)

)
⊂ BR, t ∈ [0,T],

an arc-length parametrized and smooth curve with the properties

(i) c(0) = (0,0) andc(T) ∈ ∂BR;

(ii) |ċ(t)|2 = 1 for all t ∈ [0,T].

The set of all such curves is abbreviated withC. Now let c(t) be chosen fromC.
We will establish a lower bound for the lengthL [X ◦c] of its image on the minimal
graph. W.l.o.g. we assume|u(T)| ≥ |v(T)|. It particularly holds

|u(T)| ≥ R
2

.

We define

t∗ := sup

{
t ∈ (0,T) : |u(t)| ≤ R

4

}
. (14.7)

Note thatT − t∗ ≥ R
4 for the special arc-length parametrization. We estimate now as

follows:

L [X ◦ c] =

T∫

0

√
1+4u2+4v2dt ≥

T∫

0

√
1+4u2dt ≥

T∫

t∗

√
1+4u2dt

≥ 2

T∫

t∗

|u(t)|dt ≥ R
2

(T − t∗) ≥ R2

8
.

The case|v(T)| ≥ |u(T)| can be treated analogously. Now let

r := min
c∈C

L [X ◦ c].

Due to the graphical property of the minimal surface, the geodesic discBr(X0)
projects one-to-one into the discBR. Together with (14.7) we get

A [Br(X0)] ≤
∫∫

BR

(1+4u2+4v2)dudv=

2π∫

0

R∫

0

(1+4ρ2)ρ dρdϕ

= 2π
(

R2

2
+R4

)
≤ 3πR4 ≤ 3 ·82 ·πr2 = 192πr2

for all R≥ 1 proving the statement.⊓⊔
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14.4 Area estimates via the curvatura integra

With the next result and its proof we follow again Sauvigny [141] and use the in-
tegral formula of Bonnet and Gauss to infer an area estimate in terms of the total
curvature of the immersion.

Theorem 14.3.Let the immersion X represent a geodesic discBr(X0) of radius
r > 0. Suppose that its Gaussian curvature K satisfies

K(ρ ,ϕ) ≤ K0 for all (ρ ,ϕ) ∈ (0, r]× [0,2π)

with a real constant K0 ∈ [0,+∞). Then it holds

A [X] ≤ r2



π +

1
2

r∫

0

2π∫

0

{
K0−K(ρ ,ϕ)

}√
P(ρ ,ϕ)dρdϕ



 (14.8)

for its area.

Proof. As in section 14.2 we consider curvesρ = const

∂
∂ρ

2π∫

0

√
P(ρ ,ϕ)dϕ = 2π −

ρ∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ

≤ 2π +

ρ∫

0

2π∫

0

{
K0−K(τ,ϕ)

}√
P(ρ ,ϕ)dτdϕ

≤ 2π +

r∫

0

2π∫

0

{
K0−K(τ,ϕ)

}√
P(τ,ϕ)dτdϕ .

Integration over the radiusρ yields

2π∫

0

√
P(ρ ,ϕ)dϕ ≤ ρ



2π +

r∫

0

2π∫

0

{
K0−K(τ,ϕ)

}√
P(τ,ϕ)dτdϕ



 .

A final integration overρ = 0. . . r proves the statement.⊓⊔

In particular, for minimal surfaces withK0 = 0 we infer the estimate

A [X] ≤ r2




π +
1
2

r∫

0

2π∫

0

{
−K(ρ ,ϕ)

}√
P(ρ ,ϕ)dρdϕ




 .

We immediately obtain an area estimate in terms of the total geodesic curvature
κg of the boundary curve of the immersionX.
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First it holds|κg| ≤ κ for the non-negative spatial curvature of the boundary.
From the integral formula of Bonnet and Gauss we then obtain

∫∫

B

(−K)W dudv=
∫

∂B

κg(s)ds−2π ≤
∫

∂B

κ(s)ds−2π .

Inserting this inequality into the estimate of the previoustheorem shows

A [X] ≤ πr2 +
K0

2
A [X] r2−πr2+

r2

2

∫

∂B

κ(s)ds.

Corollary 14.1. It holds

A [X] ≤ K0

2
A [X]r2 +

r2

2

∫

∂B

κ(s)ds

with K0 ∈ [0,+∞) from Theorem 14.3.

Consider again the caseK0 = 0 for a minimal surface. We infer

A [X]≤ r2

2

∫

∂B

κ(s)ds.

In this special context we would like to mention Fenchel’s theorem (see Fenchel
[56]) which states ∫

∂B

κ(s)ds≥ 2π

with equality if and only if the boundary curve is a plane and convex curve.

14.5 The area of graphs with prescribed mean curvature

We continue our investigations on the Gulliver-type functional
∫∫

Ω

Γ (x,y,ζ )
√

1+ p2+q2+ p2q2− (p ·q)2dxdy

for graphsζ = ζ (x,y) with the settings

ζ = (ζ1, . . . ,ζn), p = ζx ∈ R
n , q = ζy ∈ R

n .

Our aim is to establish an upper bound for the area of criticalpoints of the associated
variational problem.
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From Corollary 11.1 we knwo that critical points are solutions of

div
(pσ ,qσ )

W
= 2Hσ (X,Nσ )

√
1+ p2

σ +q2
σ

W

+
1

ΓW

{
[
p2 +q2+ p2q2− (p ·q)2]Γzσ −

n

∑
ω=1

(pσ pω +qσqω)Γzω

}

− 1
Γ

div

(
pσ q2−qσ(p ·q)

W
Γ ,

qσ p2− pσ (p ·q)

W
Γ
)

(14.9)

for all σ = 1, . . . ,n with the mean curvature field

Hσ (X,Nσ ) =
ΓX(X) ·Nσ

2Γ (X)
.

The caseΓ (X) ≡ 1 represents the minimal surface case

div
(pσ ,qσ )

W
+div

(
pσ q2−qσ (p ·q)

W
,
qσ p2− pσ (p ·q)

W

)
= 0 in Ω (14.10)

for all σ = 1, . . . ,n. Moreover, the second divergence on the left hand side term
vanishes identically ifn = 1.

In the following we suppose thatΓ depends only on(x,y) ∈ Ω , i.e.

Γ = Γ (x,y) ∈C1(Ω ,R).

Theorem 14.4.Let ζ = (ζ1, . . . ,ζn) be a solution of (14.9) with a density function
Γ = Γ (x,y) ∈C1(Ω ,R). Let

0 < Γ0 ≤ Γ (x,y) ≤ Γ1 < +∞ in Ω ,

‖Γ ‖C1(Ω) =: Γ2 < +∞,

and assume furthermore

Λ := 1−
√

2n2 Γ2

Γ0
max

σ=1,...,n
‖ζσ‖C0(Ω) > 0.

Then it holds

Λ ·A [ζ ] ≤ |Ω |+n|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω) +2nh0|Ω | max
σ=1,...,n

‖ζσ‖C0(Ω)

+
√

2n2|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω)‖D⊤ζσ‖C0(∂Ω)

(14.11)
with the circumference|∂Ω | of the boundary∂Ω ⊂ R2, the area|Ω | of Ω , and the
tangential derivative D⊤ζσ for σ = 1, . . . ,n along∂Ω .
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Finally we set
h0 := max

(x,y)∈Ω
max
|N|=1

|H(x,y,N)|.

The second row in this area estimate does not appear in case ofone codimension.
We would also setΛ := 1 if n = 1.

The special situation for minimal graphs in the contents of the

Corollary 14.2. Let ζ solve the minimal surface system (14.10). Then it holds

A [ζ ] ≤ |Ω |+n|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω)

+
√

2n2|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω)‖D⊤ζσ‖C0(∂Ω) .
(14.12)

We want to point out the dependence of theC1-data of the solution in contrast to
the casen = 1 where it holds

A [ζ ] ≤ |Ω |+c|∂Ω |‖ζ‖C0(∂Ω)

with some suitable constantc > 0. For illustration consider the minimal graph
(w,wn) ∈ R4 : For all n ∈ N it holds ‖ζσ‖C0(B) =

√
2 independently of the area

actually enclosed.

Now we come to the proof of our theorem.

Proof. 1. First we sum up then identities

ζσ div
∇ζσ

W
= div

ζσ ∇ζσ

W
− |∇ζσ |2

W
, σ = 1, . . . ,n,

to get
n

∑
σ=1

ζσ div
∇ζσ
W

=
n

∑
σ=1

div
ζσ ∇ζσ

W
− 1

W

n

∑
σ=1

(p2
σ +q2

σ )

=
n

∑
σ=1

div
ζσ ∇ζσ

W
− 1

W
(p2 +q2).

For the area elementW =
√

1+ p2+q2+ p2q2− (p ·q)2 we compute

1
W

−W =
1−
[
1+ p2+q2+ p2q2− (p ·q)2

]

W

= − p2 +q2

W
− p2q2− (p ·q)2

W
.

This yields

W =
1
W

+
n

∑
σ=1

div
ζσ ∇ζσ

W
−

n

∑
σ=1

ζσ div
∇ζσ
W

+
p2q2− (p ·q)2

W
. (14.13)
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Now we insert the Euler-Lagrange equations from (14.9). First multiply all these
equations byζσ and sum up to get (noteΓzσ ≡ 0)

n

∑
σ=1

ζσ div
∇ζσ
W

= 2
n

∑
σ=1

Hσ (x,y,Nσ )ζσ

√
1+ p2

σ +q2
σ

W

−
n

∑
σ=1

ζσ div

(
pσ q2−qσ(p ·q)

W
,
qσ p2− pσ(p ·q)

W

)

−
n

∑
σ=1

{
pσ q2−qσ (p ·q)

Γ (x,y)W
ζσΓx(x,y)+

qσ p2− pσ (p ·q)

Γ (x,y)W
ζσΓy(x,y)

}
.

In the second row we take into account

div

(
pσ q2−qσ(p ·q)

W
ζσ ,

qσ p2− pσ (p ·q)

W
ζσ

)

= ζσ div

(
pσ q2−qσ(p ·q)

W
,
qσ p2− pσ (p ·q)

W

)

+
p2

σ q2− pσ qσ (p ·q)

W
+

q2
σ p2− pσqσ (p ·q)

W
,

and after summation

n

∑
σ=1

ζσ div

(
pσ q2−qσ(p ·q)

W
,
qσ p2− pσ(p ·q)

W

)

=
n

∑
σ=1

div

(
pσ q2−qσ(p ·q)

W
ζσ ,

qσ p2− pσ(p ·q)

W
ζσ

)

− 2
W

{
p2q2− (p ·q)2

}
.

2. Now (14.13) can be written in the form

W =
1
W

+
n

∑
σ=1

div
ζσ ∇ζσ

W
− p2q2− (p ·q)2

W

−2
n

∑
σ=1

Hσ (x,y,Nσ )ζσ

√
1+ p2

σ +q2
σ

W

+
n

∑
σ=1

div

(
pσ q2−qσ (p ·q)

W
ζσ ,

qσ p2− pσ (p ·q)

W
ζσ

)

+
n

∑
σ=1

{
pσ q2−qσ(p ·q)

Γ (x,y)W
ζσΓx(x,y)+

qσ p2− pσ (p ·q)

Γ (x,y)W
ζσΓy(x,y)

}
.

(14.14)
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Then we can integrate as follows.

(i) We start with
∫∫

Ω

1
W

dxdy≤ |Ω | because
1
W

≤ 1. (14.15)

(ii) Next for the second term we have

n

∑
σ=1

∫∫

Ω

div
ζσ ∇ζσ

W
dxdy≤

n

∑
σ=1

∫

∂Ω

|∇ζσ ·ν|
W

|ζσ |ds

≤ n|∂Ω | max
σ=1,...,n−2

‖ζσ‖C0(∂Ω)

(14.16)

with the outer unit normal vectorν at the boundary∂Ω , taking

√
1+ p2

σ +q2
σ

W
≤ 1 for allσ = 1, . . . ,n

into account.

(iii) The third term is non-positive and can be estimated by 0:

− p2q2− (p ·q)2

W
≤ 0.

(iv) Likewise it holds

2
n

∑
σ=1

∫∫

Ω

Hσ (x,y,Nσ )ζσ

√
1+ p2

σ +q2
σ

W
dxdy

≤ 2nh0|Ω | max
σ=1,...,n

‖ζσ‖C0(Ω) .

(14.17)

(v) Now we come back to the second row in (14.14). Note that

pσ q2−qσ(p ·q) =
n

∑
θ=1

(pσ qθ − pθ qσ )qθ ,

qσ p2− pσ (p ·q) =
n

∑
θ=1

(qσ pθ −qθ pσ )pθ .

(14.18)

After multiplication bypσ or qσ and following summation we get

p2q2− (p ·q)2 =
1
2

n

∑
σ ,θ=1

(pσ qθ − pθ qσ )2 . (14.19)
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Thus we estimate as follows:

n

∑
σ=1

∫∫

Ω

div

(
pσ q2−qσ (p ·q)

W
ζσ ,

qσ p2− pσ (p ·q)

W
ζσ

)
dxdy

=
n

∑
σ ,ω=1

∫∫

Ω

div

(
(pσ qω − pωqσ )qω

W
ζσ ,− (pσ qω − pωqσ )pω

W
ζσ

)
dxdy

=
n

∑
σ ,ω=1

∫

∂Ω

(pσ qω − pωqσ )ζσ
W

(qω ,−pω) ·ν ds

≤
√

2
n

∑
σ ,ω=1

∫

∂Ω

|ζσ ||D⊤ζω |ds

≤
√

2n2|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω)‖|D⊤ζσ‖C0(∂Ω) .

(14.20)

(vi) To estimate the last terms we come back to (14.18), (14.19) and compute

|pσ q2−qσ(p ·q)|
W

≤
n

∑
ϑ=1

|pσ qϑ −qσ pϑ ||qϑ |
W

≤
√

2
n

∑
ϑ=1

√
p2q2− (p ·q)2

W
|qϑ |,

and analogously

|qσ p2− pσ(p ·q)|
W

≤
√

2
n

∑
ϑ=1

√
p2q2− (p ·q)2

W
|pϑ |.

Thus we arrive at

n

∑
σ=1

∫∫

Ω

{
pσ q2−qσ (p ·q)

Γ (x,y)W
ζσΓx(x,y)+

qσ p2− pσ (p ·q)

Γ (x,y)W
ζσΓy(x,y)

}
dxdy

≤
n

∑
σ=1

Γ2

∫∫

Ω

|ζσ |
{ |pσ q2−qσ(p ·q)|

Γ (x,y)W
+

|qσ p2− pσ(p ·q)|
Γ (x,y)W

}
dxdy

≤
√

2n2Γ2

Γ0
max

σ=1,...,n
‖ζσ‖C0(B)

∫∫

Ω

√
1+ p2+q2+ p2q2− (p ·q)2dxdy.

(14.21)

For this estimate we explicitely need the assumptionΓ = Γ (x,y). Otherwise
there remain derivativespϑ andqϑ quadratically and we are not able to estimates
the area element.
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3. Putting (14.15), (14.16), (14.17), (14.20) and (14.21) together we conclude

A [ζ ] ≤ |Ω |+n|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω) +2nh0|Ω | max
σ=1,...,n

‖ζσ‖C0(Ω)

+
√

2(n−2)2|∂Ω | max
σ=1,...,n

‖ζσ‖C0(∂Ω)‖D⊤ζσ‖C0(∂Ω)

+

√
2n2Γ2

Γ0
max

σ=1,...,n
‖ζσ‖C0(Ω) A [ζ ].

Rearranging proves the statement.⊓⊔

14.6 The isoperimetric inequality

Following ideas of Hurwitz [98] we want to give a proof of the isoperimetric in-
equality for immersionsX : B → Rn+2 with prescribed mean curvature fields. We
also want to refer the reader to Blaschke and Leichtweiss [15], Barbosa and do
Carmo [7], or Osserman’s review article [129].

Theorem 14.5.Let the immersion X: B → Rn+2 with prescribed mean curvature
field H(X,N) and spanning a C1-regular boundary curveΓ ∈ Rn+2 be given. As-
sume that

sup
X∈Rn+2

max
|N|=1

H(X,N) ≤ h0 ∈ [0,+∞).

Suppose furthermore that the following smallness condition

1−nh0‖X−X(∂B)‖C0(B) > 0

is true with the mean value

X(∂B) :=

2π∫

0

Z(ϕ)dϕ ,

with a representation Z= Z(ϕ) for the boundary curveΓ ⊂ Rn+2 of the surface as
described in the proof below. Then it holds the isoperimetric inequality

A [X] ≤ 1

4π
(
1−nh0‖X−X(∂B)‖C0(B)

)L [Γ ]2 (14.22)

with the lengthL [Γ ] of Γ ⊂ Rn+2.

Proof. Let (u,v) ∈ B be conformal parameters. We introduce geodesic polar coor-
dinates to get the mapping

Y(r,ϑ) = X(r cosϑ , r sinϑ).
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Let A be a fixed vector. We compute

A [X] =
1
2

∫∫

B

{
|Xu|2 + |Xv|2

}
dudv

=
1
2

∫∫

B

{[
(X−A) ·Xu

]
u +
[
(X−A) ·Xv

]
v

}
dudv− 1

2

∫∫

B

(X−A) ·∆X dudv

=
1
2

∫

∂B

[
(X−A) ·Xu,(X−A) ·Xv

]
·ν ds+

1
2

∫∫

B

(X−A) ·∆X dudv

≤ 1
2

2π∫

0

{
Y(1,ϑ)−A

}
·Yr(1,ϑ)dϑ +

1
2

∫∫

B

|X−A||∆X|dudv

with the outer unit normal vectorν = (cosϑ ,sinϑ). Make additionally use of

Xu = cosϑ Yr −
1
r

sinϑ Yϑ , Xv = sinϑ Yr +
1
r

cosϑ Yϑ .

From the estimate

|∆X| =
∣∣∣∣∣2

n

∑
σ=1

H(X,Nσ )WNσ

∣∣∣∣∣≤ nh0|∇X|2

we infer

A [X] ≤ 1
2

2π∫

0

{
Y(1,ϑ)−A

}
·Yr(1,ϑ)dϑ +

nh0

2

∫∫

B

|X−A||∇X|2dudv.

Now let the curveΓ ⊂ Rn+2 presented in arc-length via

Z(ϕ)+A: [0,2π ]−→ Γ , |Z′(ϕ)| = L [Γ ]

2π
for all ϕ ∈ [0,2π)

where we chooseA such that forZ = Z(ϕ) it holds a Fourier expansion in the
following form

Z(ϕ) =
∞

∑
k=1

(
Ak coskϕ +Bk sinkϕ

)

with vectorsAk andBk, k = 1,2, . . . We arrive at

2π∫

0

{
|Z′(ϕ)|2−|Z(ϕ)|2

}
dϕ = π

∞

∑
k=1

(k2−1)(A2
k +B2

k) ≥ 0. (14.23)
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Then it follows that

A [X] ≤ 1
2

2π∫

0

|Y(1,ϑ)−A||Yϑ (1,ϑ)|dϑ +
nh0‖X−X(∂B)‖C0(B)

2

∫∫

B

|∇X|2dudv

≤ 1
2

2π∫

0

|Z(ϕ)||Z′(ϕ)|dϕ +nh0‖X−X(∂B)‖C0(B)

∫∫

B

W dudv

We continue as follows:

L [Γ ]2−4π A [X]

= L [Γ ]2−2π
2π∫

0

|Z(ϕ)||Z′(ϕ)|ϕ −4πnh0‖X−X(∂B)‖C0(B)

∫∫

B

W dudv

= 2π
2π∫

0

(
|Z′(ϕ)|2−|Z(ϕ)||Z′(ϕ)|

)
dϕ −4πnh0‖X−X(∂B)‖C0(B)

∫∫

B

W dudv

≥ π
2π∫

0

(
|Z′(ϕ)|2−|Z(ϕ)|2

)
dϕ −4πnh0‖X−X(∂B)‖C0(B)

∫∫

B

W dudv

≥ −4πnh0‖X−X(∂B)‖C0(B)

∫∫

B

W dudv

using Cauchy’s inequality and (14.23). After rearranging we have

L [Γ ]2 ≥ 4π(1−nh0‖X−X(∂B)‖C0(∂B))A [X]

proving the statement.⊓⊔

Corollary 14.3. Let the minimal immersion X: B → Rn+2 be given, spanning the
C1-regular boundary curveΓ ⊂ R3. Then it holds the isoperimetric inequality

A [X] ≤ 1
4

L [Γ ]2 (14.24)

with the lengthL [Γ ] of C⊂ R3.

Historical remarks on the isoperimetric inequality for min imal surfaces

The first successful approach in proving the isoperimetric inequality in the plane
goes back to the Swiss mathematician Jacob Steiner (*1796 Utzendorf/Kt. Bern,
†1863 Bern).
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Though Steiner’s proof is incomplete, his ingenious methodof symmetrization en-
joys a wide range of applications, see e.g. Bandle [5].

The Swedish mathematician Tage Gills Torsten Carleman (*1892 in Visseltofta,
†1949 in Stockholm) was the first who proved the isoperimetric inequality

A [X] ≤ L [Γ ]2

4π

for minimal surfaces. Beckenbach and Radó in [9] then established this inequality
on simply connected surfaces with non-positive Gaussian curvature.

The isoperimetric inequality encodes regularity properties of the underlying sur-
face. Namely due to Federer and Fleming [54] and Maz’ya [118]it is equivalent to
the Sobolev inequality




∫∫

B

|∇ϕ |2dudv



≥ 4π
∫∫

B

ϕ2dudv.

Finally Topping in [158] derived the isoperimetric inequality in the plane and on
curved surfaces using results from the theory of curve shortening flow.

For further references and applications of the isoperimetric inequality we want to
refer again to Osserman [129] and the references therein; see also the monographs
Bandle [5] and Chavel [25].

14.7 The spherical energy ofµ-stable geodesic discs

Let us finally come back to the stability condition
∫∫

B

∇ds2(ψ ,ψ)W dudv≥ µ
∫∫

B

(q−K)Wψ2dudv−2α(n)TX[N] (14.25)

used already in section 14.2 above.

Following methods from Sauvigny [141] we want to show how to apply this
inequality to establish an upper bound for the spherical energy of a surface.

Theorem 14.6.Let the conformally parametriced immersion X: B→Rn+2 together
with an ONF N be given. Assume that X is stable in the sense of (14.25) with a
function q satisfying

H2−q≥ 0 in B.
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Then the Dirichlet energy of N= (N1, . . . ,Nn) can be estimated as follows

∫∫

Bν

|∇N|2dudv≤ 2
∫∫

Bν

(2H2−q)W dudv+
8

µν2 +

(
2+

2α(n)

µ

)
TX [N] (14.26)

for all ν ∈ (0,1) with the setting

|∇N|2 :=
n

∑
σ=1

|∇Nσ |2 .

Proof. For ν ∈ (0,1) we take the special test functionΦ ∈C∞
0 (B,R) such that

Φ ≡ 1 onBν , |∇Φ| ≤ 2
ν

onB.

From the Weingarten equations we know

N2
σ ,u =

L2
σ ,11+L2

σ ,12

W
+

n

∑
ϑ=1

(Tϑ
σ ,1)

2 , N2
σ ,v =

L2
σ ,12+L2

σ ,22

W
+

n

∑
ϑ=1

(Tϑ
σ ,2)

2

using conformal parameters. Then we compute

n

∑
σ=1

∫∫

Bν

|∇Nσ |2dudv

= 2
n

∑
σ=1

∫∫

Bν

(2H2
σ −Kσ )W dudv+

n

∑
σ ,ϑ=1

∫∫

Bν

{
(Tϑ

σ ,1)
2 +(Tϑ

σ ,2)
2
}

dudv

= 2
∫∫

Bν

(2H2−q)W dudv+2
∫∫

Bν

(q−K)W dudv+2TX[N]

≤ 2
∫∫

Bν

(2H2−q)W dudv+2
∫∫

B

(q−K)WΦ2dudv+2TX[N]

≤ 2
∫∫

Bν

(2H2−q)W dudv+
2
µ

∫∫

B

|∇Φ|2 dudv+2

(
1+

2α(n)

µ

)
TX[N]

≤ 2
∫∫

Bν

(2H2−q)W dudv+
8

µν2 +2

(
1+

2α(n)

µ

)
TX[N]

prooving the statement.⊓⊔
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In this final chapter we consider general elliptic functionals and its critical points in Euclidean

spaceR3. The Lagrangian densities of these functionals depend on thesurface vectorX as well as

the normal directionXu×Xv.

15.1 F-minimal surfaces

This final chapter is devoted to analytical studies of critical pointsX : B → R3 of
anisotropic variational problems of the form

F [X] =
∫∫

B

F(Xu×Xv)dudv−→ extr!

Such critical points are calledF-minimal surfaces.As we have seen in chapter
11, after introducing the special weight matrix

W(Z)−1 =
1√

detFZZ(Z)
FZZ(Z)+ (zizj)i, j=1,2,3

those immersions are revealed asweighted minimal surfaces.

15.2 The geometry of the spherical mapping

On the Hopf function

From Theorem 5.4 we immediately obtain

Theorem 15.1. Let the weighted conformally parametrized F-minimal surface
X : B→ R3 be given. Then its Hopf function

H (w) = L11(w)−L22(w)−2iL12(w)

satisfies the complex differential equation

Hw(w) = A(w)H (w)+B(w)H (w) in B. (15.1)
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Here we set

A =
1
4

(a−d+ ic+ ib), B =
1
4

(a+d+ ic− ib)

as well as

a = Ω1
22+ Ω2

21, b = Ω2
22−Ω1

21, c = Ω1
12+ Ω2

11, d = Ω2
12−Ω1

11.

Thus the spherical mapping N= N(u,v) of the immersion possesses at most isolated
interior branch points, or it holds K≡ 0 at all.

Here we recall the identity

Nu×Nv= KWN

with the Gaussian curvatureK.

Analogously we would proceed in case ofprescribed non-weighted mean cur-
vature.Then the Hopf function is holomorphic and solves the Cauchy-Riemann
equation

Hw(w) = 0 in B.

The spherical mappingN thus possesses at most isolated interior branch points, or
it holdsh2

0−K ≡ 0 due to|H |2 = 4(h2
0−K)W2. We refer e.g. to Jost [101].

An asymptotical expansion

Our next result on the distribution of the branch points of the sphercial mapping
goes back Sauvigny [141].

Theorem 15.2. Let the weighted conformally parametrized F-minimal surface
X : B→ R3 be given. Then at each point w0 ∈ B there are two linearly independent
vectors A,B∈ R3 and a natural number n∈ N such that the following asymptotical
expansion holds true

N(w0 +w)−N(w0) =
2
n

ρn(Acosnϕ +Bsinnϕ)+o(ρn) for ρ → 0. (15.2)

Proof. From (11.33) we already know

|∆N| ≤ (1+ ω2)|∇N|2 in B.

Thus due to a theorem of Hartman and Wintner [77] (see also Hildebrandt [84]) at
each pointw0 ∈ B there is a vectorC := A− iB, C 6= 0, and a numbern ∈ N such
that it holds

Nw(w0 +w) = 1
2

{
Nu(w0 +w)− iNv(w0 +w)

}
= Cwn−1 +o(|w|n−1)

for w→ 0.
(15.3)
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The linear connection between the weighted fundamental forms from section 5.1
implies thatIIIW(X) undIW(X) are diagonalized simultaneously. We get

0 =
{

W− 1
2 (N)◦Nw

}2
=

{(
W− 1

2 (N)◦C
)2

+o(1)

}
w2n−2 for w→ 0.

For the non-singular matrixF := W− 1
2 (N(w0)) this means

0 = (F◦C)2 = |F◦A|2−|F◦B|2−2i(F◦A) · (F◦B),

and we conclude

(F◦A) · (F◦B)= 0, |F◦A|= |F◦B|> 0. (15.4)

ThusA andB are linearly independent. We introduce polar coordinates and integrate
(15.3) to get

N(w0 +w)−N(w0)=
1
n

(Cwn +Cwn)+o(|w|n)

=
2
n

Re
{
(A− iB)ρn(cosnϕ + i sinnϕ)

}
+o(ρn)

=
2
n

ρn(Acosnϕ +Bsinnϕ)+o(ρn), ρ → 0.

The statement is proved.⊓⊔

In other words:The spherical mapping is open, an open neighbourhood of a
point w∈ B̊ is mapped onto an open neighbourhood of its image N(w) ∈ S2.

We sayw∈ B is abranch point of order n−1 if the expansion (15.2) holds true
with n∈ N.

The spherical mapping under the stereographic projection

Shortly we want to provequasiconformality of the spherical mapping of weighted
minimal surfaces.For this purpose we start with some basic facts about the stereo-
graphic projection fromS2 ⊂ R3 into R2.

Let an angleω ∈ (0,π) be given, and suppose that

N(u,v) · (0,0,1)≥ cosω in B, ω ∈ [0,π), (15.5)

holds true for the spherical image of the surface or equivalently

N(u,v) ∈ S2
ω in B



334 15 F-minimal surfaces inR3

with the spherical cap

S2
ω :=

{
Z ∈ S2 : Z · (0,0,1) ≥ cosω

}
⊂ S2.

The Gauss map is supposed to skip a neighborhood of the south pole.

Now we parametrizeS2
ω as follows

z1 = sinϑ cosϕ , z2 = sinϑ sinϕ , z3 = cosϑ ,

ϑ ∈ [0,ω ], ϕ ∈ [0,2π ],
(15.6)

and by
Sp: S2

ω −→ R
2

we denote the stereographic projection with the south pole as center, analytically
given by (see e.g. Neutsch [125])

Sp(z1,z2,z3) = ξ + iη ≡ z1

1+z3 + i
z2

1+z3 , (z1,z2,z3) ∈ S2
ω . (15.7)

Its inverse suffices

z1 =
2ξ

1+ ξ 2+ η2 , z2 =
2η

1+ ξ 2+ η2 , z3 =
1− ξ 2−η2

1+ ξ 2+ η2 .

Using the spherical coordinates from (15.6) we can write

Sp(ϑ ,ϕ) =

(
sinϑ cosϕ
1+cosϑ

,
sinϑ sinϕ
1+cosϑ

)
, (15.8)

and together with (15.7) we calculate

1+ ξ 2+ η2 = 1+
sin2 ϑ cos2 ϕ
(1+cosϑ)2 +

sin2 ϑ sin2 ϕ
(1+cosϑ)2 =

2
1+cosϑ

.

In this way we are led to the so-calledmodulus of distortion

σ(ϑ ,ϕ) :=
1

1+cosϑ
. (15.9)

For example, the north pole is distorted by the factor1
2, while along the equator all

lengths remain fixed.

Quasiconformality of the spherical mapping

Our next results states quasiconformality of the sphericalmapping under the condi-
tions previously discussed. We follow again Sauvigny [141].
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Proposition 15.1. Let the weighted conformally parametrized weighted minimal
surface X: B → R3 be given. Assume that its spherical mapping satisfies (15.5)
with an angleω ∈ [0,π). Then the associated plane mapping

Φ(u,v) := Sp◦N(u,v), (u,v) ∈ B,

is bounded and quasiconform, i.e. there hold

|Φ(u,v)| ≤ sinω
1+cosω

and |∇Φ(u,v)|2 ≤−2(1+ ω0)JΦ(u,v) in B

with the non-positive Jacobian JΦ = JΦ(u,v) of the mappingΦ = Φ(u,v).

Proof. The first bound follows directly from the representation (15.8) of the stereo-
graphic projection in terms ofϑ andϕ . Furthermore, together with (15.9) we esti-
mate the distortionχ = χ(ξ ,η) of the inverse mapping Sp−1, i.e.

1+cosω ≤ χ(ξ ,η) ≤ 2 if Sp−1(ξ ,η) · (0,0,1)≥ cosω . (15.10)

Now we define the weight matrix

H(u,v) :=
1

χ(Φ(u,v))2 ∂Sp−1(Φ(u,v))T ◦W(X,N)−1◦ ∂Sp−1(Φ(u,v))

satisfying

(1+ ω0)
−1|ξ |2 ≤ ξ ◦H(u,v)◦ ξ ≤ (1+ ω0)|ξ |2 for all ξ ∈ R

2 (u,v) ∈ B

as well as
detH(u,v) = 1 in B.

Using the linear connection between the weighted fundamental forms we infer

∂Φ(u,v)T ◦H(u,v)◦ ∂Φ(u,v) = −WKχ2

(
1 0

0 1

)
.

Notice the diagonal form of this product. SinceK ≤ 0 we have

−det∂Φ = −det
{

∂ΦT ◦H ◦ ∂Φ
}1

2
= −WKχ2 =

1
2

Spur
{

∂Φt ◦H ◦ ∂Φ
}

≥ 1
2(1+ ω0)

|∇Φ|2 .

This proves the statement.⊓⊔
Quasiconformality of the spherical mapping for immersionsof this surface class

along with curvature estimates were already established inSimon [147] in 1977, see
also our following considerations. We additionally want torefer the reader to Hoy
[95], [96] and [97] on this subject.
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An oscillation estimate for the spherical mapping

Now Theorem 12.3 from Gilbarg and Trudinger [71] (see also Simon [147]) pro-
vides an interior Hölder estimate for so-called(k,k′)-quasiconformal plane map-
pings(p,q) = (p(x,y),q(x,y)) in the sense of

p2
x + p2

y +q2
x +q2

y ≤ 2k(pxqy− pyqx)+k′

with constants|k| ≥ 1 andk′ ≥ 0. Together with our modulus of distortion (15.10)
we arrive at (see Sauvigny [141])

Theorem 15.3. Let the weighted conformally parametrized F-minimal surface
X : B → R

3 be given. Suppose that its spherical mapping satisfied (15.5) with
an angleω ∈ [0,π). Let finally λ > 0 and ν ∈ (0,1) be fixed. Then there exists
δ = δ (ω0,ω ,ν;λ ) ∈ (0, 1

2ν) such that for all w0 ∈ B1− 1
2ν (0,0) the following oscil-

lation estimate holds true

|N(w)−N(w1)| ≤ λ for all w ∈ Bδ (w0) (15.11)

with arbitrary w1 ∈ Bδ (w0).

Application to immersion of prescribed weighted mean curvature

Let us consider more closely the spherical mapping of immersions with prescibed
mean curvature from the point of view of quasiconformality.

Due to the linear connection

IIIW(X)−2HW(X,N)IIW(X)+KIW(X) = 0

between the weighted fundamental forms we compute

(det∂Φ)2 = det

(
2HW(X,N)L11−KW 2HW(X,N)L12

2HW(X,N)L21 2HW(X,N)L22−KW

)
χ2 = K2W2χ4

using weighted conformal parameters(u,v) ∈ B. i.e. for the signed Jacobian∂Φ we
infer the identity

det∂Φ = KWχ2 .

Moreover, for its trace we have

trace(∂ΦT ◦H ◦ ∂Φ) =
{

2HW(X,N)L11−KW+2HW(X,N)L22−KW
}

χ2

= 2
{

2HW(X,N)2−K
}

Wχ2 .
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Proposition 15.2.Using weighted conformal parameters(u,v) ∈ B it holds

|∇Φ|2 ≤−2(1+ ω0)det∂Φ +4(1+ ω0)HWG(X,N)2Wχ2 in B,

i.e.Φ = Φ(u,v) is (k,k′)-quasiconformal with

k = −2(1+ ω0) and k′ = 4(1+ ω0)HW(X,N)2Wχ2 .

We want to apply this reslut to immersions withbounded gradient.Suppose

sup
(u,v)∈B

W(u,v) ≤W0 ∈ (0,+∞). (15.12)

Then we find

Theorem 15.4. Assume that the weighted conformally parametrized immersion
X : B → R3 satisfies (15.12) and that its spherical mapping fulfills (15.5) with
an angleω ∈ [0,π). Let finally λ > 0 and ν ∈ (0,1) be fixed. Then there exist
δ = δ (ω0,ω ,ν,W0;λ ) ∈ (0, 1

2ν) such that for all w0 ∈ B1− 1
2ν(0,0) the following

oscillation estimate holds true

|N(w)−N(w1)| ≤ λ for all w ∈ Bδ (w0) (15.13)

with arbitrary w1 ∈ Bδ (w0).

This estimate can immediately be applied to conformally parametrized immer-
sions with prescribed non-weighted mean curvatureH(X,Z) which are small in the
sense of

h0M < 1 with M := sup
(u,v)∈B

|X(u,v)|, h0 := sup
(X,Z)∈R3×R3

|H(X,Z)|.

This follows from Heinz’ gradient estimates from section 9.4 taking

|∆X| ≤ h0|∇X|2 in B

into account. Thus there is a real constantc = c(h0,M,ν1) with the property

|∇X(u,v)| ≤ c(h0,M,ν1) for all (u,v) ∈ B1−ν1(0,0).

Then the mapping N= N(u,v) is (k,k′)-quasiconformal in B1−ν1(0,0) with k= −2
and k′ = 4h2

0c(h0,M,ν1)
2.

Furthermore, the smallness condition can be replaced by thefollowing modulus
of continuity:

For real λ > 0 there is aδ = δ (λ ) such that

|X(w)−X(w1)| ≤ λ for all w∈ Bδ (w0) (15.14)

for arbitrary w1 ∈ Bδ (w0) and w0 ∈ B with Bδ (w0) ⊂⊂ B.
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Namely, define the mapping

X̂(w) :=
1
λ

{
X(w)−X(w1)

}
: Bδ (w0) −→ R

3

with the properties

|X̂(w)| ≤ 1 and |∆ X̂(w)| ≤ λh0|∇X̂(w)|2 in Bδ (w0).

Now chooseλ > 0 so thatλh0 < 1. This implies an inner gradient estimate for the
surface vector and therefore an oscillation estimate for spherical mapping.

Finally we want to remark that an oscillation estimates for the composition

N(u,v) = G◦X(u,v), (u,v) ∈ B,

with the Gauss mapG : X(B) → S2 on surface graphs of mean curvature typeis
established in Gilbarg and Trudinger [71], section 16.6. Assuming a modulus of
continuity (15.14) we could then infer an oscillation estimateN = N(u,v).

15.3 Stability andµ-stability

The second variation

Our aim now is to compute the second variation of the parametric functionalF [X].

With a test functionϕ ∈C∞
0 (B,R) we consider the normal variation

X̃(u,v) := X(u,v)+ εϕ(u,v)N(u,v), (u,v) ∈ B.

Then it follows

X̃u∧ X̃v = Xu∧Xv + ε{Xu∧Nv +Nu∧Xv}ϕ + ε{Xu∧Nϕv +N∧Xvϕu}

+ε2ϕ2Nu∧Nv + ε2{Nu∧Nϕv +N∧Nvϕu}ϕ .

First it holds

∂ 2

∂ε2 F(X̃u∧ X̃v)
∣∣∣
ε=0

=
∂

∂ε
(X̃u∧ X̃v)

∣∣∣
ε=0

◦FZZ(Xu∧Xv)◦
∂

∂ε
(X̃u∧ X̃v)

∣∣∣
ε=0

+FZ(Xu∧Xv) ·
∂ 2

∂ε2 (X̃u∧ X̃v)
∣∣∣
ε=0

.
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Let (u,v) ∈ B be weighted conformal parameters. From the properties of the weight
matrixW(Z) we infer

∂ 2

∂ε2 F(X̃u∧ X̃v)
∣∣∣
ε=0

=
1
W

{
(Xu∧Nv +Nu∧Xv)ϕ +(Xu∧Nϕv +N∧Xvϕu)

}
◦FZZ(N)◦ . . .

. . .◦
{
(Xu∧Nv +Nu∧Xv)ϕ +(Xu∧Nϕv +N∧Xvϕu)

}

+FZ(N) ·
{

2Nu∧Nvϕ2 +Nu∧N(ϕ2)v +N∧Nv(ϕ2)u

}

=

√
detFZZ(N)

W
(Xu∧Nϕv +N∧Xvϕu)◦W(N)−1◦ (Xu∧Nϕv +N∧Xvϕu)

+
{[

FZ(N),Nu,N
]
ϕ2
}

v
+
{[

FZ(N),N,Nv
]
ϕ2
}

u

−
[
FZZ(N)◦Nv,Nu,N

]
ϕ2−

[
FZZ(N)◦Nu,N,Nv

]
ϕ2

with the usual setting[X,Y,Z] := X · (Y×Z). It follows that

(Xu∧Nϕv +N∧Xvϕu)◦W(N)−1◦ (Xu∧Nϕv +N∧Xvϕu)

=
{

W(N)
1
2 ◦Xvϕv +W(N)

1
2 ◦Xuϕu

}
◦
{

W(N)
1
2 ◦Xvϕv +W(N)

1
2 ◦Xuϕu

}

= W
{

ϕ2
u + ϕ2

v

}
= W|∇ϕ |2 .

For the divergence term we have
∫∫

B

div
([

FZ(N),N,Nv
]
ϕ2,
[
FZ(N),Nu,N

]
ϕ2
)

dudv= 0

due toϕ = 0 on∂B = 0. Finally we know
[
Nu,Nv,FZZ(N)◦N

]
= 0,

so that we infer
[
FZZ(N)◦Nu,Nv,N

]
+
[
Nu,FZZ(N)◦Nv,N

]

=
[
FZZ(N)◦Nu,Nv,N

]
+
[
Nu,FZZ(N)◦Nv,N

]
+
[
Nu,Nv,FZZ(N)◦N

]

=
[
Nu,Nv,N] traceFZZ(N) = KW traceFZZ(N).
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Thus we arrive at

δ 2F [X] =
∫∫

B

{√
detFZZ(N) |∇ϕ |2 +KW traceFZZ(N)ϕ2

}
dudv

for all ϕ ∈C∞
0 (B,R).

Using general parameters(u,v) ∈ B we have therefore proved

Theorem 15.5.The second variation of the parametric functionalF [X] reads

δ 2W [X] =

∫∫

B

{√
detFZZ(N)∇ds2W

(ϕ ,ϕ)+K traceFZZ(N)ϕ2
}

W dudv

for all ϕ ∈C∞
0 (B,R).

Stability and µ-stability

Again we require

M1|ξ |2 ≤ ξ ◦FZZ(Z)◦ ξ ≤ M2|ξ |2 for all ξ = (ξ 1,ξ 2,ξ 3) ∈ R
3 (15.15)

and allZ ∈ S2 with ξ ·Z = 0, with positive constants 0< M1 ≤ M2 < +∞. Then we
can set

1+ ω0 =
M2

M1
resp.

1
1+ ω0

=
M1

M2
.

Theorem 15.6.Let X: B→ R3 be a stable F-minimal surface, i.e. assume that

δ 2F [X] ≥ 0.

Furthermore, suppose that (15.15) is satisfied. Let finallyµ > 0 be a real number
with the propery

µ ≤ 2M1

M2
.

Then the immersion isµ-stable with this numberµ , i.e. it holds
∫∫

B

∇2
dsW(ϕ ,ϕ)W dudv≥ µ

∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R).

Proof. Namely after rearranging it follows

M2

∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv≥ 2M1

∫∫

B

(−K)Wϕ2dudv

for all ϕ ∈C∞
0 (B,R).
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This implies

∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv≥ 2M1

M2

∫∫

B

(−K)Wϕ2dudv,

and the statement follows.⊓⊔

15.4 Eigenvalue problems for the spherical mapping

This section is devoted to a deeper analysis ofµ-stable F-minimal surfaces in Eu-
clidean spaceR3. Our results are partly build up on our considerations from chap-
ter 13, on the other hand we will meet new methods and results applicable for F-
minimal surfaces inR3 exclusively.

A comparison principle

The spherical mappingN : B→R3 represents a branched immersion from the closed
unit discB⊂R2 into the unit sphereS2⊂R3. As we have seen above, interior branch
points are isolated.

In the following sections we are concerned with the eigenvalue problem 13.6 on
spherical domains. To establish suitable bounds for the corresponding first eigen-
valueλ1 > 0 we need the following comparison argument.

Lemma 15.1.Let the immersion X: B→ R3 be given. Let

ds2 =
2

∑
i, j=1

gi j duiduj , ds2
W =

2

∑
i, j=1

hi j duiduj

its non-weighted resp. weighted line elements w.r.t. to a weight matrixW(Z). Then
there hold

(1+ ω0)
−1
∫∫

B

∇ds2(ϕ ,ϕ)W dudv≤
∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv

≤ (1+ ω0)
∫∫

B

∇ds2(ϕ ,ϕ)W dudv
(15.16)

for all ϕ ∈C1
0(B,R) with the invariant Beltrami operators∇ds2 and∇ds2W

.
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Proof. On the tangential planeTX of the immersion we compute
∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv

=
∫∫

B

(ϕu,ϕv)◦
{

∂XT ◦W(X,N)◦ ∂X
}−1 ◦ (ϕu,ϕv)W dudv

=
∫∫

B

(ϕu,ϕv)◦ (∂X)−1◦W(X,N)−1◦ (∂XT)−1 ◦ (ϕu,ϕv)W dudv

=
∫∫

B

{
(ϕu,ϕv)◦ (∂X)−1

}
◦W(X,N)−1◦

{
(ϕu,ϕv)◦ (∂X)−1

}
W dudv

from where we infer the estimates
∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv

≤ (1+ ω0)

∫∫

B

{
(ϕu,ϕv)◦ (∂X)−1

}
·
{
(ϕu,ϕv)◦ (∂X)−1

}
W dudv

= (1+ ω0)

∫∫

B

∇ds2(ϕ ,ϕ)W dudv

as well as
∫∫

B

∇ds2W
(ϕ ,ϕ)W dudv

≥ 1
1+ ω0

∫∫

B

{
(ϕu,ϕv)◦ (∂X)−1

}
·
{
(ϕu,ϕv)◦ (∂X)−1

}
W dudv

=
1

1+ ω0

∫∫

B

∇ds2(ϕ ,ϕ)W dudv

proving the statement.⊓⊔

The weighted Rayleigh quotient onS2

Let Ω ⊂ S2 be a spherical domain covered by the Gauss mapN = N(u,v) of the
F-minimal surfaceX : B→ R3.
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To the Rayleigh quotientR[ϕ ] introduced in section 13.5 we define its weighted
counterpart

RW[ϕ ] :=

∫

Ω

∇S2,W(ϕ ,ϕ)dS

∫

Ω

ϕ2dS

for funktionsϕ ∈V(Ω ,R) on the function space

V(Ω ,R) :=
{

φ ∈ H1,2(Ω ,R)∩C0(B,R) : φ 6≡ 0, φ = 0 on∂Ω
}

with the weighted Beltrami operator∇S2,W onS2 ⊂ R3 and its area elementdS.

To Ω ⊂ S2 we associate the first eigenvalue of this weighted operator on S2 :

min
ϕ∈V(Ω ,R)

RW[ϕ ] = λ1,W(Ω).

From the previous comparison result we conclude

1
1+ ω0

λ1,W(Ω) ≤ λ1(Ω) ≤ (1+ ω0)λ1,W(Ω). (15.17)

µ-stability due to Schwarz

The following result characterizes the size of the spherical image of µ-stable F-
minimal surfaces, see Fröhlich [62].

Theorem 15.7.Let the weighted conformally parametrized andµ-stable F-minimal
surface X: B → R3 with µ > 0 be given. LetΩ ′ ⊂⊂ Ω ⊂ S2 denote the domain
which is covered by the spherical mapping N|B̊′ on an open discB̊′ ⊂⊂ B̊. Fur-
thermore assume that N(∂B′) = ∂Ω ′. Then for the first eigenvalueλ1(Ω ′) of the
spherical Laplacian onΩ ′ ⊂ S2 it holds

λ1(Ω ′) ≥ µ
1+ ω0

. (15.18)

Proof. For λ1,W(Ω ′) we choose an eigenfunctionϕ : Ω ′ → R such that

∆S2,Wϕ + λ1,W(Ω ′)ϕ = 0 in Ω ′ ,

ϕ = 0 auf∂Ω ′ ,

ϕ > 0 in Ω ′ .

The finitely many branch points of the Gauss map on the closed set B′ ⊂ B̊ are
denoted by{w1, . . . ,wN} with N ∈ N. Now for sufficiently smallε > 0 we consider
closed discsKε (wt) ⊂ B′ (eventually together with their intersection withB′) of



344 15 F-minimal surfaces inR3

common radiusε > 0 around these branch points. The pull-backψ(u,v) := ϕ ◦
N(u,v), (u,v) ∈ B′ , then satisfies the eigenvalue problem

∆ds2g
ψ −λ1,W(Ω ′)Kψ = 0 in B′

ε := B′ \
N⋃

t=1

Kε (wt),

ψ = 0 on∂B′ ,

ψ > 0 in B′ .

Considering the vanishing boundary data ofψ we evaluate theµ-stability condition
as follows
∫∫

B′
ε

|∇ψ |2dudv+ µ
∫∫

B′
ε

ψ2KW dudv

= −
∫∫

B′
ε

ψ△ψ dudv+ µ
∫∫

B′
ε

ψ2KW dudv+
N

∑
t=1

∫

∂Kε (wt)

ψ∇ψ · (N1,N2)ds

=
{

λ1,W(Ω ′)− µ
} ∫∫

B′
ε

ψ2(−K)W dudv+
N

∑
t=1

∫

∂Kε (wt)

ψ∇ψ · (N1,N2)ds

with the outer unit normal vector(N1,N2) at the boundary curve∂Kε (wt), t =
1, . . . ,N, and its line elementds. Sinceψ ∈ H2

1(B̊′,R)∩C0(B′,R) we infer

lim
ε→0

∫∫

B′
ε

ψ2(−K)W dudv=
∫∫

B′

ψ2(−K)W dudv,

lim
ε→0

N

∑
t=1

∫

∂Kε (wt)

ψ∇ψ · (N1,N2)ds= 0.

Thus if λ1,W(Ω ′)− µ < 0 then it follows necessarily

∫∫

B′

|∇ψ |2dudv+ µ
∫∫

B′

ψ2KW dudv< 0

contradicting theµ-stability. ⊓⊔

Spherical oscillation ofµ-stable F-minimal surfaces

This result, the ideas of which go already back to H.A. Schwarz, leads us to our next
oscillation estimate for the spherical mapping, see Fröhlich [62].
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Theorem 15.8.Let the weighted conformally parametrized andµ-stable F-minimal
surface X: B→ R3 with µ > 0 be given. Then for eachε = ε(ω0,µ) > 0 satisfying
(15.20) there isδ = δ (ω0,µ ,ν;ε(µ)) ∈

(
0,(1−ν)2

)
with the property

osc
Bδ ρ (w0)

N(w) := sup
w1,w2∈Bδ ρ (w0)

|N(w1)−N(w2)| ≤ 2ε(ω0,µ) (15.19)

on each open disc̊Bρ(w0) ⊂ B1−ν(0,0) with fixedν ∈ (0,1) and|w0| < 1−ν.

Proof. Consider the open disc̊Bρ(w0) ⊂ B1−ν(0,0) with ρ ∈ (0,1−ν −|w0|) and
|w0| < 1−ν, ν ∈ (0,1). Due to the estimate

∫∫

|w|≤1−ν

|∇N|2 dudv≤ 8π(1+ ω0)

µν2

we can apply the Courant-Lebesgue lemma from Heinz [80], Lemma 14, to find for
givenε > 0 a realδ = δ (ω0,µ ,ν;ε) ∈

(
0,(1−ν)2

)
andδ ∗ ∈ [δ ,

√
δ ] such that

∫

∂Bδ∗ρ (w0)

|dN| ≤ 2

√
8π2(1+ ω0)

(− logδ )µν2 ≤ 2ε;

see the proof of our curvature estimate from chapter 10. Thismeans in other words

N
(
∂Bδ ∗ρ(w0)

)
⊂ Kε

(
N(w0 + δ ∗ρ)

)

with the settingKε (Z) := {X ∈ R3 : |X−Z| ≤ ε}. Now letΩδ ∗ρ ⊂S2 be covered by
the restrictionN|B̊δ∗ρ (w0)

. Then it holds with a uniquely determined angleω = ω(ε)

N
(
∂Bδ ∗ρ(w0)

)
⊂ S2

ω(ε)(w0) := S2∩Kε
(
N(w0 + δ ∗ρ)

)
.

We chooseε = ε(ω0,µ) sufficiently small with the property

λ1
(
S2\S2

ω(ε)(w0)
)

<
µ

1+ ω0
. (15.20)

But then it mus be satisfied

Ω δ ∗ρ ⊂ S2
ω(ε)(w0).

Otherwise there is a pointw1 ∈ Bδ ∗ρ(w0) with

N(w1) ∈ S2\S2
ω(ε)(w0).

Note thatN = N(u,v) is an open mapping as we showed above. Continuation along
paths we arrive at

S2\S2
ω(ε)(w0) ⊂ Ω δ ∗ρ .
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To λ1
(
S2\S2

ω(ε)(w0)
)

we now choose an eigenfunctionϕ : S2\S2
ω(ε)(w0)→R such

that there hold

∆S2ϕ + λ1
(
S2\S2

ω(ε)(w0)
)
ϕ = 0 in S2\S2

ω(ε)(w0),

ϕ = 0 on∂
(
S2\S2

ω(ε)(w0)
)
,

ϕ > 0 in S2\S2
ω(ε)(w0),

which we pull back by means ofψ(u,v) := ϕ ◦N(u,v), (u,v) ∈ Bδ ∗ρ . But now the
eigenvalue bound (15.20) contradicts our previous result of Schwarz. ⊓⊔

A theorem of Barbosa and do Carmo type

With our next result from Fröhlich [62] we present some sortof inverse of Schwarz’
theorem onµ-stable F-minimal surfaces. Origininally it was proved in Barbosa and
do Carmo [6] for minimal surfaces.

Theorem 15.9. Let the weighted conformally parametrized F-minimal surface
X : B→ R3 be given. LetB̊′ ⊂⊂ B̊ denote an open disc, and withΩ ′ ⊂ S2 we mean
the spherical domain which is convered by the restriction N|B̊′ . For givenω0 ≥ 0
we choose an angleω = ω(ω0) ∈ (0,π) such that for the spherical cap S2

ω ⊂ S2 it
holds

Area(Ω ′) < Area(S2
ω), λ1(S

2
ω) = µ(1+ ω0) (15.21)

with a real numberµ > 0. Then X|
B̊′ is µ-stabil with thisµ > 0.

Proof. 1. Assume thatX : B→ R3 is notµ-stable. Then on a simply connected and
open domain̊B∗ ⊆ B̊′ there is a functionψ ∈C2(B∗,R) satisfying

∆ψ(u,v)+ µ(−K)Wψ(u,v) = 0 in B̊∗ ,

ψ(u,v) > 0 in B̊∗ ,

ψ(u,v) = 0 on∂B∗ .

(15.22)

Let Ω ∗ ⊆ Ω ′ be that domain which is covered byN restricted onB̊∗ ⊆ B̊′. We
construct a functionϕ ∈ V (Ω ∗,R) with the property

∫

Ω∗

‖∇S,Wϕ‖2
S,W dS≤ µ

∫

Ω∗

ϕ2dS. (15.23)

Then our comparison principle yields
∫

Ω∗

‖∇Sϕ‖2
SdS≤ µ(1+ ω0)

∫

Ω∗

ϕ2dS

implying λ1(Ω ∗) ≤ µ(1+ ω0).
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Now let S2
ω∗ ⊂ S2 be a spherical cap with the same area asΩ ∗ ⊂ S2. Together

with (15.21) as well as Proposition 13.4 and 13.3 from chapter 13 we infer

µ(1+ ω0) = λ1(S
2
ω ) < λ1(S

2
ω∗) ≤ λ1(Ω ∗) ≤ µ(1+ ω0).

Thus we arrive at a contradiction to theµ-stability assumption. It remains to
constructϕ ∈V(Ω ∗,R).

2. For some arbitrary pointq∈ Ω ∗ we find preimages

N−1(q)∩B∗ = {w1, . . . ,wnq} ⊂ B∗

with multiplicitiesα(wi) ≥ 1, i = 1, . . . ,nq. We set

ϕ(q) :=
nq

∑
i=1

α(wi)ψ(wi). (15.24)

This function is positive onΩ ∗ and vanishes on the boundary∂Ω ∗ (recall that
the spherical mapping is open by Theorem 15.2). Following the argumentation
from Barbosa and do Carmo [6], Lemma 3.6, which we skip here, the function is
also continuous on the closure ofΩ ∗ ⊂ S2. We are left to prove (15.23).

3. Let {q1, . . . ,qN} ⊂ Ω ∗, N ∈ N, the set of images of branch points inB∗ ⊆ B′.
Chooseε > 0 sufficiently small. InΩ ∗ ⊆ Ω ′ we consider closed geodesic discs
Kε(qi), i = 1, . . . ,N, of common radiusε > 0 and centers atqi for i = 1, . . . ,N.
Define

Tε := Ω ∗ \
{

∂Ω ∗∪
N⋃

t=1

Kε (qt)

}
.

Following Barbosa and do Carmo [6], Lemma 3.8, there exist simply connected,
open and disjoint setsR jk ⊂ Tε with the following properties:

a) For any pointq ∈ R jk, the preimage setN−1(q)∩ B̊∗ consists of exactlyj
elements;

b) it holds
Tε =

⋃

j ,k

R jk ; (15.25)

c) there exist simply connected, open and disjoint setsB̊∗
jkl ⊂ B̊∗ such that

N−1(R̊jk) =
j⋃

l=1

B̊∗
jkl ;

thus the spherical mapping restricted on such aB̊∗
jkl ⊂ B̊∗ is diffeomorphic

ontoR jk ⊂ Tε .
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4. Let Njkl := N|B̊∗
jkl

. Then the spherical mapping is locally invertible with the in-

verse mappings
N−1

jkl : R jk −→ B̊∗
jkl , l = 1, . . . , j. (15.26)

Furthermore, the functionϕ : Ω ∗ → R from (15.24) satisfies

ϕ |
R jk

=
j

∑
l=1

ψ ◦N−1
jkl . (15.27)

It is continuously differentiable inR jk sinceR jk is free of branch points.

5. We are going to prove the inequality

lim
ε→0

∫

Tε

‖∇S,gϕ‖2
S,gdS≤ lim

ε→0
µ
∫

Tε

ϕ2dS. (15.28)

The right hand side here is bounded due to the continuity ofϕ : Ω ∗ → R, and so
is ϕ ∈V(Ω ∗,R), and in the limit we obtain

∫

Ω∗

‖∇S,Wϕ‖2
S,W dS≤ µ

∫

Ω∗

ϕ2dS.

Taking account of (15.25) and (15.27) we compute
∫

Tε

‖∇S,Wϕ‖2
S,W dS= ∑

j ,k

∫

R jk

‖∇S,Wϕ‖2
S,W dS

= ∑
j ,k

∫

R jk

∥∥∥∥∥
j

∑
l=1

∇S,W(ψ ◦N−1
jkl )

∥∥∥∥∥

2

S,W

dS

= ∑
j ,k

∫

R jk

j

∑
l=1

‖∇S,W(ψ ◦N−1
jkl )‖2

S,W dS+I1

(15.29)

with the setting

I1 := ∑
j ,k

∫

R jk

2 ∑
1≤r<s≤ j

〈∇S,W(ψ ◦N−1
jkr ),∇S,W(ψ ◦N−1

jks)〉S,W dS (15.30)

where〈·, ·〉 denotes the inner product onS2 w.r.t. the weighted metric(hi j )i, j=1,2.
Fom the linear connection of the weighted fundamental formstogether with
(15.26) we conclude (using weighted conformal parameters)
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j

∑
l=1

∫

R jk

‖∇S,W(ψ ◦N−1
jkl )‖2

S,W dS=
j

∑
l=1

∫∫

B∗
jkl

∇dσ2
W

(ψ ,ψ)Wdσ2
W

dudv

=
j

∑
l=1

∫∫

B∗
jkl

∇ds2W
(ψ ,ψ)W dudv.

(15.31)

If we set

B∗
ε := N−1

(
N⋃

t=1

Kε (qt)

)
with B∗ \ B̊∗

ε =
⋃

j ,k,l

B∗
jkl

it follows together with (15.29) and (15.31)
∫

Tε

‖∇S,Wϕ‖2
S,W dS= ∑

j ,k,l

∫∫

B∗
jkl

∇ds2W
(ψ ,ψ)W dudv+I1

=

∫∫

B∗\B∗
ε

∇ds2W
(ψ ,ψ)W dudv+I1.

(15.32)

Consider the right hand side of (15.28):

∫

Tε

ϕ2dS= ∑
j ,k

∫

R jk

(
j

∑
l=1

ψ ◦N−1
jkl

)2

dS= ∑
j ,k

j

∑
l=1

∫

R jk

(ψ ◦N−1
jkl )

2 dS+I2

due to (15.27) and with the setting

I2 := ∑
j ,k

∫

R jk

2 ∑
1≤r<s≤ j

(ψ ◦N−1
jkr )(ψ ◦N−1

jks)dS. (15.33)

Using weighted conformal parameters this means
∫

Tε

ϕ2dS= ∑
j ,k,l

∫∫

B∗
jkl

ψ2(−K)W dudv+I2

=
∫∫

B∗\B∗
ε

ψ2(−K)W dudv+I2 .
(15.34)



350 15 F-minimal surfaces inR3

6. From (15.32), (15.34) and (15.22) we infer
∫

Tε

‖∇S,Wϕ‖2
S,W dS− µ

∫

Tε

ϕ2dS

=

∫∫

B∗\B∗
ε

|∇ψ |2dudv− µ
∫∫

B∗\B∗
ε

ψ2(−K)W dudv+I1− µI2

=

∫∫

B∗\B∗
ε

|∇ψ |2dudv+
∫∫

B∗\B∗
ε

ψ△ψ dudv+I1− µI2

=
∫

∂B∗
ε

(ψ∇ψ) · (N1,N2)ds+I1− µI2

with the outer unit normal vector field(N1,N2) at the boundary∂B∗
ε and its line

elementds. The functionψ is continuously differentiable inB∗ ⊆B′ and vanishes
outside of this set such that

lim
ε→0

∫

∂B∗
ε

(ψ∇ψ) · (N1,N2)ds= 0.

Thus it remains to show
lim
ε→0

(I1− µI2) ≤ 0. (15.35)

7. Now let
χℓ := ψ ◦N−1

jkl : R jk −→ R, ℓ = 1, . . . , j.

Due to (15.27) we haveϕ |
R jk

= χ1 + . . .+ χ j . Furthermore, there hold

∆S,Wχℓ + µχℓ = 0 in R jk , ℓ = 1, . . . , j,

in view of (15.22). We compute

∆S,W(χr χs) = χr∆S,Wχs+ χs∆S,gχr +2〈∇S,Wχr ,∇S,Wχs〉S,g

= −2µχr χs+2〈∇S,Wχr ,∇S,Wχs〉S,W .

Together with (15.30) and (15.33) it therefore follows

I1− µI2 = ∑
j ,k

∑
1≤r<s≤ j

∫

R jk

{
2〈∇S,Wχr ,∇S,Wχs〉S,W −2µχr χs

}
dS

= ∑
j ,k

∑
1≤r<s≤ j

∫

R jk

∆S,g(χr χs)dS

= ∑
j ,k

∑
1≤r<s≤ j

∫

∂R jk

〈∇S,W(χr χs),N〉S,W dσS
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with the unit normal vectorN at the positively oriented boundary curve∂R jk and
its line elementdσS. Now if χr χs = 0 along an arcγ ⊂ ∂R jk, γ 6⊂ ∂Kε (qt) for
t ∈ {1, . . . ,N}, then the inner product in the integral is nonositive due toχr χs > 0
in R jk. In caseχr χs 6= 0 alongγ ⊂ R jk andγ 6⊂ ∂Kε (qt) for t ∈ {1, . . . ,N}, this
arc is boundary of two such domains, and we integrate in opposite directions
respectively. Now letγ jk ⊂ ∂Kε (qt) for t ∈ {1, . . . ,N}. We must show

lim
ε→0

∑
j ,k

∑
1≤r<s≤ j

∫

γ jk

〈∇S,W(χr χs),N 〉S,W dσS≤ 0.

Due to the boundness ofψ = ψ(u,v) onB∗ ⊆ B
′
it follows

∣∣∣
∫

γ jk

〈∇S,W(χr χs),N 〉S,W dσS

∣∣∣ =
∣∣∣
∫

γ jk

〈χr∇S,Wχs+ χs∇S,Wχr ,N 〉S,W dσS

∣∣∣

=

∫

γ jk

|χr ||〈∇S,Wχs,N 〉S,W|dσS+

∫

γ jk

|χs||〈∇S,Wχr ,N 〉S,W|dσS

= const
∫

γ jk

{
|〈∇S,Wχs,N 〉S,W|+ |〈∇S,Wχr ,N 〉S,W|

}
dσS.

An arcβ := N−1
jkr (γ jk) in B̊⊂ R2 degenerates to a pointB̊ for ε → 0. We get

∫

γ jk

〈∇S,Wχr ,N〉S,W dσS =
∫

γ jk

〈∇S,W(ψ ◦N−1
jkr ),N 〉S,W dσS =

∫

β

∇ψ · (N1,N2)dt

where we note

1 = 〈N,N〉dσ2
g

= (−K)W|N|2 , N = (N1,N2)

as well as
dσS =

√
−KW dt.

We finally proceed as in point 6 of the proof to show (15.35). The statement
follows. ⊓⊔

15.5 A curvature estimate

Application of the previous general curvature estimate

With the considerations so far we are able to realize the assumptions we made for
our curvature estimate from section 11.9 in case of F-minimal surfaces with at least
special weightsW = W(Z).
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Theorem 15.10. Let the weighted conformally parametrized andµ-stable F-mini-
mal surface X: B→ R3 be given. Suppose that

µ >
1+ ω0

2
.

Let furthermore the surface represent a geodesic discBr(X0) of radius r> 0 with
center X0 := X(0,0). Then there is a constantΘ =Θ(ω0,ω2,µ)∈ [0,+∞) such that
it holds the curvature estimate

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 Θ(ω0,ω2,µ)

with the principal curvaturesκ1 andκ2 of the surface.

Proof. We only give a sketch of the proof.

1. From chapter 11, formula (11.33) we first recall

|∆(r−1X)| ≤ 2(1+ ω0)ω2|∇(r−1X)||∇N|,

|∆N| ≤ (1+ ω2)|∇N|2

in B. Note that this system is not coupled!

2. From Theorem 15.8 we infer an oscillation estimate for thespherical mappingN
such that we can proceed as in the proof of the curvature estimate Theorem 11.13
to obtain a gradient bound of the following form

|∇N(w0)| ≤ k3(ω0,ω2,µ) for all w0 ∈ B1−ν0(0,0).

Inserting this into the differential inequality for the surface vector linearized the
system.

3. The constantd0 ∈ (0,+∞) for the Dirichlet growth estimate

D [X] ≤ d0r2

follows immediately from the previous lemma. Finally, the modulus of continuity
for the surface vectorX follows from a convex-hull property Theorem 11.12
taking account ofK ≤ 0 for the Gaussian curvatureK.

A curvature estimate due to Hoy

Following the considerations in Hoy [97] we prove a further curvature estimate for
µ-stable W-minimal surfaces assuming a growth condition forthe curvature integra
which thus replaces the above smallness condition for the stability constantµ > 0.
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Theorem 15.11.Let the µ-stable F-minimal surface X: B → R3 with µ > 0 be
given. Assume that it represents a geodesi discBr(X0) of radius r> 0 with cen-
ter X0 = X(0,0). Then it holds the integral curvature estimate

−
σ∫

0

2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dρdϕ ≤ 1+ ω0

µ ln r
σ




2π −
r∫

0

2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dρdϕ






for all 0 < σ ≤ r.

Proof. For positiveσ ∈ (0, r] we consider the non-negative test function

Φ(ρ) :=






r∫

σ

dt
L(t)

≡ c0 ∈ R for all 0≤ ρ ≤ σ

r∫

ρ

dt
L(t)

for σ < ρ ≤ r

with the function

L(ρ) =

2π∫

0

√
P(ρ ,ϕ)dϕ , 0 < ρ ≤ r

satisfying

L′(ρ) = 2π −
ρ∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ ,

L′′(ρ) = −
2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dϕ ,

see section 14.2. Note that due toK ≤ 0 the derivativesL′(ρ) andL′′(ρ) are also
non-negative for allρ ∈ [0, r]. Together with the estimate

r∫

0

L′′(ρ)Φ(ρ)2 dρ ≤ 1+ ω0

µ

r∫

0

Φ ′(ρ)2L(ρ)dρ

(compare with the derivation of a similar inequality in section 14.2) we compute

c2
0

σ∫

0

L′′(ρ)dρ =

σ∫

0

L′′(ρ)Φ(ρ)2 dρ ≤
r∫

0

L′′(ρ)Φ(ρ)2dρ

≤ 1+ ω0

µ

r∫

0

Φ ′(ρ)2L(ρ)dρ ≤ . . .
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. . . =
1+ ω0

µ

σ∫

0

Φ ′(ρ)2L(ρ)dρ +
1+ ω0

µ

r∫

σ

Φ ′(ρ)2L(ρ)dρ

=
1+ ω0

µ

r∫

σ

1
L(ρ)2 L(ρ)dρ =

1+ ω0

µ

r∫

σ

1
L(ρ)

dρ

=
(1+ ω0)c0

µ
.

(15.36)

Comparing the graphical shape of the functionL(ρ) with a usual theorem of inter-
secting lines in plane Euclidean geometry we see

ρ
L(ρ)

≥ r
L(r)

for all ρ ∈ [σ , r]. Thus we obtain

c0 =

r∫

σ

dρ
L(ρ)

≥
r∫

σ

r
L(r)ρ

dρ =
r

L(r)
ln

r
σ

,

and the previous estimate yields

σ∫

0

L′′(ρ)dρ ≤ 1+ ω0

µc0
≤ (1+ ω0)L(r)

µr ln r
σ

.

On the other hand, integratingL′(ρ) overρ = 0. . . r gives (notice thatL(0) = 0 and
K ≤ 0)

L(r)
r

≤ 2π −
r∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ ,

such that we infer

−
σ∫

0

L′′(ρ)dρ ≤ 1+ ω0

µ ln r
σ



2π −

r∫

0

2π∫

0

K(τ,ϕ)
√

P(τ,ϕ)dτdϕ



 .

This proves the statement.⊓⊔

Remarks

We want to conclude this section with the following remarks.

1. Under the Osserman condition

N(u,v) · (0,0,1)≥ cosω for all (u,v) ∈ B
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with an angleω ∈ (0,π) as well as the smallness condition

−
∫∫

B

KW dudv≤ e1 < +∞

Sauvigny in [141], Corollary 1, proves a curvature estimatefor F-minimal sur-
facesX : B→ R3.

2. Hoy in [97] proves a curvature estimate for immersions with quasiconformal
spherical image, so-calledQuasi-minimal surfaces,under an Osserman condition
of the above form. The important integral inequality

r∫

0

L′′(ρ)Φ(ρ)2dρ ≤ const

r∫

0

Φ ′(ρ)2L(ρ)dρ

(and therefore (15.36)) is essentially obtained from the quasiconformality.

15.6 Theorems of Bernstein type

We conclude our considerations with presenting various theorems of Bernstein type
for surfaces of minimal surface type with prescibed specialweightsW = W(Z). For
the following results we refer the reader to Fröhlich [64].

Complete andµ-stable F-minimal surfaces

First we clarify the terminologyµ-stability for complete surfaces.

Definition 15.1.The complete immersionX : R2 →R3 is calledµ-stable with a real
numberµ > 0 if its restriction to an arbitrary compact domainΩ ⊂ R2 is µ-stable
with this number.

Now from Theorem 15.10 we immediately infer

Theorem 15.12.Let X: R2 → R3 be a complete andµ-stable F-minimal surface
with µ > 1+ω0

2 . Then this surface represents a plane.

Proof. Due toK ≤ 0 we can introduce geodesic discsBr(X0) for arbitraryr > 0.
Using conformal parameters we infer the curvature estimate

κ1(ξ ,η)2 + κ2(ξ ,η)2 ≤ 1
r2 Θ(ω0,ω2,µ).

The statement follows fromr → ∞. ⊓⊔

Let us focus on some special cases.



356 15 F-minimal surfaces inR3

Stable F-minimal surfaces

Let X : B→ R3 be a stable and critical point of the parametric functionalF [X]. As
we have seen in section 15.3, the surface is alsoµ-stable withµ ≤ 2M1M−1

2 . The
conditionµ > 1+ω0

2 thus leads to

2M1 > M2 . (15.37)

Corollary 15.1. Let X: B → R3 be a conformally parametrized andµ-stable F-
minimal surface representing a geodesic discBr(X0) of radius r > 0 and with
center X0 ∈ X(0,0). Suppose (15.37) holds true. Then there is a constantΘ =
Θ(ω0,ω2,µ) ∈ [0,+∞) such that

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 Θ(ω0,ω2,µ).

If additionally X: R2 → R3 is complete then it is affine-linear.

Surfaces with prescribed spherical image

Let Ω ′ ⊆ Ω ⊂ S2 be covered by the restrictionN|B′ . Forω0 ≥ 0 let a spherical angle
ω = ω(ω0) ∈ (0,+π) be chosen such that for the spherical capS2

ω ⊂ S2 there hold

Area(Ω) < Area(S2
ω), λ1(S

2
ω) = µ(1+ ω0) (15.38)

with a real numberµ > 0. By the generalized theorem of Barbosa and do Carmo the
F-minimal surfaceX|B′ is thenµ-stable with this number, i.e. we have

∫∫

B′

|∇ϕ |2dudv≥ µ
∫∫

B′

ϕ2(−K)W dudv for all ϕ ∈C∞
0 (B′,R).

Now this inequality is true for all setsB′ ⊂⊂ B, and in each such set there are at
most finitely man branch points of the spherical mapping. On the other hand, note
that each admissable test function has compact support. Then we conclude

∫∫

B

|∇ϕ |2dudv≥ µ
∫∫

B

ϕ2(−K)W dudv for all ϕ ∈C∞
0 (B,R).

Corollary 15.2. Let X: B→R3 be a weighted conformally parametrized F-minimal
surface representing a geodesic discBr(X0). Let furthermore S2ω ⊂ S2 be a spher-
ical cap satisfying (15.38). Then with a real constantΘ = Θ(ω0,ω2,µ) ∈ [0,+∞),
whereµ := (1+ ω0)

−1λ1(S2
ω), it holds the curvature estimate

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 Θ(ω0,ω2,µ).
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If the immersion is additionally defined on the whole planeR2 and complete then it
represents a plane.

Graphs of minimal surface type

Consider immersions of minimal surface type which can be represented as graphs
over the[x,y]-plane. Introduce weighted conformal parameters(u,v) ∈ B. We thus
get a mapping with the property

Area(Ω) < 2π

for its spherical image. Recallingλ1(S2
π/2) = 2 for the first eigenvalue of the spher-

ical Laplacian on the half sphere(see section 13.5)) we set

µ :=
2

1+ ω0
.

Moreover,µ > 1+ω0
2 must be fulfilled.

Corollary 15.3. Let X: B→ R3 be a weighted minimal surface which can be repre-
sented as a graph over the[x,y]-plane and which represents a geodesic discBr(X0).
Suppose that0≤ω0 < 1. Then there is a real constantΘ = Θ(ω0,ω2,µ)∈ [0,+∞),
µ := 2(1+ ω0)

−1, such that

κ1(0,0)2 + κ2(0,0)2 ≤ 1
r2 Θ(ω0,ω2,µ).

If the graph is complete then it represents a plane.

Graphs with prescribed growth for the curvatura integra

Let us return to Hoy’s curvature estimate.

Corollary 15.4. Let the complete andµ-stable F-minimal surface X: R2 → R3 be
given. Assume that

lim
r→∞

1
ln r

σ

r∫

0

2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dρdϕ = 0

for all σ > 0. Then the surface represents a plane.
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Final remarks

1. Our version of this Bernstein-type theorem is somewhat weaker than Hoy’s ver-
sion from [97]. There the reader finds the assumption

lim
r→∞

1
lnα(1+ r)

r∫

0

2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dρdϕ = 0

for arbitraryα ∈ (0,+∞).

2. Following [97], a growth condition of the form

r∫

0

L(ρ)dρ ≤ d0r2 , d0 ∈ (0,+∞),

with the above functionL = L(ρ) already implies the condition

lim
r→∞

1
lnα(1+ r)

r∫

0

2π∫

0

K(ρ ,ϕ)
√

P(ρ ,ϕ)dρdϕ = 0.

Since due to the monotonicity ofL = L(ρ) we know

L(r)r ≤
2r∫

r

L(ρ)dρ ≤
2r∫

0

L(ρ)dρ ≤ 4d0r2 ,

and thereforeL(r) ≤ 4d0r. Analogously we infer

L′(r)r ≤
2r∫

r

L′(ρ)dρ ≤
2r∫

0

L′(ρ)dρ = L(2r)−L(0) = L(2r) ≤ 8d0r

which leads us toL′(r) ≤ 8d0 . Summarizing we get the statement with

r∫

0

L′′(ρ)dρ

lnα(1+ r)
=

L′(r)−L′(0)

lnα(1+ r)
≤ 8d0−2π

lnα(1+ r)
.

Within our framework such ad0 is realizable by a a lower boundµ > 1+ω0
2 .
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Über Flächen mit einer Relation zwischen den Hauptkrümmungen
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174. Wulff, G.
Zur Frage der Geschwindigkeit des Wachstums und der Auflösung der Krystallflächen
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